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Abstract

The present thesis is concerned with the stochastic phase dynamics of neu-
ron models and spike time reliability. It is well known that noise exists in
all natural systems, and some beneficial effects of noise, such as coherence
resonance and noise-induced synchrony, have been observed. However, it is
usually difficult to separate the effect of the nonlinear system itself from the
effect of noise on the system’s phase dynamics. In this thesis, we present
a stochastic theory to investigate the stochastic phase dynamics of a non-
linear system. The method we use here, called “the stochastic multi-scale
method”, allows a stochastic phase description of a system, in which the
contributions from the deterministic system itself and from the noise are
clearly seen. Firstly, we use this method to study the noise-induced coher-
ence resonance of a single quiescent “neuron” (i.e. an oscillator) near a Hopf
bifurcation. By calculating the expected values of the neuron’s stochastic
amplitude and phase, we derive analytically the dependence of the frequency
of coherent oscillations on the noise level for different types of models. These
analytical results are in good agreement with numerical results we obtained.
The analysis provides an explanation for the occurrence of a peak in coher-
ence measured at an intermediate noise level, which is a defining feature of
the coherence resonance. Secondly, this work is extended to study the inter-
action and competition of the coupling and noise on the synchrony in two
weakly coupled neurons. Through numerical simulations, we demonstrate
that noise-induced mixed-mode oscillations occur due to the existence of
multistability states for the deterministic oscillators with weak coupling.
We also use the standard multi-scale method to approximate the multista-
bility states of a normal form of such a weakly coupled system. Finally
we focus on the spike time reliability that refers to the phenomenon: the
repetitive application of a stochastic stimulus to a neuron generates spikes
with remarkably reliable timing whereas repetitive injection of a constant
current fails to do so. In contrast to many numerical and experimental
studies in which parameter ranges corresponding to repetitive spiking, we
show that the intrinsic frequency of extrinsic noise has no direct relation-
ship with spike time reliability for parameters corresponding to quiescent
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states in the underlying system. We also present an “energy” concept to
explain the mechanism of spike time reliability. “Energy” is defined as the
integration of the waveform of the input preceding a spike. The comparison
of “energy” of reliable and unreliable spikes suggests that the fluctuation
stimuli with higher ”energy” generate reliable spikes. The investigation of
individual spike-evoking epochs demonstrates that they have a more favor-
able time profile capable of triggering reliably timed spike with relatively
lower energy levels.
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Chapter 1

Introduction

Noise is ubiquitously present in all natural systems. It occurs at almost any
level of the nervous system [1]-[3] including stochastic fluctuations in gene
expression [4], thermal noise existing almost everywhere, synaptic noise dur-
ing the neurotransmitter release that further causes small perturbations of
the receiving neuron’s membrane potential, random switches of ion channels
between open and closed states and a fluctuating ion current as a result, and
sensory noise.

Often noise is seen as detrimental to the normal operation of a dynamical
system. In the past three decades, however, experimental and theoretical
studies have revealed that noise can play a constructive role to increase co-
herence or synchrony or reliability of neurons [5]-[9]. One of the well-known
phenomena is termed stochastic resonance (SR), a phenomenon character-
ized by the existence of a non-zero noise level that optimizes the response of
a dynamical system to a deterministic signal [10]-[15]. SR has been reported
in various experimental contexts, such as detection of weak signals [16]-[17],
mechanoreceptive hairs of crayfish [18]-[19], auditory hair cells of frogs [20],
neocortical pyramidal neurons [21], human proprioceptive system [22]. SR
has also been found to play a role in chemical reactions [23]-[27] and on ion
channel transduction [28], in the feeding behavior of the paddlefish [29]-[31],
in human brain waves [32], as well as in molecular sorting [33].

The effect of noise has attracted great interest from mathematicians,
physicists and biologists due in part to the constructive role of noise. Whether
noise is detrimental or constructive, the most important thing is to under-
stand the source and effect of noise, that is, which type of noise it is and
what role it plays. For instance, thermal noise has equal power throughout
the frequency spectrum, which matches the property of white noise; as ion
channels open and close randomly with a voltage-dependent rate, it can be
modeled by a Poisson process. Both the thermal noise and ion channel noise
are generated at the level of dynamics of individual neurons, so they are of-
ten called intrinsic noise. On the other hand, noise arising from synaptic
transmission and network are called extrinsic noise.

This thesis does not concern chaotic dynamics but one should note that
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chaotic systems also appear to behave randomly. The combination of noise
and complex nonlinear dynamics produces time series that are easily mis-
taken for deterministic chaos. If we believe that the random fluctuations are
essential to the functioning of the systems, would other parts or character-
istics of the systems, such as chaotic dynamics provide added function over
stochastic fluctuations? There are no clear answers to this question.

The present thesis focuses on the influence of noise in neuroscience,
specifically three phenomena evoked by noise: coherence resonance (CR),
stochastic synchrony and spike time reliability (STR). This work makes use
of both a theoretical approach and computer simulations in order to under-
stand the effects of noise on single neuron, weakly coupled neurons and the
timing of the spike events. In Section 1.1 of this chapter, a short overview
of the above three topics is provided. The specific objectives of our work are
introduced in Section 1.2, accompanied by an outline of the structure of the
thesis. Motivated by [34]-[36], in Section 1.3 a theoretical method to derive
explicit stochastic amplitude and phase equations is proposed, combining
Kuramoto’s method [34] and Ito’s formula [37]. This method is effective
when the parameters are close to a critical point such as a Hopf bifurcation
(HB). We also list the numerical methods used in this thesis in the second
part of Section 1.4.

1.1 Overview

1.1.1 Coherence Resonance

Coherence Resonance (CR) or autonomous stochastic coherence is charac-
terized by the occurrence of coherent behaviors such as rhythmicity in the
presence of an optimal level of noise in a system that is quiescent in a noise-
free state [38]- [40]. The difference between CR and SR is that in CR noise
itself (no other input signals) can induce coherence at an intermediate level.
CR has been observed in a number of experimental studies such as electronic
circuits [41]-[44], lasers diodes [45]-[49], semiconductor laser [50], excitable
chemical reactions [51]-[59], the cat’s neural system [60], a neural pacemaker
[61], a three electrode electrochemical cell [62], discharge plasmas close to
a homoclinic bifurcation [63]. CR was also found in a number of numerical
studies including the Feigenbaum map close to a period-doubling bifurcation
[64], the Fitzhugh-Nagumo (FHN) model [65]-[66], the leaky integrate-and-
fire (LIF) model [67], the Hodgkin-Huxley (HH) model[68], the Hindmarsh-
Rose (HR) model [69] and neural networks [70]-[73]. An excitable membrane
patch size [74] or the system size of a circadian oscillator [75] can be selected
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in order to maximize CR at an optimal level of intrinsic noise.
CR occurs because noise can modify the dynamics of a deterministic

system by shifting bifurcation points or inducing behaviors that have no de-
terministic counterpart [76]. In the study of CR, the parameters are chosen
so that the system is quiescently located at a stable equilibrium state in the
absence of noise. Thus, in an integrate-and-fire model, nonlinearity is hid-
den in the “firing threshold” and the “fire-and-reset” mechanism, although
the model appears to be described by a system of linear ordinary differential
equations (ODEs). Such a model can spike and even burst [61],[77] sponta-
neously when the state variable reaches a threshold at an appropriate choice
of parameter values.

A related fundamental question is how the noise influences the coherent
frequency. Many numerical simulations of models exhibiting coherent res-
onance have shown an increasing frequency with the increase of the noise
level [69, 71, 72, 78], and there are a few studies showing small changes on
the resonant frequency [70]. We use a canonical model of a Hopf bifurcation
to analyze the relationship between coherent frequency and noise intensity
in [79]. The theoretical results indicate that, depending on the type of the
model, the resonant frequency can increase, decrease or remain the same
with the growth of the noise level.

Studying the stochastic amplitude of coherent oscillators is another im-
portant aspect. Recently multiple scale techniques have been used to develop
amplitude equations [35, 36, 79, 80]. [35] and [80] worked on the Van der
Pol-Duffing oscillator subject to additive noise and/or multiplicative noise.
[36] considered a delay differential equation close to a critical delay of a
HB with both the additive and multiplicative noise. We employ the λ − ω
system, a canonical model for a HB, at an excitable regime close to a HB
driven by noise in [79]. In addition, the stochastic phase dynamics and the
mechanism of coherence resonance are also discussed in [79] based on the
analytical results.

There are several options of measures to quantify the sensitivity of coher-
ence to the noise. The coherence measure β, based on the power spectrum,
is defined [38] as

β = hp(∆ω/ωp)−1, (1.1)

where the power spectral density (PSD) has a peak at a frequency ωp with
half-width ∆ω and height hp. Coefficient of variance (CV) Rp is defined [40]
as

Rp =

√

V ar tp
< tp >

(1.2)
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where tp is the time interval between two consecutive pulses, also known as
the interspike interval (ISIs). ISI is not a constant in stochastic dynamical
systems. Correlation time measure τc can also be used [40]

τc =

∫ ∞

0
C2(t)dt, C(t) =

〈ỹ(τ)ỹ(τ + t)〉
〈ỹ2〉 , ỹ = y − 〈y〉 (1.3)

where y is one of the state variables of an oscillator and C(t) denotes the
correlation time. As the figures of coherence versus noise intensity in [38]
and [40] demonstrated, at an intermediate level of noise the coherence mea-
sures (1.1)-(1.3) reach a maximum and (1.2) has a minimum, which means
that there is an optimal level of noise driving the most coherence behav-
ior. Therefore, a combination of the above measures is recommended when
studying noise-induced coherence.

1.1.2 Stochastic Synchrony

Synchrony refers to the process by which two or more nonlinear oscilla-
tors having the same frequency (or phase) or in an integer relationship of
frequency [81]-[82], which is a potential coordinating mechanism for the
neural activities. Therefore understanding synchronized activity of neurons
is very important for the study of the brain. Our present understanding
of synchrony in coupled oscillators is largely based on the phase theory of
nonlinear oscillators. Simply speaking, the phase of an oscillator is the frac-
tion of a complete cycle elapsed. One normally uses the phase definition
based on the Hilbert transform. A signal s(t) can be written into an an-
alytical signal: a(t) = s(t) + iu(t). u(t) is the Hilbert transform of s(t):
u(t) = 1

πp.v.
∫∞
0 s(τ)/(t − τ)dτ where p.v. represents the Cauchy principal

value. The phase φ(t) of the signal s(t) is then defined as

φ(t) = arctan
u(t)

s(t)
. (1.4)

Another phase definition used frequently is based on ISIs:

φ(t) = 2π
t− τk

τk − τk−1
+ 2π(k − 1) (1.5)

where τk is the time of the kth firing, τk − τk−1 is one of ISIs. Compared
with (1.4), (1.5) only considers the firing times of a signal.

Synchrony is normally measured by the phase difference of the oscillators.
For example, a system consisting of two weakly coupled neurons is said to
achieve a synchronous state, when the phase difference of the oscillators is
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kept constant. If this constant is zero, we call it in-phase; if the constant is π,
it is anti-phase. Neurons can be connected via excitatory and/or inhibitory
synapses. In general both synapses can synchronize a deterministic neuronal
network. An excitatory synapse often leads to a in-phase synchrony while
an inhibitory synapse brings an anti-phase synchrony.

Noise usually has a destructive effect on synchrony by inducing phase
slips or shrinking the synchronization region [83]-[85]. On the other hand,
synchrony can arise due to noise through SR or CR, or a canard mecha-
nism of individual cells. There are a lot of experimental reports on how
noisy currents facilitate synchronization, such as experimental observations
in networks of circuits [87] and chemical reactions [88]-[90], in the crayfish
caudal photoreceptor [91]-[92], in the cardiovascular and respiratory systems
in healthy humans under free-running condition [93], in a paddlefish [94], in
human perception and cognition [95], in the olfactory system [96], etc. In
addition, many examples of numerical computation indicate the beneficial
effect of noise on synchrony such as in the FHN model [66], in the HH model
[68], in the HR model [69] and in a pacemaker [97].

In the stochastic systems, synchronization can be viewed using statistical
tools. Normally, a peak presented in the histogram of the phase difference is
regarded as an indicator of synchronization. The narrower the peak is, the
better the synchrony is. However when a underlying deterministic system is
complicate, for example the weakly coupled system with various solutions in
Chapter 3 of the present thesis, phase difference does not have a very strong
peak in its histogram and it tends to spread over the regime of [0, π] for
larger level of noise because noise influences the system randomly visiting its
different stable solutions and therefore phase difference slips very frequently.

Stochastic synchrony can also be defined by the leading Lyapunov expo-
nent. [98]-[99] showed that a synchrony is achieved in the presence of noise
when the largest Lyapunov exponent of the phase equation is negative. Noise
synchronizes the system by shifting the Lyapunov exponent to negative val-
ues. The cross-diffusion coefficient can also be used to measure stochastic
synchronization in [65] for a network with more than two neurons. There
phase difference Φ(t) is calculated by Φ(t, k) = φ(t,N/2) − φ(t,N/2 + k)
where k = −N/2, ..., N/2. It is the phase difference of the oscillator in
the middle and each oscillator. Hence the cross-diffusion coefficient of the
kth oscillator Deff (k) and the synchrony measure of the network D∗

eff are
defined as

Deff (k) =
1

2

d

dt
[〈Φ2(t, k)〉 − 〈Φ(t, k)〉2], D∗

eff =
1

N

N/2
∑

k=−N/2

Deff (k). (1.6)
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Phase synchronization becomes stronger when D∗
eff is lower.

1.1.3 Spike Time Reliability

A constant current applied to a neuron at different times usually triggers
trains of spikes that do not show reliable timing due probably to the effects
of intrinsic noise. A stochastically fluctuating signal, however, is capable
of generating spikes with remarkably reliable spike timing [100]. This phe-
nomenon has been referred to as spike time reliability (STR) [101]. STR
has been observed in a sequence of in vitro and in vivo experiments and
numerical studies [102]-[114] where various noise or input waveforms were
used as the injected currents. It has been suggested that STR is a general
property of neurons exhibiting spikes [115].

STR has drawn a great deal of attention because STR implies that noise
can play a significant role in signal encoding and the spike timing is as
important as the firing rate for the information transmission in the brain.
Synchrony of uncoupled oscillators with common stochastic input can also
be regarded as a special case of STR. [116] found that phase synchroniza-
tion of bursts in noncoupled sensory neurons of paddlefish was induced by
a common Ornstein-Uhlenbeck (OU) Gaussian noise. It is essentially a phe-
nomenon of STR.

The mechanism underlying STR is not completely understood yet. Re-
searchers have investigated this problem from several aspects. [102]-[103]
studied this problem in terms of a resonant effect, that is, reliability of spike
timing is accomplished when the peak frequency of the current fluctuations
(i.e. resonant frequency) is equal or close to the firing rate of the neuron
(i.e. intrinsic frequency) in response to a constant stimuli that has the same
value as the mean of the fluctuating current. Similarly, [104] found that
intrinsic frequencies of neurons play an important role in STR according to
their experiments on pyramidal cells and interneurons. [115] showed that,
unlike periodic currents, the aperiodic currents above threshold induce the
reliable timing of response and intrinsic noise does not accumulate over
time. [105] focused on experimental and numerical studies of a neuronal
pacemaker with bi-stability between quiescence and rhythmic firing. By av-
eraging spike-triggered stimulus currents preceding spikes, they captured a
specific waveform with a depolarizing-hyperpolarizing shape that reliably
generates spikes. The effect of autocorrelation time of input signals was
studied in [106], where neurons achieve a maximal STR when the autocor-
relation time scale of the input fluctuations is located at an optimal level,
for example in the range of a few milliseconds (2 − 5 ms) for mitral cells
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and neocortical pyramidal cells. Because a phase-response curve (PRC) can
characterize the time shift of spikes in a quadratic integrate-and-fire model,
it was used to understand how small inputs influence spike times [117]. A
mathematical analysis of two or more slightly different and uncoupled phase
oscillators in [118] showed that, when the Lyapunov exponent is negative,
reliability can be achieved when the common noise is small. Hence the sign
of the Lyapunov exponent can also be a criteria to measure STR.

1.2 Objectives

Neurons can be treated as non-identical oscillators with weak connections to
one another. For most of the neurons in the brain, they are often quiescent
without input; and they are excitable, that is, they are able to generate
action potentials when stimulated by an appropriate input. Therefore, in
the noisy environment of the brain, neurons can exhibit coherent oscillators
at an optimal level of noise.

In Chapter 2, considering the above characteristics of neurons, we begin
with the simplest case: a single quiescent oscillator that exhibits coherent
oscillations subject to noise. We investigate the behavior of a nonlinear
quiescent oscillator, especially its phase and amplitude dynamics under the
influence of noise. We use the normal form of HB as our first model. The
control parameter is chosen to be outside of the HB in order to satisfy the
expected characteristics. A stochastic multi-scale method is developed to
derive stochastic amplitude and phase equations. The analytical method is
proven to be effective by a comparison of analytical and numerical results. In
addition, based on the analytical results, the relationship between coherent
frequency and noise intensity, and the reasons why a maximum coherence
occur at an optimal noise level are discussed in Chapter 2.

The second topic of this thesis covered in Chapter 3 is to understand
stochastic synchrony, which is associated with the fact that neurons com-
municate with one another in real life. In order to complete a simple ac-
tion, such as drinking or walking, information in the form of electrochemical
currents from other neurons is transmitted to a neuron via synapses (e.g.
excitatory and/or inhibitory). Thus an action potential or a burst of that
neuron is generated, and then it is sent to other neurons. Through phase
locking of action potentials (i.e. synchronization), information is transmit-
ted robustly in the brain full of noise. The presence of SR and/or CR
can help the neurons to achieve synchrony. The influence of the coupling
on phase dynamics in deterministic systems has been studied extensively in
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[34], [119]-[122]. The presence of noise, however, challenges the deterministic
theory of weakly coupled oscillators.

Therefore, the second objective of this thesis to be discussed in length in
Chapter 3, is to understand the phase dynamics of weakly coupled oscillators
driven by noise. We use a simple case of two identical neurons where each of
them is represented by a Morris-Lecar (ML) [123] model that was developed
in the study of the excitability of the barnacle giant muscle fiber. They
are weakly connected through synaptic coupling. The parameter regime
between a subcritical HB point and a saddle node bifurcation (SNB) point
of the periodic branch that bifurcates from the HB point is considered.
Surprisingly, the bifurcation analysis of the deterministic system illustrates
a multi-stability of fixed points, symmetric superthreshold oscillations, and
asymmetric localized oscillations. Then two independent Brownian Motions
are applied to each neuron respectively as additive noise and the phase
interactions of weakly coupled oscillators are studied in the presence of noise.
The interaction of noise and various coexisting oscillations induces a complex
behavior known as mixed-mode oscillations (MMOs). The detailed reason
why MMOs occur and their consequent influence on synchrony in such a
weakly coupled neuronal system are discussed in Chapter 3.

The time location of spikes (or the firing timing) is closely correlated
with synchrony. It is reported that fluctuating input signals may carry infor-
mation from other neurons. Hence understanding spike timing contributes
greatly to our understanding of the communication in the brain. Our inves-
tigation of the mechanism of STR is presented in Chapter 4. Neurons has
two basic cases of excitability, often referred to as Case I and Case II. As
quiescence-to-oscillation transition occurs, the oscillation frequency of Case
I neurons gradually increases from zero, however the frequency jumps to a
nonzero value at the transition point in Case II. Both cases are considered
in this study.

We are interested in the excitable parameter regime. In the Case I model
this regime is close to a saddle node on an invariant cycle (SNIC), and in
the Case II model it close to a SNB on the period branch arising from a
subcritical HB. We construct artificial signals with different frequency com-
ponents and apply them into our model. The spike trains achieve good
reliability for each artificial signal, even for a broad-band frequency signal.
This result is in contrast with the resonant effect mechanism in which reso-
nant frequency causes more reliable spike times in a firing regime as stated
in Section 1.1.3. The phase plane analysis of our model indicates that the
threshold of voltage responses changes with fluctuation, which is consistent
with in vivo experiments in [124]-[125] where the threshold is found to be
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variable with the random opening of Na+ channels. Finally we present an
explanation in terms of the “energy” for STR.

1.3 Methods

1.3.1 Analytical Method

The purpose of this section is to develop an analytical method to understand
the resonant effects of noise in an excitable system in the neighborhood of a
HB. The aim of this method is to derive explicit expressions for amplitude
and phase in terms of parameters of deterministic systems and noise terms
so that the influence of the system and noise on the resonant behaviors can
be quantitatively evaluated. Kuramoto provided a classic scheme to derive
a small amplitude solution of a deterministic system in the vicinity of a HB
point in [34]. Inspired by recent work in [35]-[36], we expand Kuramoto’s
approach to the field of stochastic differential equations (SDEs) using Ito’s
formula and the properties of white noise [37].

Let’s start from a general system of stochastic differential equation:

dX = F (X;µ)dt + δdW (t), (1.7)

Here X, F , δ and W are n−dimensional vectors. µ is a real parameter and
µ = µ0 = 0 corresponds to a Hopf bifurcation point. δi are noise levels, and
dWi(t) are independent standard Brownian white noise. The deterministic
version of (1.7) has a stable steady state X0, i.e. F (X0) = 0. We follow
the approach in [34] to treat the deterministic part of the right hand side of
(1.7), expressed in terms of V = X −X0 in a Taylor series: (Use this as a
heuristic for demonstration purpose only; in general one would need to use
Ito’s formula)

dX = [F (X0) + LV +MV V +NV V V + ...]dt + δdW (t), (1.8)

where L is the Jacobian matrix of F , and MV V and NV V V are vectors
defined by

(MV V )i =
∑

m,l

1

2

∂2Fi(X0)

∂X0iX0j
VmVl, (NV V V )i =

∑

m,l,k

1

6

∂3Fi(X0)

∂X0iX0jX0k
VmVlVk.

Near a Hopf bifurcation, L,M and N maybe developed in powers of ǫ:

ℓ = l0 + χǫ2ℓ1 + ǫ4ℓ2, ℓ = L,M,N. (1.9)
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ǫ is a small positive number, ǫ2 = χµ. χ = sgn(µ) = −1 because we are
interested in the effect of noise on the stable steady state X0. L0 is the
Jacobian matrix of F at a Hopf bifurcation. The eigenvalues corresponding
to L is denoted as λ ± iω0, and λ ∼ O(ǫ2), so we take λ = ǫ2Λ, Λ ∼ O(1).
λ = 0 when µ = 0 at a Hopf bifurcation point, and λ < 0 when µ < 0. We
are looking for an approximation of X like

X = X0 + ǫU1 + ǫ2U2 + O(ǫ3), (1.10)

Assume that all components of n, to the leading order, are oscillators with
frequency ω, so (1.10) can actually be expressed as

X = X0 + ǫ[A(T ) cosωt+B(T ) sinωt]

+ǫ2[C(T ) cos 2ωt+D(T ) sin 2ωt + E(T )] + O(ǫ3), (1.11)

where T = ǫ2t is the slow time scale, which is appropriate with the fact
that the amplitude of the oscillators varies slowly with noise; t and T should
be treated as mutually independent, dT = ǫ2dt. A(T ),..., and E(T ) are
stochastic vectors on the slow time scale measuring the effect of noise on
the stable solution, C,..., and E are functions of A and B. We restrict our
analysis to the case that ǫ ≪ 1 and δi ≪ 1 such that µ is in the vicinity of
Hopf bifurcation and the noise is weak.vectors with constant elements

A good approximation for the equations for A(T ) and B(T ) can be
written as the combination of drift term and diffusion terms:

dAi = ϕAidT + σAidξAi(T ),

dBi = ϕBidT + σBidξBi(T ), (1.12)

where ξli (l = A,B; i = 1, ..., n) are independent standard Brownian mo-
tions. Among the diffusion terms, σlidξli represent the contributions coming
from the noise terms δdW in (1.7) to l = A,B. The drift coefficients ϕli and
noise intensity σli (l = A,B; i = 1, ..., n) are unknown and may depend on
A and B. The detailed discussion of (1.12) is presented in [36].

The substitution of (1.11) and (1.9) into (1.8) gives

dX = [ǫ(L0U1) + ǫ2(L0U2 +M0U1U1) + ǫ3(L0U3 − L1U1 + 2M0U1U2

+N0U1U1U1)]dt + δdW (t) (1.13)

The left hand side of (1.7) could be transformed using Ito’s formula [37],
which is the “chain rule” for stochastic functions. Furthermore X, dA and
dB are substituted with (1.11) and (1.12), which gives

dXi =
∂Xi

∂t
dt+

∂Xi

∂Ai
dAi +

∂Xi

∂Bi
dBi +

∑

k=Ai,Bi

σ2
k

2

∂2Xi

∂k2
dT + ...(1.14)
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where
∑

k=Ai,Bi

σ2

k

2
∂2Xi

∂k2 dT would give higher order corrections for δ < ǫ.
Furthermore X, dA and dB in (1.14) are substituted with (1.11) and (1.12),
which gives

dXi = [ǫ(−Aiω sinωt+Biω cosωt) + ǫ2(−2Ciω sinωt+ 2Diω cosωt)

+ǫ3(ϕAi cosωt+ ϕBi sinωt) + O(ǫ4)]dt

+ǫ[cosωtσAidξAi(T ) + sinωtσBidξBi(T )] (1.15)

Equating coefficients of different powers of ǫ of drift terms in (1.13) and
(1.15), we get a set of equations. At the order of ǫ,

(L0U1)i = −Aiω sinωt+Biω cosωt, (1.16)

which leads to ω = ω0 for all ω in (1.13) and (1.15). At the order of ǫ2, we
have

(L0U2)i + (M0U1U1)i = −2Ciω0 sin 2ω0t+ 2Diω0 cos 2ω0t. (1.17)

At the order of ǫ3, we have

(L0U3)i − (L1U1)i + 2(M0U1U2)i + (N0U1U1U1)i

= ϕAi cosω0t+ ϕBi sinω0t. (1.18)

In order to get equations of ϕAi and ϕBi), we use a projection similar to the
solvability condition for deterministic systems on (1.18):

∫ 2π
ω0

0
a∗ cosω0t(1.18)dt = 0,

∫ 2π
ω0

0
b∗ sinω0t(1.18)dt = 0, (1.19)

Here a∗ and b∗ are eigenvectors for the adjoint matrix L∗
0 of Jacobian matrix

L0, and a∗a = 1, b∗b = 1. The expressions of ϕA and ϕB can be obtained

ϕA = ΛA+ a∗f(A,B), ϕB = ΛB + b∗g(A,B), (1.20)

where f(A,B) and g(A,B) are nonlinear functions related to cosω0t and
sinω0t.

Equating diffusion terms in (1.13) and (1.15), we get

ǫ[cosω0tσAidξAi(T ) + sinω0tσBidξBi(T )] = δidWi(t). (1.21)

With the following property of noise [37],

dWi = cosω0tdη1i(t) + sinω0tdη2i(t) =
1

ǫ
(cosω0tdη1i(T ) + sinω0tdη2i(T )),
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where i = 1, ..., n. (1.21) is developed as

cosω0t[ǫ
2σAidξAi(T ) − δidη1(T )] + sinω0t[ǫ

2σBidξBi(T ) − δidη2(T )] = 0,(1.22)

Using the same projection as (1.19) and making ξAi(T ) = η1i(T ) and ξBi(T ) =
η2i(T ), we derive the following:

σAi =
δi
ǫ2
, σBi =

δi
ǫ2
, i = 1, ..., n. (1.23)

So the A, B equations are obtained by substituting (1.20) and (1.23) into
(1.12); the expressions of C(T ),D(T ) and E(T ) as quadratic functions of
A(T ) and B(T ) can be derived by applying the projection (1.19) on (1.17).
Further the equation of X will be derived through (1.11).

1.3.2 Numerical Methods

The stochastic differential equations in this thesis are simulated using the
Euler-Maruyama Method to incorporate with stochastic terms. A stochastic
differential equation given by

dx = f(x, t)dt+ δdw

with initial condition x(0) = x0 can be solved numerically with the following
step

xk+1 = xk + hf(xk) +
√
hδw(k).

Here h is the step size, equaling a time interval of period divided by around
200 sampling points. w(k) is generated by a random number generator of
MATLAB with mean 0 and standard deviation 1.

The bifurcation diagrams plotted in the thesis are calculated using XP-
PAUT [126], which is a useful mathematical package for exploring phase
spaces and dynamical systems.
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Chapter 2

Stochastic phase dynamics:

multi-scale behaviour and

coherence measures

2.1 Introduction

Autonomous stochastic resonance refers to the occurrence of coherent be-
haviors such as rhythmic oscillations at an optimal level of noise in a system
that is quiescent without noise. Unlike ordinary stochastic resonance in
which the detectability of a periodic input is maximized by an optimal noise
level, in autonomous stochastic resonance the coherent oscillations emerge
with the introduction of noise only (no periodic input) into an otherwise
non-oscillatory system. It was first reported in a numerical study of a two-
dimensional autonomous system [1], whose deterministic behavior is char-
acterized by two stable equilibria separated in its circular phase space by
two unstable equilibria. If the system is perturbed beyond the threshold
distance between neighboring stable equilibria, the system evolves from one
to the other. Similar noisy behavior has been observed in excitable sys-
tems, such as the FitzHugh-Nagumo (FHN) [2] and Hodgkin-Huxley (HH)
[3] models. There the deterministic systems have a single stable equilibrium,
but large “excited” excursions occur for perturbations beyond a threshold.
In [2], the term coherence resonance (CR) was introduced to emphasize the
fact that relatively coherent oscillations occur at moderate noise levels in
such excitable systems. In all of these settings higher noise levels increase
the frequency of transitions or excursions, providing the intuition behind a
phase plane analysis [4] and the relative first passage time [8] used to explain
the increased frequency of the noise-induced coherent oscillations.

These studies have two important characteristics of CR in common.

1A version of this chapter has been published. Na Yu, R. Kuske, and Y.-X. Li ,
Stochastic phase dynamics: Multiscale behavior and coherence measures, Physical Review
E, 73 (2006) 056205-056212.
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Firstly, the coherence of the dynamics, defined as [1]

β = hp(∆ω/ωp)−1, (2.1)

reaches a maximum at an optimal level of noise. Here hp and ∆ω are
the height and the width of the averaged spectrum peak at frequency ωp.
Secondly, the frequency of the coherent oscillations depends on the noise
level. A large number of studies of noise-induced synchrony in networks of
coupled excitable systems, including coupled integrate-and-fire models [5],
FHN models [6], HH models [3], and bursting models [7, 8] also illustrate
these characteristics of CR. Optimal coherence at a finite noise level was
explained by Wiesenfeld [9] who revealed how the noise controls the structure
of the power spectrum. Similarly, [10] used logistic maps to explain the peak
values in the coherence measure.

These earlier results examined CR for oscillations composed of tran-
sitions between steady equilibria, where the frequency naturally increases
with noise level. In other contexts, the relationship between frequency and
noise may vary. For parameter values that are close to a saddle-node point
in the periodic branch in the HH model [11], noise variation gives little or
no change in the frequency of the coherent oscillations. Instead noise ap-
parently “shifts” the bifurcation structure, yielding stable large amplitude
oscillations associated with solution branches far from the Hopf point. Sim-
ilarly in a network of resonance integrate-and-fire oscillators [8], the noise
induces synchronized burst firing in a subthreshold regime, with the fre-
quency of the network oscillations determined by the intrinsic properties of
the neurons rather than the noise level. CR is also observed in transitions
between steady state and oscillatory modes, [1], [12]-[17]. There the rela-
tionship between resonance frequency and noise level depends on the model
type. Although all of the cases of CR cited above differ in certain ways, they
share the common feature that moderate levels of noise can induce coherent
oscillations in a system that is non-oscillatory in the absence of noise. We
shall use the term CR to refer to all such phenomena. This includes the
case that we study in this chapter, although the mechanism for CR is not
exactly the same as in the other studies cited above.

In this chapter we focus on CR via the canonical model for a normal
form near a Hopf bifurcation with additive noise,

dx = [(λ+ αr2 + γr4)x− (ω0 + ω1r
2)y]dt + δ1dη1(t)

dy = [(ω0 + ω1r
2)x+ (λ+ αr2 + γr4)y]dt + δ2dη2(t)

r2 = x2 + y2, (2.2)
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where η1 and η2 are independent standard Brownian motions (SBMs). This
model captures the generic behaviour of excitable systems near a Hopf point
λ = 0. For any specific physical or biological model involving two variables,
explicit analytical expressions of the parameters that appear in this nor-
mal form can be derived as functions of realistic model parameters for that
particular system [18, 19].

In the absence of noise, all periodic solutions of this model that bifur-
cate from the Hopf point are circles that are centered at the origin. The
parameters λ, α, and γ determine the dynamics of the amplitude, with α
and γ governing the bifurcation structure away from the Hopf point, while
the parameters ω0 and ω1 govern the phase dynamics. In particular, the sign
of ω1 determines whether the angular frequency is increased or decreased
when the amplitude of the oscillation increases.

We present explicit analytical results in the context where the system
parameters approach the bifurcation point so that |λ| ≪ 1. This is a noise-
sensitive regime, well-known from computations that exhibit CR [16]-[17].
We begin with (2.2) for α < 0 and γ < 0, so that λ = 0 is a super-critical
Hopf bifurcation point in the absence of noise. That is, for δ1 = δ2 = 0
the oscillations decay over time for λ < 0, and oscillations with amplitude
r0 and phase Φ = (ω0 + ω1r

2
0)t are stable for λ > 0. The parameter ω1

is an important link between the amplitude and phase; different signs of
ω1 represent different model types with different phase dynamics. In this
chapter we restrict our attention to λ < 0, corresponding to a quiescent
regime in the absence of noise.

Figure 2.1 shows time series with small additive white noise, 0 < δ1 =
δ2 = δ ≪ 1 and |λ| ≪ 1. The variance of the amplitude of the slowly
modulated oscillations increases with δ and as |λ| → 0, that is, approaching
the Hopf point at λ = 0. A strong peak in the power spectral density
(PSD) indicates a dominant frequency due to CR. This response is induced
by the noise since, without noise, the oscillations decay for λ < 0. There
is also a slow phase variation (not apparent on the graphs). Through CR
the system exhibits oscillations in this regime, and the analysis reveals the
dependence of the phase and amplitude on both the noise level and the model
parameters, providing critical scaling relationships related to resonance.

The key to our results is a stochastic multiple scales expansion which
exploits the resonance phenomenon in order to derive effective amplitude
and phase equations. It is based on the method of multiple-scales, commonly
used to derive amplitude or evolution equations for deterministic systems in
parameter regimes near a bifurcation point [18, 19]. The stochastic nature
of the model does not allow a standard application of the multiple scales
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Figure 2.1: The amplitude of coherent oscillations in (2.2) increases as the
control parameter λ → 0 and as the noise intensity δ increases, while the
frequency is concentrated at a single value. The left column shows the time
series for x(t) for δ1 = δ2 = δ. The right column shows the corresponding
PSD. For both a) and b), the parameters in (2.2), α = −0.2, γ = −0.2, ω0 =
0.9, ω1 = 0, are the same. In (a) δ = .01, λ = −0.03 (solid line) and
λ = −0.003 (dashed line). In (b) λ = −0.03, δ = 0.07 (solid line) and
δ = 0.1 (dashed line). Recall λ = ǫ2λ2, measures distance from the Hopf
point.
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expansion, so we use a modified approach which incorporates Ito calculus
and the properties of the noise [20] into the multi-scale approximation. Since
the deterministic and stochastic elements of the analysis are well-known by
themselves, we do not discuss these elements individually but rather focus
our discussion on the combination of these approaches for deriving stochastic
phase and amplitude equations. Similar approaches have recently been used
to derive amplitude equations for the stochastic van der Pol-Duffing (vdPD)
equation with both additive [21]-[22] and multiplicative noise [21], and for
stochastic delay differential equations near a critical delay corresponding to
a Hopf bifurcation [23].

Here we focus on the stochastic phase dynamics, deriving analytical
quantities such as moments for the amplitude and phase, which illustrate
the model dependency of the stochastic phase behaviour and the noise-
amplification factor related to the Hopf bifurcation. In addition these quan-
tities compare well with numerical simulations and provide complementary
quantitative insight into the stochastic resonance-type maximum in the nu-
merically computed coherence measure β defined in (2.1). Computed co-
herence measures are commonly used as indicators of CR, while the more
desirable analytical expressions for the stochastic phase dynamics, derived
directly from the model, are rare.

2.2 Analysis and Results

We derive a reduced system of stochastic equations for the amplitude and
phase of the oscillations described by (2.2). The derivation uses the method
of multiple-scales modified appropriately for stochastic systems in which the
standard rules of calculus do not apply. The multi-scale analysis exploits
the fact that the system is near critical in the noise sensitive regime for
|λ| ≪ 1 shown in Figure 2.1. That is, the parameters are close to the Hopf
point so we can express λ = ǫ2λ2 + O(ǫ4) with ǫ ≪ 1 and λ2 = O(1) < 0
for λ < 0. For deterministic models in this regime, it is well-known that
the system varies on a slow time scale T = ǫ2t, in addition to the original
time scale t. Then it is not unexpected that the stochastic system shows
a similar multi-scale behavior, particularly if the noise is not too large.
Indeed, this behavior appears in simulations shown in Figure 2.1, where
there is a variation of the amplitude which is slow relative to the t scale. An
important ingredient in analyzing these slow modulations is the projection
of the system onto the resonant modes which oscillate on the fast time scale.
In deterministic systems this projection leads to amplitude equations on a
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slow time scale, equivalent to an averaging which eliminates (unphysical)
secular terms which grow linearly in time [18]. In the stochastic system the
projection plays a similar role, producing stochastic amplitude and phase
equations with an appropriate approximation for the noisy excursions on
the slow time scale [21, 23].

To express the behavior on multiple time scales, we allow x(t, T ) and
y(t, T ) to be functions of both time scales t and T = ǫ2t,

x = ǫA(T ) cos(ω0t) − ǫB(T ) sin(ω0t),

y = ǫA(T ) sin(ω0t) + ǫB(T ) cos(ω0t). (2.3)

The multi-scale form of the ansatz for x and y is identical to that used
to leading order for a deterministic system near a Hopf point [18]. The
difference here is that A and B must capture the stochastic behavior, with
the form (2.3) appropriate in situations where the noise is small and does
not dominate the dynamics. We look for stochastic amplitude equations on
the slow time scale for A(T ) and B(T ) of the form

dA = ψAdT + σA1dξ11(T ) + σA2dξ12(T )

dB = ψBdT + σB1dξ21(T ) + σB2dξ22(T ), (2.4)

where ξij(T ) are independent SBMs on the slow time scale T .
Once we have the equations for A and B, we can obtain the stochastic

amplitude R and phase φ in terms of A and B, using

x = ǫR(T ) cos(ω0t+ φ(T )),

y = ǫR(T ) sin(ω0t+ φ(T )), (2.5)

R2 = A2 +B2, φ = tan−1B/A . (2.6)

The coefficients ψA, ψB, σAj, σBj are derived through the multiscale analy-
sis. This derivation stands in contrast to a deterministic analysis where one
uses a perturbation expansion following the replacement of xt with xt +ǫ2xT

and similarly for yt. In the general setting of stochastic nonlinear dynamics
this multi-scale version of the chain rule can not be directly applied. Instead,
we seek the equations for the slow dynamics through the introduction of an
appropriate ansatz (2.4), which is verified by the following derivation of the
coefficients; if this ansatz is incorrect, the derivation will show inconsisten-
cies [21, 23].

The coefficients in (2.4) are found from equating expressions for dx and
dy obtained by two methods. Firstly, using Ito’s formula, which can be
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viewed as the stochastic version of the chain rule, we relate (2.2) on the fast
time scale to (2.4) on the slow time scale through (2.3) and (2.6) to get

dx =
∂x

∂t
dt+

∂x

∂A
dA+

∂x

∂B
dB

= −ǫ(A(T )ω0 sinω0t+B(T )ω0 cosω0t)dt

+ǫ cosω0t(ψAdT + σA1dξ11 + σA2dξ12)

−ǫ sinω0t(ψBdT + σB1dξ21 + σB2dξ22) (2.7)

dy =
∂y

∂t
dt+

∂y

∂A
dA+

∂y

∂B
dB

= ǫ(A(T )ω0 cosω0t−B(T )ω0 sinω0t)dt

+ǫ sinω0t(ψAdT + σA1dξ11 + σA2dξ12)

+ǫ cosω0t(ψBdT + σB1dξ21 + σB2dξ22) . (2.8)

Note that in general Ito’s formula would include terms consisting of the
second derivatives of x and y with respect to A and B with coefficients
involving σij , but these terms vanish due to the linear relationship between
x and y with A and B in (2.3). Secondly, by direct substitution of (2.3) and
(2.6) into the original equations (2.2), we get

dx = [ǫ3(λ2 + αR2 + ǫ2βR4)(A cosω0t−B sinω0t)

−(ǫω0 + ǫ3ω1R
2)(A sinω0t+B cosω0t)]dt

+δ1dη1 , (2.9)

dy = [(ǫω0 + ǫ3ω1R
2)(A cos ω0t−B sinω0t)

+ǫ3(λ2 + αR2 + ǫ2βR4)(A sinω0t+B cosω0t)]dt

+δ2dη2 . (2.10)

Now we set (2.7) and (2.8) equal to (2.9) and (2.10) respectively. The first
steps in the calculation are shown in the Appendix A: collecting coefficients
of like powers of ǫ, the O(ǫ) terms cancel, since (2.3) are solutions to the
linearized system with A and B treated as constants with respect to the
original time scale. When written in terms of this fast time scale t, the lead-
ing order non-zero contribution to the drift terms is O(ǫ3) and the leading
order contributions to the noise terms have coefficients δ1, δ2 (A.1)-(A.2).
By considering these terms together as the leading order non-trivial con-
tributions, we have implicitly assumed that δj < ǫ. The ansatz (2.3) in
the form of the solution of the linearized noise-free system is also implicitly
based on this assumption, which is discussed further below in the context
of the validity of the multi-scale approximation.
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Since the goal is to derive the coefficients in the stochastic amplitude
equations (2.4), we rewrite the leading order terms from (A.1)-(A.2) on the
slow time scale T ,

cosω0t(ψAdT + σA1dξ11 + σA2dξ12) (2.11)

− sinω0t(ψBdT + σB1dξ21 + σB2dξ22)

= [sinω0t(−λ2B − ω1R
2A− αR2B)

+ cosω0t(λ2A− ω1R
2B + αR2A)]dT +

δ1
ǫ
dη1

and

sinω0t(ψAdT + σA1dξ11 + σA2dξ12) (2.12)

+ cosω0t(ψBdT + σB1dξ21 + σB2dξ22)

= [sinω0t(λ2A− ω1R
2B + αR2A)

+ cosω0t(λ2B + ω1R
2A+ αR2B)] dT +

δ2
ǫ
dη2 .

These expressions involve oscillations (cos ω0t and sinω0t) on the fast time
scale t, and coefficients involving A, B, ψA and ψB which depends on the
slow time T . To separate the slow time behavior, we project (2.11)-(2.12)
onto the primary mode of oscillations with frequency ω0 on the time scale
t. Combined with the multi-scale assumption which treats functions of T as
independent of t, this projection leaves terms which depend on T only, thus
yielding equations for ψA, ψB , and σAj, σBj , j = 1, 2 in (2.4). This projec-
tion is identical to the solvability condition used in normal form calculations
[18, 19] to eliminate secular terms, and has the form

∫ 2π
ω0

0
(cos ω0t, sinω0t) · ((2.11), (2.12)) dt

∫ 2π
ω0

0
(− sinω0t, cosω0t) · ((2.11), (2.12)) dt . (2.13)

Under the multi-scale assumption, those functions of the slow time T in
(2.13) are treated as constants in the integration. Since the periodic behavior
in the system (2.2) can be expressed in terms of trigonometric functions, the
integrals in (2.13) can be computed analytically. In other situations where
the periodic behavior is expressed in terms of more complicated functions
or a limit cycle, the projection has to be done numerically. Nevertheless
the procedure is similar in this more general case, as shown, for example, in
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[24]. For simplicity of presentation, we write the results of the projection in
terms of the drift and diffusion terms separately.

The drift terms are
(

cosω0t − sinω0t
sinω0t cosω0t

)(

ψA

ψB

)

dT = (2.14)

(

cosω0t − sinω0t
sinω0t cosω0t

)(

λ2A+R2(αA− ω1B)
λ2B +R2(αB + ω1A)

)

dT .

We get ψA and ψB by using (2.13) and integrating over one period of the
oscillation of length 2π

ω0
on the t time scale,

∫ 2π
ω0

0
(cosω0t, sinω0t) · (2.14) dt ⇒

ψA = λ2A+R2(αA − ω1B)
∫ 2π

ω0

0
(sinω0t,− cosω0t) · (2.14) dt ⇒

ψB = λ2B +R2(αB + ω1A) . (2.15)

We give some details here for the derivation of the diffusion (noise) co-
efficients in (2.4). Before applying the projection, we use the properties of
white noise to express all of the noise terms on the slow time scale T and to
write dηj in a form which captures explicitly the contribution of the primary
oscillatory modes,

(

dη1(t)
dη2(t)

)

= ǫ−1

(

cosω0tdηA1(T ) − sinω0tdηB1(T )
sinω0tdηA2(T ) + cosω0tdηB2(T )

)

(2.16)

with ηAj and ηBj independent SBMs for j = 1, 2. Then the noise terms in
(2.11)-(2.12) are

ǫ

(

cosω0t − sinω0t
sinω0t cosω0t

)(

σA1dξ11 + σA2dξ12
σB1dξ21 + σB2dξ22

)

(2.17)

=
1

ǫ

(

δ1(cosω0tdηA1(T ) − sinω0dηB1(T ))
δ2(cosω0tdηA2(T ) + sinω0dηB2(T ))

)

.

To obtain σA1,σA2,σB1 and σB2, we again use the projection as in (2.15);
we project (2.17) onto the primary modes,

∫ 2π
ω0

0
(cosω0t, sinω0t) · (2.17) dt
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⇒ σA1dξ11 + σA2dξ12 =
δ1
2ǫ2

dηA1 +
δ2
2ǫ2

dηA2 (2.18)

∫ 2π
ω0

0
(sinω0t,− cosω0t) · (2.17) dt

⇒ σB1dξ21 + σB2dξ22 =
δ1
2ǫ2

dηB1 +
δ2
2ǫ2

dηB2 (2.19)

The multi-scale ansatz is also applied, treating functions of the slow time T
as independent of the fast time t. This yields

σA1dξ11 + σA2dξ12 = dζA/(2ǫ
2)

σB1dξ21 + σB2dξ22 = dζB/(2ǫ
2), (2.20)

where dζm = δ1dηm1 + δ2dηm2, m = A,B. Identifying the appropriate
relationships between the SBM’s, we let ξ11 = ηA1, ξ12 = ηA2, ξ21 = ηB1 and
ξ22 = ηB2, which yields

σA1 =
δ1
2ǫ2

, σA2 =
δ2
2ǫ2

, σB1 =
δ1
2ǫ2

, σB2 =
δ2
2ǫ2

. (2.21)

Note that in the use of the projection above, we have treated white noise
on the T time scale as if it is independent of the fast t scale; of course, since
white noise contains fluctuations on all time scales, this assumption is not
true in general. Nevertheless, the application of the projection yields an
appropriate approximation for the noise in the amplitude equations. This
reflects the fact that if one used a full Fourier-type expansion for x and y
[25], then the amplitudes of the additional modes beyond those shown in
(2.3) would decay exponentially on the time scale t [23]. Treating the noise
as independent of the fast time scale reflects the decay of these additional
modes of oscillation on this scale.

The diffusion terms in the amplitude equations for the stochastic vdPD
equation have been derived in [21] using Ito’s formula together with the
projection method discussed above, while in [22] the root mean square of
cosω0t and sinω0t were used in an approximation of the effective diffusion
coefficient. In these studies the factor ǫ−1 appears as an amplification factor
in the noise coefficients for reduced equations on the slow time scale T , as
in (2.21).

From (2.6), (2.4), (2.15) and (2.20) and using Ito’s formula again, we
then obtain the equations for the stochastic amplitude and phase, as shown
in the Appendix A,

dR2 = [2R2(λ2 + αR2) + ∆]dT
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+R[cosφdζA + sinφdζB ]/ǫ2, (2.22)

dφ = R2ω1dT

+(cosφdζB − sinφdζA)/(2ǫ2R), (2.23)

where ∆ = (δ21 + δ22)/(2ǫ4). From (2.22)-(2.23), we obtain the differential
equations for the expected values of R2 and φ

d(E[R2]) = E[d(R2)]

= [2λ2E[R2] + 2αE[R4] + ∆]dT, (2.24)

d(E[φ]) = E[dφ] = E[R2]ω1dT . (2.25)

Using an asymptotic expansion for small ∆, we get the leading order steady
state results for the moments by neglecting E[R4] in (2.24)-(2.25), which is
higher order as shown in the Appendix A. Then to leading order we have

E[R2] ∼ − ∆

2λ2
(2.26)

E[φ] ∼ − ∆

2λ2
ω1T + ψ0 , (2.27)

omitting higher order corrections with coefficient ∆2 (see Appendix A). Here
ψ0 is a constant phase shift, which can be set to zero. Below we discuss that
this asymptotic expansion is consistent with r2 = ǫ2R2 = O(δ2j /ǫ

2), with
δj/ǫ small.

The expected phase E[φ] depends on the noise through the term R2ω1dT
in (2.23), giving the phase behaviour shown in Figure 2.2. In the top row we
compare the numerical and analytical results for the expected value for the
frequency associated with the peak of the PSD; that is, it is the coherence
frequency induced by resonance with the noise. The analytical results are
obtained using (2.27), while the numerical results are obtained from the
averaged PSD over a large number (1200) of realizations of the original
system (2.2). Figure 2.2 shows good agreement between simulations and
analysis for δ/ǫ < 1. For ω1 = 0, the expected value of the phase does
not depend on the noise, while for ω1 > (<) 0, the coherence frequency
increases (decreases) with the noise. The results are shown for symmetric
noise (δ1 = δ2 = δ), and similar behaviour is observed for δ1 6= δ2.

Figure 2.2 (bottom row) gives the numerically computed coherence mea-
sure β. It is obtained using the averaged PSD for (2.2), using the shape of
the frequency peak to compute β in (2.1). The graphs show roughly the same
behaviour for β for vanishing, positive, and negative values of ω1 which char-
acterizes the model type. For δ1 = δ2 = δ near 0, β is small, followed by a
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Figure 2.2: The behavior of peak frequency from the PSD and the numeri-
cally computed coherence measure β are shown as functions of the noise. For
all figures, the control parameter is λ = −0.03, the noise level is δ1 = δ2 = δ,
and the other parameters in (2.2) are α = −0.2, γ = −0.2, and ω0 = 0.9. Up-
per: peak frequency ωp of the PSD peak vs. the noise intensity for ω1 = 0 in
(a) ω1 = 1.2 in (c), and ω1 = −0.5 in (e). The solid line gives the asymptotic
results (2.27) and the dotted line gives numerical results. Lower: coherence
measure β vs. δ. The parameters in b),d), and f) match those in a),b), and
c), respectively.

sharp increase to its maximum for values 0 < δ < .1 and decreasing β for
δ > .1.

While β gives a measure of the coherence, it does not provide any details
about the phase. For example, from β we can not conclude whether the
average frequency is increasing or decreasing with noise. The analytical
results (2.22)-(2.27) give a complete description of the stochastic behaviour
of the amplitude and phase behavior, both in terms of the noise level and
the model parameters, providing a view beyond the numerical results of β.
For example, we get the quantitative relationships for the dependence of
the phase on ω1 and δj as well as explicit expressions for the amplification
factors near the Hopf point, which can not be obtained by computing β.

The analytical result provides information about the coherence, similar
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to that given by the numerical calculation of β, but this coherence informa-
tion does not come from the calculation of the same quantities that appear
in the definition of β. In particular, the width of the PSD (∆ω) can not, in
general, be computed analytically using this multi-scale approach. Rather,
the coherence information from the analytical results follows from a con-
sideration of the validity of the approach. The multi-scale analysis is valid
for noise levels that do not overwhelm the resonant oscillations. In order to
quantify this statement, the stochastic amplitude equation (2.22) is written
in terms of the amplitude r = ǫR from the single mode approximation (2.3),
yielding

dr2 = [2r2(λ2 + αr2/ǫ2) + ǫ2∆]dT

+r[cosφdζA + sinφdζB ]/ǫ. (2.28)

This rescaling shows that the noise coefficient in the equation for the un-
scaled amplitude is O(δj/ǫ) since ζ/ǫ = O(δj/ǫ) (2.20), and it is this coef-
ficient which indicates the balance between the noise and the oscillations.
While the term r4/ǫ2 appears to be large, in fact, given the exponential decay
of the deterministic part and small noise, this term does not dominate the
dynamics for CR. Thus the quantitative results give the asymptotic range
for the coherence effect in terms of the parameters for the noise level δj and
proximity to criticality ǫ. For δj/ǫ = o(1) the noise does not dominate the
dynamics, allowing coherent oscillations whose amplitude r increases with
both increasing noise level δj and decreasing distance ǫ from the bifurcation
point. For larger values of δj/ǫ > 1, the noise in (2.28) is large, altering the
dynamics qualitatively by introducing additional modes into the oscillatory
behavior, so that the single mode approximation (2.3) breaks down.

This validity regime for the asymptotic results can be related to the
behavior of β by first noting that the amplitude r is related to the numerator
for the coherence measure β as

hp = O(|r|) = O(δj/ǫ). (2.29)

For very small δj/ǫ, (2.22) and (2.29) show that the resonant oscillation
is present with small power, so that β is small using (2.29) in (2.1). For
increasing δj/ǫ < 1 this amplitude is increased so that β increases, with
(2.3) still a valid approximation. For δj/ǫ = O(1) or larger, (2.3) is less
accurate since the larger noise supports additional modes which then can
not be neglected in the approximation [23]. Due to the contributions of
these other modes, |x(t)− ǫR cos(ω0t+φ)| increases as does the width of the
PSD peak. That is, the variation of x and y from (2.3) for δj/ǫ = O(1) or
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Figure 2.3: Time series for the subcritical case, taking α = 0.2, γ =
−0.2, ω0 = 0.9, and ω1 = 1.2 in (2.2), with control parameter λ = −0.03.
The noise levels are δ = 0.02 (bold line) and δ = 0.04 (thin line). Even
though the noise levels for both are O(|λ|) = O(ǫ2), the variance of the
amplitude for larger values of δ is sufficiently large to cause a transition to
a state with O(1) oscillations

larger is mirrored in the denominator ∆ω/ωp of β but not in the numerator
(2.29). Therefore the loss of coherence for δj/ǫ = O(1) or larger is reflected
both in the breakdown of the approximation (2.3) and the decrease of β
which is computed numerically.

2.3 Summary and extensions
A stochastic multiple scales method yields analytical quantities for the stochas-
tic amplitude and phase for an oscillator exhibiting CR near a Hopf bifur-
cation. Explicit expressions show how the phase and amplitude dynamics
depend on the model, providing additional information beyond numerically
computed coherence measures. Phase variations due to noise level and model
type are characterized by a parameter ω1 which captures the coupling be-
tween the phase and amplitude. The phase behaviour differs from the in-
creased coherence frequency typically observed in systems with a threshold.
Amplification of the oscillations is related to the proximity to criticality
measured by ǫ.

This derivation of stochastic amplitude equations (2.4) has been used in
applications where autonomous stochastic resonance appears due to noise
sensitivity (see [23] and references therein). A key component is the projec-
tion onto the primary modes combined with the multi-scale ansatz. While
it is true that the noise is white with all frequency components, this projec-
tion selects out the components corresponding to the resonant mode which
do not decay exponentially over long time scales. Then the primary mode
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dominates the dynamics through CR over a long time scale (2.4), while the
other modes decay at a sufficiently fast rate to be of higher order for δ ≪ ǫ.
Note that on the long time scale, the noise has an additional factor of ǫ−1,
corresponding to the amplification of the oscillations.

Extensions of the analysis are particularly valuable in noise-sensitive
systems where computations can be delicate or expensive. Stochastic phase
and amplitude equations were derived for the relaxation oscillations of an
elliptic burster in [24], and we mention two important problems related to
(2.2) for which we have preliminary results.

1)Transitions from steady state to large amplitude oscillations in the con-

text of subcritical bifurcations

This phenomenon occurs when α > 0 and β < 0 in (2.2), so that there is a
stable bifurcation branch of oscillatory solutions with large amplitude. Small
perturbations or oscillations decay to zero in the absence of noise since small
amplitude oscillations are unstable. However, larger perturbations trigger
jumps to the stable large amplitude oscillations. The probability or expected
time of this transition is directly related to the amplitude E[R], derived from
(2.23)-(2.27). In Figure 2.3 the transition to large amplitude is highly im-
probable for small enough noise (δ = .02) (bold line), but it can occur for
noise levels which are increased by a factor of two (thinner line), but are
still the same order of magnitude as in the case where the transition does
not occur. A similar phenomenon is observed if λ approaches the critical
Hopf point.

2)Interaction and competition between coupling and noise in systems

near critical.
We consider numerically two diffusively coupled oscillators of the form (2.2),
observing results in Figure 2.4 which show an interplay between noise and
coupling in synchronization, suggesting future directions for the study of
stochastic effects on amplitude and phase. The (top) figure shows intermit-
tency between periods of phase locking and phase drift for noise and coupling
at the same strength. In the middle graph the noise in one of the oscillators
is reduced, keeping all other parameters the same as the top graph, and the
synchronization appears to be strengthened, even though the noise levels
are asymmetric. In the bottom graph, where the coupling is smaller than in
the top and middle graphs and the noise levels are asymmetric, the signals
look dissimilar in amplitude and phase. Preliminary results indicate that in
these parameter ranges it is possible to use a similar multiscale analysis to
derive the coupled slowly varying stochastic phase and amplitude equations.
Through CR the amplification of the noise depends on ǫ−1, and contribu-
tions from the coupling are similarly amplified. The goal of this future work
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Figure 2.4: Time series for diffusively coupled systems of the type (2.2) when
the control parameter for each is λ = −0.03 and the other parameters are
α = −0.2, γ = −0.2, ω0 = 2, ω1 = 1, starting with small initial conditions,
illustrating different effects of the interaction of noise and coupling. Solid
and dashed lines are for x(t) in the first and second oscillators, respectively,
In Figures a) and b) the coupling strength is d = .05, while in Figure a) the
noise levels are identical δ1 = 0.05, δ2 = 0.05 and in Figure b) the noise level
of the first oscillator is reduced δ1 = 0.01, δ2 = 0.05. In Figure c) the noise
levels are the same as in b), but the coupling is reduced, d = .001.

is to be able to obtain explicit parametric results for the stochastic phase
and amplitude in the coupled case, leading to effective definitions which can
be compared to commonly used numerical measures.
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Chapter 3

Stochastic Phase Dynamics

and Noise-induced

Mixed-mode Oscillations in

Coupled Oscillators

3.1 Introduction

Neuronal interactions are necessary for co-ordinating the activities between
different neurons. Coupling between neurons through synapses or gap-
junctions often results in phase-locked oscillations. Over the past two decades,
in-depth understanding of the possible phase differences between coupled
neuronal oscillators has been achieved through a deterministic theory of
weakly coupled oscillators [1]-[4]. One can now analytically predict the num-
ber and the nature of deterministic phase-locked solutions in two coupled
oscillators without numerical simulation. In the presence of noise, however,
deterministic theories face enormous difficulties owing to the complex ran-
dom effects that are sometimes counter-intuitive. Since noise is present at
all levels of the central nervous system and is often essential for brain func-
tion, it is then of great interest to study its effects. The present chapter is
aimed at analyzing the effects of noise in two weakly coupled oscillators.

Noisy inputs have been shown to enhance the reliability of the spike tim-
ing [5]. Synaptic noises and fluctuations in channel dynamics are believed
to play important roles in information processing [6]. Through stochastic
resonance and coherence resonance, noise facilitates the detection of sub-
threshold stimuli [7] and induces synchronized oscillations in networks [8]-
[10]. Such phenomena have been shown to occur in human brain waves [11]
and in crayfish mechano- and photo-receptor systems [12]-[13]. Noisy signals

2A version of this chapter has been published. Na Yu, R. Kuske, Y.-X. Li, Stochastic
phase dynamics and noise-induced mixed-mode oscillations in coupled oscillators, Chaos,
18 (2008) 15112-15126.
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exhibited greater efficiency in triggering switches between stable coexisting
steady and oscillatory states in the giant squid axon [14]. The present chap-
ter is aimed at understanding the appearance of mixed-mode oscillations
and the related changes in phase dynamics driven by noise.

The model we use in the present study is a pair of synaptically-coupled
Morris-Lecar (ML) [15] models described by the following system of differ-
ential equations.

dvi

dt
= C−1[−gCam∞(vi − vCa) − gKwi(vi − vK) − gL(vi − vL)

+Iapp − gsynsi(vi − vsyn)] + δiηi(t), (3.1)

dwi

dt
= λ(vi)(w∞(vi) − wi) (3.2)

dsi

dt
= (s∞(vj) − si)/τ, (i = 1, 2; j = 2, 1) (3.3)

where m∞(vi) = 0.5(1+tanh[(vi−v11)/v22]) and w∞(vi) = 0.5(1+tanh[(vi−
v3)/v4]) are the voltage-dependent activation functions for Ca2+ and K+

channels respectively. The opening of K+ channels is gated by the vari-
able wi which is slow as compared to vi. Its time scale is determined by
λ(vi) = φ cosh[(vi − v3)/(2v4)] which, in this case, is also voltage depen-
dent. The synaptic gating is described by the sigmoidal function s∞(vj) =
1/(1 + exp[−(vj − vt)/vs]) in which vt determines the threshold value of vj

at which the opening probability of the synapse is 50% and vs character-
izes the steepness of the voltage dependence. The parameters v11, v12, v3,
and v4 play similar roles in the activation functions m∞(vi) and w∞(vi).
Here η represents the noise term with magnitude δi. For simplicity we use
independent white noise, (in differential form the voltage equation (3.1) is
then C dv = [. . .]dt + δidζi for ζi standard Brownian motion) but similar
results occur for other types of noise. This term represents the main source
of noise arising from the synaptic inputs from the other neurons in the cen-
tral nervous system. Since synaptic inputs appear as additive post synaptic
currents in the two neurons under consideration, additive noise represents
an appropriate model of these influences. The synaptic reversal potential
vsyn determines the nature of the synaptic coupling between the two coupled
neurons: inhibitory when vsyn takes very negative values close to vK or vL

and excitatory when vsyn is positive. Iapp is the externally applied mem-
brane current, here used as a control parameter. For simplicity, we consider
the two coupled neurons identical. The parameter values used in this study
are listed in Table B.1 of the Appendix B. To compare the relative magni-
tude of the different terms involved in this model, we non-dimensionalized
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Figure 3.1: The time series of the coupled ML model at different coupling
strengths. gsyn = 0.15 mS/cm2 in (a) and 0.3 mS/cm2 in (b). The noise in-
tensities are δ1 = δ2 = 0.7. Iapp = 97.5 µA/cm2 and vsyn = 70 mV . Other
parameter values are given in Table B.1 in Appendix B.

these equations in Appendix B. It is clear that the coupling that we studied
in this chapter is weak and that the noise intensity is about an order of
magnitude smaller than the coupling strength.

Figure 3.1 shows two typical time series of the coupled system in the
presence of noise. For fixed noise intensity δ1 = δ2 = 0.7 and weak cou-
pling, noise drives apparent switching between different oscillatory states
with different amplitudes for the same parameter choices. We call such
oscillations irregular mixed-mode oscillations (MMOs) [16],[17]. For the un-
derlying deterministic system we illustrate the coexistence of a stable steady
state (SS), in-phase (or anti-phase) oscillatory states with equal amplitude
(EAS which stands for equal amplitude state) and a phase-locked state with
asymmetric amplitude (AAS that denotes the asymmetric amplitude state)
over a parameter regime between a subcritical HB point and a saddle node
bifurcation (SNB) point. Specifically the AAS is composed of a large am-
plitude oscillation (LAO) and a small amplitude oscillation (SAO), which
differ by an order of magnitude, and is sometimes called a localized oscil-
latory state [18]-[23]. The main objectives of this study are to reveal the
dynamic mechanisms supporting these noise-induced MMOs and to develop
a general stochastic phase theory of coupled neuronal oscillators between
the HB point and SNB point.

Of particular interest is the influence of noise on coupled oscillators when
AASs and/or other types of stable oscillatory states (such as period-doubled
oscillations) coexist with the EAS. Different types of phase-locked oscilla-
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tions, including those in which the amplitudes of the two oscillators are
different, have been shown to occur in weakly coupled oscillators [24]-[34].
In [30], phase-locked solutions of two coupled excitatory Hodgkin-Huxley
neurons were studied numerically in the parameter domain between two HB
points. In [26] and [33], bifurcation analyses of coupled oscillators near a
supercritical HB point give a new pair of phase-locked oscillations with dif-
ferent amplitudes for weak coupling. Phase locked solutions are also found in
coupled bursters [27]-[29]. However, the EAS and AAS do not co-exist in the
cases studied in these models. Due to the co-existence between oscillatory
and steady state solutions near a sub-critical HB point, the bifurcation struc-
ture is different (as we shall demonstrate later). In this case, phase-locked
states with different phase differences can also coexist [31]-[32], leading to
complicated phase dynamics when noise is present. We also demonstrate
that this complex behavior is generic via an analysis of a lambda-omega
system.

Near a subcritical HB point, multi-stability of periodic oscillations, in-
cluding in-phase oscillations, anti-phase oscillations, quasi-periodics, and
asymmetric/localized oscillations were found in the numerical study of two
calcium oscillators coupled diffusively [34]. The investigation in [26] implies
that the coupling strength comparable to the attraction to the limit cycle
yields a change in amplitude of a pair of weakly nonlinear oscillators near a
supercritical HB. Studies of the dynamics of deterministic weakly coupled
neuronal networks [35]-[36] revealed complex oscillatory behaviors.

The effect of noise on neuronal oscillators has also been studied exten-
sively in the context of stochastic resonance. Of particular interest is the
phenomenon called coherence resonance [8]-[10] in which coherent oscilla-
tions occur in systems of conditional oscillators that are quiescent in the
absence of noise. Synchronized oscillations were shown for networks of qui-
escent conditional oscillators [9], [37]-[39]. A number of other numerical
studies show complex patterns of weakly coupled oscillators in pairs and
networks of noisy oscillators [40]-[43]. However, in the studies cited above,
the nature of the coupling is usually synchronizing. For example, when
the coupling is excitatory and fast, it tends to synchronize the two oscilla-
tors. When the coupling is inhibitory and fast, however, it usually leads to
de-synchronization or anti-phase oscillations. The effects of noise on such
anti-phase oscillations have rarely been studied in the case when the cou-
pling is desynchronizing. By studying both the excitatory and inhibitory
coupling in the model described by Eqs. (3.1)-(3.3), we try to understand
the differences in the effects of noise between the cases of synchronizing and
desynchronizing coupling.
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Noise-induced synchronization and phase-locking of two Hodgkin-Huxley
neurons coupled diffusively between a subcritical HB and a SNB of the
periodic branch have been studied in [39]. Because the diffusion (coupling)
coefficient is negative in this study, anti-phase oscillations are dominant
in the absence of noise. They focused on a parameter range just beyond
the SNB such that the decoupled oscillators are quiescent. Their goal was
to study the effects of noise under conditions similar to other studies of
noise-induced coherence and synchrony [9]. They demonstrated that in the
presence of noise and a negative diffusive coupling, the distribution of the
phase difference between the two oscillators is strongly centered at π. In
the present study, we also focus on the stochastic phase dynamics of two
coupled oscillators between a subcritical HB and a SNB of the periodic
branch. But we study two coupled ML neurons with weak excitatory as well
as inhibitory coupling. What we found is different from the results in [39]
in several aspects shown below.

The remainder of this chapter is organized as follows. In section 2, we
determine numerically the bifurcation structure of the coupled ML system
in the absence of noise (i.e. δ1 = δ2 = 0). In section 3, we analytically
derive the bifurcation structure of two identical λ−ω oscillators with diffu-
sive coupling in a similar parameter range. This analysis gives the generic
bifurcation structure of two coupled oscillators between a sub-critical HB
point and a SNB point. Simulations are carried out to demonstrate the
good agreement between numerical and analytical results. In section 4, the
effect of noise on the phase dynamics is examined through calculating the
histogram of phase differences between the two oscillators. The changes in
the phase dynamics are more significant when the coexistence of multiple
oscillatory solutions occurs in the corresponding deterministic system. In
section 5, the case of a network of all-to-all coupled oscillators is studied. In
section 6, these results and their potential applications are discussed.

3.2 Bifurcation structure of two coupled ML

neurons near a subcritical Hopf and a SNB

of periodics

3.2.1 Two ML neurons coupled through excitatory synapses

In the absence of noise, the bifurcation structure of a pair of ML neurons
coupled through excitatory synapses was studied using the AUTO continu-
ation software [44] that was incorporated into the XPPAUT software [45].
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The results are summarized in Fig. 3.2. The case when the two oscillators are
uncoupled (i.e. gsyn = 0 mS/cm2) is shown in Fig. 3.2(a), where Iapp was the
control parameter that is represented by the horizontal axis. We found two
subcritical HB points (at I1 ≈ 101.8 and I2 = 235.1 µA/cm2) and two SNB
points of the periodic solutions (at I0 ≈ 95.725 and I3 = 238.4 µA/cm2). It
is expected that this diagram should be identical to that of an isolated ML
neuron, with the HBs actually double HBs that are characterized by two
pairs of pure imaginary eigenvalues in the linearized system. The SNBs are
also double SNBs. There are actually four distinct stable solutions that co-
exist for Iapp values in the intervals (I0, I1) and (I2, I3) for this decoupled
system: one SS, one EAS, and two AASs that are degenerate due to the
symmetry of the oscillators. These four states are significant because they
co-exist and are stable when the coupling is turned on and are continuously
changed as gsyn is increased (see Figure 3.2).

For gsyn = 0.15 mS/cm2, shown in Fig. 3.2(b), there is no visible change
in the location of the two HBs near I1 but the two HBs near I2 and the
SNBs are clearly separated. This is because the coupling term is more than
an order of magnitude smaller than the other terms in the system. This
relative magnitude is clearly seen in Table B.2 of the Appendix B, where
dimensionless parameters are listed. The number of unstable oscillatory so-
lution branches is increased substantially. For parameter values between the
HB and the SNB points on both sides of the unstable domain, there is little
change in the SS and EAS as compared to those in Fig. 3.2(a). Because
of the non-zero coupling between the two oscillators, the neurons can oscil-
late in the two AASs: the neuron near the equilibrium value is driven into a
SAO state by the neuron that is in a LAO state, thus creating localized oscil-
lations. The parametric interval on which stable localized oscillations exist
does not span the whole range between the HB and SNB points (see the filled
dotted line between the open diamond and the open circle). As the coupling
strength increases, this stable interval shrinks as shown in Fig. 3.2(c) where
gsyn = 0.3 mS/cm2. Localized oscillations disappear near the left SNB at a
larger value of coupling strength gsyn ≈ 0.4 mS/cm2 as shown in Fig. 3.2(d).

Figure 3.2(e) shows a typical time series of localized oscillations. Note
that the phase difference between the LAO and the SAO is neither 0 nor π
which has important consequences in the presence of noise. Localization of
this type has been investigated in laser models [20], Belousov-Zhabotinsky
reaction [21] [22], coupled oscillators with canard structure [17], and Turing
patterns [23].

A number of other kinds of bifurcations are also detected by AUTO
including torus (TR) and period doubling (PD) bifurcations. Note that
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Figure 3.2: The bifurcation diagrams of a pair of ML neurons coupled through
excitatory synapses in the absence of noise. vsyn = 70mV was used and four
different coupling strengths are studied in (a)-(d). See Table B.1 in Appendix B
for other parameter values. In (b)-(d), the local bifurcation structure around the
left(or right) SNB is illustrated in the left (or right) column. Stable SS and EAS
are denoted by solid curves while all unstable states (steady and oscillatory) are
represented by dashed lines. When stable AAS occurs, the LAOs and SAOs are
marked with filled circles. Plus signs in (b) mark quasiperiodic solutions. HB
points are marked by a filled square while the SNB points on oscillatory branches
are denoted by filled diamonds. Limit points of the LAOs and SAOs are also
SNBs which occur at an Iapp value very close to I0, which are marked by open
diamonds. Instability of LAOs and SAOs occur at a torus bifurcation (TR) points
and are marked by open circles. (e) Time series of a typical AAS for Iapp =
97.5 µA/cm2, gsyn = 0.15 mS/cm2. Note that the phase difference between the two
oscillations is 0.92 for the parameters values in Table B.1 in Appendix B. 49



TR points mark the change of stability of the localized solutions. In ad-
dition, there is a new HB point that emerges from the HB point at I0 =
95.725 µA/cm2 for gsyn values slightly greater than zero, and an unsta-
ble oscillatory branch that bifurcates from this point. The PD points at
Iapp = 95.8 µA/cm2 and 100.9 µA/cm2 on this unstable periodic branch
are not marked. For gsyn values that are slightly above zero, the branch of
stable EAS terminates at I3.

3.2.2 Two ML neurons coupled through inhibitory synapses

For a pair of two ML neurons coupled by inhibitory synapses (vsyn =
−75 mV ), the bifurcation diagrams are shown in Fig. 3.3 where the first
three coupling strengths are the same as in Fig. 3.2, and the fourth is some-
what larger. The decoupled diagram in Fig. 3.3(a) is identical to that in
Fig. 3.2(a). As in the excitatory coupling case, only four stable states exist
for parameter values between the HB and the SNB points, with the AASs
characterized by an oscillatory neuron and a quiescent neuron in the decou-
pled system (Fig. 3.3(a)). As above, these states are continuously trans-
formed into a localized oscillatory AAS for coupling increased above zero.
The stable AASs (filled circles) may or may not coexist with the stable EAS
(solid line) (see Fig. 3.3(b),(c)). The large amplitude EAS branch becomes
unstable through a SNB point (open diamond) such that between the knee
near I0 and this SNB, AASs are the only stable oscillatory solutions, which
is not seen in Figure 3.2. The AAS branch becomes unstable at a TR point
that is represented by an open circle. The interval on which the AAS is sta-
ble extends to the knee of this oscillatory branch. As the coupling strength
increases, the SNB point that marks the stability change of the EAS moves
to the right thus increasing the interval on which the large amplitude EAS
is unstable. Simultaneously the TR point that terminates the stable AAS
branch moves to the left causing a decrease in the interval on which sta-
ble AASs exist. For large values of gsyn > 0.8 mS/cm2, the stable AASs
disappear (see Fig. 3.3(d)).

Unique to the case of the inhibitory coupling is the possibility that the
localized oscillations are the only stable oscillatory state of the coupled sys-
tem. As a matter of fact, the stable AAS and EAS branches can be separated
from each other for some gsyn values slightly larger than 0.3 mS/cm2 (see
Fig. 3.3(c)). Another important feature of coupled inhibitory ML neurons
is that all oscillatory solutions (both EAS and AASs) show an anti-phase
relation between the two oscillators (see Fig. 3.3(e)-(g)). This feature has
important consequences when noise is present. The structure of the unsta-
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Figure 3.3: The bifurcation diagrams of a pair of inhibitory ML neurons in absence
of noise. vsyn = −75 mV and similar coupling strengths as in Fig. 3.2 were used
here. The line types and the symbols have identical meanings as in Fig. 3.2. Note
that for Iapp = 96.5 µA/cm2 and gsyn = 0.15 mS/cm2 in (b), AAS is the only
stable oscillatory state. The time series of this solution is shown in (e). The time
series of another AAS that coexists with the EAS at Iapp = 100 µA/cm2 is shown
in (f). Beyond the TR point in (b), the only stable oscillatory state is the EAS. An
example of this is shown in (g) for gsyn = 0.15 mS/cm2. Other parameter values
are given in Table B.1 in Appendix B.
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ble periodic solutions are quite different between the cases of excitatory and
inhibitory coupling.

Coexistence of the EAS and AAS has been found in the study of coupled
calcium oscillators [34], although the structure of the steady state solutions,
the properties of the oscillators, and the nature of the coupling in that system
are very different from the coupled ML model we study here. Two coupled
oscillators that are not identical and networks of heterogeneous neurons have
also been studied numerically in [33] [34], which obviously have even more
complicated bifurcation structures.

The similarity between the EAS and AAS aspects of the bifurcation
structure in Fig. 3.2, Fig. 3.3 and that of two identical calcium oscillators [34]
seems to suggest that this bifurcation scenario is generic and should occur
regardless of the specific oscillator model and the nature of the coupling.
This gives us the motivation to study this bifurcation structure in a canonical
model, with which some analytical solutions can be achieved.

3.3 Bifurcation structure of two coupled λ − ω

oscillators

3.3.1 Numerical bifurcation analysis

To reveal the generic properties of the bifurcation structure of two coupled
oscillators between a subcritical HB point and a SNB point, we study a pair
of identical λ−ω oscillators. The reason that we believe this model represents
a generic model is that typically any system of two coupled oscillators near
a double HB point can be approximated by this model using normal form
analysis. Note also that we are studying a case in which the coupling ǫ
is close to zero, and that this is case of a co-dimension three bifurcation.
Another advantage of using λ−ω system is that all solutions of the decoupled
system can be obtained explicitly so that the asymptotic approximation of
the stable localized solutions can be obtained analytically.

The equations of two coupled λ− ω oscillators are,

dxi

dt
= λ(ri)xi − ω(ri)yi + ǫ(xj − xi), (3.4)

dyi

dt
= ω(ri)xi + λ(ri)yi + ǫ(yj − yi), (i = 1, 2; j = 2, 1) (3.5)

where ri =
√

x2
i + y2

i is the amplitude of ith oscillator, λ(ri) = λ0+λ1r
2
i −r4i ,

ω(ri) = ω0+ω1r
2
i . Note that the fourth power of ri is retained and that λ1 >
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0 in order to make the HB point at λ0 = 0 subcritical. Diffusive coupling is
used here for simplicity. In our analysis λ0 is the control parameter.

The bifurcation diagrams of the coupled λ − ω oscillators are shown in
Fig. 3.4 for five different coupling strengths. Comparing these bifurcation
diagrams to those shown in Fig. 3.2, we notice that similar stable oscillatory
states coexist within the parameter domain of our interest. This domain
shrinks as the coupling strength is increased. While the detailed bifurcation
structure of the unstable periodic branches is quite different between the two
models, such a difference does not seem to alter the results concerning noise-
induced MMOs. When the coupling is small, e.g. ǫ = 0.02 in Fig. 3.4(b),
the two degenerate HB points (filled and open squares) split. Because of
the diffusive coupling, the HB point represented by the filled square and
the associated bifurcation branches remain unchanged, since the interaction
between the two oscillators vanishes when they oscillate in-phase. An un-
stable periodic branch bifurcates from the HB point denoted by the open
square. Between this new periodic branch and the original periodic branch,
a new periodic branch of localized oscillations merges. It is not connected to
the steady state branch over the parameter ranges shown in Fig. 3.4. This
branch occurs as the continuation of the AAS that already exists for the
decoupled system when ǫ = 0. It is stable on the interval marked by a SNB
point on the left (open diamond) and a TR point on the right (open circle).
This stable interval shrinks with increasing ǫ (see Fig. 3.4(b)-(d)), disap-
pearing for ǫ ≥ 0.13. For even larger values of ǫ, the bifurcation structure
is similar to that of the decoupled system except for some unstable periodic
branches (compare Fig. 3.4(a) and (e)).

In the interval between the open diamond and the open circle, the EAS
(marked by “B”) and the AAS (marked by “C” and “D”) coexist. In this
multistability regime, the two λ − ω oscillators are in-phase in the EAS,
while in the AAS they are phase locked with a non-zero phase difference
except for ω1 = 0. Coexistence between the EAS and the AAS also occurs
for the case when ω1 = 0 (not shown).

Fig. 3.4(f) gives the bifurcation points in Fig. 3.4(a)-(e) in λ0 − ǫ pa-
rameter space. Analytical results obtained in the next subsection are also
shown (bold solid lines).

The similarity between the bifurcation structures in Fig. 3.4 and Fig. 3.2
suggests that diffusive coupling in the λ − ω system plays a similar role as
the excitatory coupling in the coupled ML model. The fact that the EASs
and AASs coexist for small coupling strengths in all these cases, irrespective
of the properties of the model and the nature of the coupling, indicates that
this type of multistability is a generic property of weakly coupled oscillators
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Figure 3.4: Bifurcation diagrams of diffusively-coupled λ − ω oscillators for five
different coupling strengths (a)-(e). Stable solutions are plotted in solid lines while
unstable solutions are represented by dashed lines. Different solution branches that
are stable are marked by different letters. “A” marks the steady state branch, “B”
for the EAS branch, “C” and “D” marks the LAO and the SAO of the AAS branch.
Squares indicate HB points, diamonds indicate SNB points. Open circles represent
TR points. Bifurcations in the two parameter space λ0 − ǫ are shown in (f). As
defined in (a)-(e), the filled and open squares mark the two different HB points, the
diamonds represent the SNB points and the open circles denote the TR points. The
bold solid lines mark the approximate intervals where stable localized oscillations
are obtained by using multi-scale analysis. The values of the other parameters are
ω0 = 1, ω1 = 0.5, λ1 = 1.
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between a subcritical HB point and a SNB point.

3.3.2 Analytical bifurcation analysis

Due to the simplicity of the coupled λ−ω system, the analytical expression
of in-phase EAS is identical to that of the uncoupled system and is trivially
solvable. We then calculate an asymptotic approximation to the ampli-
tudes and phase difference of the localized oscillations through a multi-scale
analysis [46]. R and r denote the amplitudes of the LAO and the SAO
respectively, Φ and φ represent their respective phases. To investigate the
changes in amplitudes and phases, we introduce x1 = R cos Φ, y1 = R sin Φ,
x2 = r cosφ and y2 = r sinφ to transform equations (3.4)-(3.5) into equa-
tions in terms of R, r, Φ and φ. For r ≪ R, we take R = O(1) and r = O(ǫ)
for 1 ≫ ǫ > 0. We also introduce r̂ = r/ǫ, so that r̂ = O(1). The phase
difference between the two oscillators is expressed as θ = Φ − φ. It is con-
venient to take λ̃ = λ0 − ǫ, which combines the autonomous part of the
coupling term into the linear part of the function λ(·), and to consider the
remainder of the coupling ǫxj as a forcing on the equation for xi. Through
these changes of variables, Eqs. (3.4)-(3.5) can be transformed into three
differential equations for R, r̂ and θ:

dR

dt
= (λ̃0 + λ1R

2 −R4)R+ ǫ2r̂ cos θ, (3.6)

dr̂

dt
= (λ̃0 + ǫ2λ1r̂

2 − ǫ4r̂4)r̂ +R cos θ, (3.7)

dθ

dt
= ω1(R2 − ǫ2r̂2) − (

R

r̂
+
ǫ2r̂

R
) sin θ. (3.8)

We are interested in finding the approximations with the following forms:

R = R0(t, T, τ) + ǫR1(t, T, τ) + ǫ2R2(t, T, τ) + . . . , (3.9)

r̂ = r̂1(t, T, τ) + ǫr̂2(t, T, τ) + ǫ2r̂3(t, T, τ) . . . , (3.10)

θ = θ0(t, T, τ) + ǫθ1(t, T, τ) + ǫ2θ2(t, T, τ) + . . . . (3.11)

where T = ǫt and τ = ǫ2t are two slow time scales.
Following the procedures of the multi-scale method, we substitute (3.9)-

(3.11) into the reduced differential equations (3.6)-(3.8), and collect terms
with different powers of ǫ to get a series of equations at different orders. The
detailed process of derivation is shown in Appendix C. The following steady
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Figure 3.5: Comparison between analytical and numerical results. Left panel:
Bifurcation diagram of the coupled λ− ω system obtained using AUTO is plotted
together with analytical approximation of the amplitudes of the LAOs and the
SAOs (open diamonds). Right panel: phase difference between the two oscillators
in the AAS as a function of λ0. Solid line represents numerical results and open
diamonds represent analytical approximations. The values of other parameters are
ǫ = 0.02, ω0 = 1, λ1 = 1, ω1 = 0.5

state approximations are obtained.

R = Rc
0 −

ǫ2λ̃0

2Rc
0(λ1 − 2(Rc

0)2)(ω2
1(Rc

0)4 + λ̃2
0)

(3.12)

r =
ǫRc

0
√

(ω1(Rc
0)2)2 + λ̃2

0

(3.13)

θ = arctan
ω1(Rc

0)2

−λ̃0

+ ǫ2[
2λ1(Rc

0)3 cos3 θ0

λ̃0(λ̃0 −Rc
0 cos θ0)

− cos3 θ0

λ̃0(λ̃0 −Rc
0 cos θ0)(λ1Rc

0 − 2(Rc
0)3)

− λ̃0 − 6(λ1(Rc
0)2 − 2(Rc

0)4)

(λ̃0 −Rc
0 cos θ0)(ω2

1(Rc
0)4 + λ̃2

0)
] , (3.14)

where Rc
0 satisfies the equation λ̃0 + λ1(Rc

0)2 − (Rc
0)4 = 0. Figure 3.5 shows

good agreement between amplitudes obtained numerically from (3.4)-(3.5)
and analytically from (3.12)-(3.14). However, the phase difference obtained
in the asymptotic analysis seems to show a small deviation from that ob-
tained numerically. In both the analytical and the numerical results, the
phase difference is non-zero and O(1) and increases with the parameter λ0.
The stability analysis presented in Appendix C yields the following condition
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for the stability of this solution:

− (Rc
0)4 + ǫ ≤ λ0 ≤ ǫ. (3.15)

Condition (3.15) also provides a leading order approximation for the location
of the SNB and TR points (denoted by an open diamond and an open circle
respectively in Fig. 3.4(a)-(e)). As Fig. 3.4(f) shows, multistability occurs
within this range of parameter values.

3.4 Stochastic Phase Dynamics of coupled ML

neurons

Here we study the effects of noise on the phase dynamics of the coupled ML
system, focusing specifically on the long term impact of the noise-induced
MMO’s by considering situations in which multiple oscillatory solutions co-
exist.

3.4.1 The case of excitatory coupling

To study stochastic synchrony of excitatory ML neurons (3.1)-(3.3), we use
the following expression to define the phases of the two oscillators in numer-
ical simulations.

φi(t) = 2π
t− τk

i

τk+1
i − τk

i

+ 2π(k − 1), (i = 1, 2) (3.16)

where τk
i is the time of the kth firing of neuron i. An excitable neuron

fires when its membrane potential is depolarized beyond a threshold. The
threshold generally is about 30 mV above the neuron’s resting potential
(veq ≈ −25mV ) so we take vth1 = 5 mV in our simulation. We study the
phase dynamics using two different methods. In the first method, a spike
time is noted whenever vi reaches a maximum value that is larger than vth1.
φi are then calculated based on these spiking times. The phase difference
is then given by ∆φ = |φ1 − φ2|. In this method, the phases of SAOs are
ignored by focusing only on the large spiking events in each neuron. The
distribution of the phase difference using this method is shown in the upper
panels of Fig. 3.6 for two different values of Iapp. These two values are
marked by arrows in Fig. 3.2(b) and are specifically chosen to demonstrate
the influences of noise with (for Iapp = 97.5 µA/cm2) and without (for Iapp =
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Figure 3.6: The distributions of the phase difference ∆φ of excitatory neurons of
(3.1)-(3.3) at different noise levels δ = δ1 = δ2 (δ = 0.4 for solid line; δ = 0.7 for
dashed line and δ = 1.5 for dotted line) with Iapp = 97.5 µA/cm2 in (a)(c) and
Iapp = 100.5 µA/cm2 in (b)(d). We take gsyn = 0.15 mS/cm2 and vsyn = 70 mV
in (a)-(d) but use different thresholds: vth1 = 5 mV in the upper row and vth2,
slightly larger than veq in the range from −22 mV to −25 mV , in the lower row
to detect both LAO and SAO. The histogram bin size in Figure 6-9 is 0.05. Other
parameters are as listed in Table B.1. Recall that the phase difference of LAO and
SAO is 0.92.

100.5 µA/cm2) coexisting stable oscillatory states. Within each panel, the
distribution is calculated for three different values of noise intensity.

In the second method, vth2 serves as a criterion to incorporate the phase
contributions of the SAOs. This threshold is slightly larger than veq in the
range of −25 mV < vth2 < −22 mV . For a neuron in the SAO state, a
maximum value of vi above vth2 yields a peak of vi and the time is marked
as a “spike time” of the SAO. Using both vth1 and vth2 (or equivalently
vth2 only), we incorporated phases from both the LAOs and the SAOs. The
distribution of the phase difference using this method is shown in the lower
panels of Fig. 3.6.

In the presence of coexisting oscillatory solutions (left panels), the most
probable phase difference is clearly shifted to a value that is approximately
equal to 1 which is very close to the phase difference (0.92) between the
LAO and the SAO for the same parameter values in the deterministic case
(see Fig 3.2(e)). The peak is sharper when the second method is used in
the calculation of the phases and also when the noise intensity is smaller.
However, noise intensity seems to have little or no influence on the location
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Figure 3.7: The distributions of the phase difference ∆φ of excitatory neurons of
(3.1)-(3.3) at different coupling strengths (gsyn = 0.15 mS/cm2 for solid line and
gsyn = 0.3 mS/cm2 for dotted line) with Iapp = 97.5 µA/cm2 in (a)(c), Iapp =
100.5 µA/cm2 in (b)(d). We take the same noise intensities δi = 0.7 (i = 1, 2) and
vsyn = 70 mV (excitatory case) in (a)-(d). Other parameters are as listed in Table
B.1. As in the previous figure, we use a vth1 in the upper row, and vth2 in the lower
row to detect both LAO and SAO.

of the peaks in this case. The probability of zero phase difference is lower
in the left panels than in the right, particularly for weaker noise, due to the
absence of coexisting oscillatory solutions on the right. A second difference
on the right is the lack of a clear peak in phase difference distribution. Larger
noise intensities extend the plateau of the phase-difference distribution for
∆φ < 1. The two different methods for determining the phase differences
show almost no difference in the right panels, where the AAS simply does
not exist in the underlying deterministic system. However, there is a series
of PD points for nearby parameters, which contribute to the flattening of
the phase distribution as we shall elaborate below.

It is obvious why larger noise levels flatten the phase distributions. How-
ever, a number of factors support the conclusion that the peak phase dif-
ference in the left panels results from occasional visits to the AAS when it
coexists with the in-phase EAS: the independence of the peak phase differ-
ence on noise levels in the left panels, the fact that this peak phase difference
is almost identical to phase difference between the LAO and the SAO of the
AAS in the corresponding deterministic system, and the observation that
such a characteristic phase difference does not occur in the right panels
where the plateau shifts as noise level changes.
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Figure 3.8: The distributions of the phase difference ∆φ of excitatory neurons of
(3.3) with gsyn = 0.15 mS/cm2 but different Iapp (Iapp = 235 µA/cm2 for solid
line and 225 µA/cm2 for dashed line). In the simulation we take vth = 18 mV , to
detect large spikes only.

Effects of changing the coupling strength on the phase distribution are
shown in Fig. 3.7 for a noise level fixed at δi = 0.7 (i = 1, 2). Similar to
the cases studied in Fig. 3.6, zero phase difference is much more probable
in the right column. Again, a well-defined peak phase difference occurs in
the left column while such a peak is less clearly defined in the right panel.
One important difference is that for increased coupling the peak phase shift
is more pronounced (as in the lower left figure), and the probability of zero
phase difference increases. For gsyn = .3 mS/cm2 there is a remnant of
the AAS, but the associated phase difference still plays a role, due to noise
excitations. As observed in Figure 3.1(b), there are fewer SAOs observed
but some influence from the AAS state appears via phase shifts in the EAS.
The left column illustrates the differences between the two methods of phase
calculation (capturing LAO only or both LAO and SAO), particularly in the
range where the AAS influences the dynamics. The first method yields a
plateau similar to the right column, while the second method yields a peak
in the phase difference near the phase shift between the LAO and SAO. The
probability of zero phase shift is increased substantially for parameter values
where EAS plays the dominant role as shown in the right column.

In Figs. 3.6 and 3.7, we see a plateau in the phase difference probabil-
ities over (0, 1), suggesting a disruption of the in-phase behavior. We now
determine if the flattening of the phase distributions in the right column of
these figures is simply due to the effects of noise, or rather due to some other

60



feature of the model such as two period doubling (PD) bifurcation points
at Iapp = 95.8 µA/cm2 and 100.9 µA/cm2. The first PD point is remotely
located from Iapp = 97.5 µA/cm2 used in the left column, while the second
one is very close to Iapp = 100.5 µA/cm2 used in the right column. To avoid
these PD points, we carried out a similar study of the phase distributions for
parameter ranges that are far from the PD points. The results are shown in
Fig. 3.8. For fixed coupling strength and noise intensity, we studied two dif-
ferent values of Iapp: 225 µA/cm2 for the dashed curve and 235 µA/cm2 for
the solid curve. The EAS and the AAS are both stable for the latter choice
but not for the former (see Fig. 3.2(b)). The phase distributions for these
two values are shown in Fig. 3.8, where the phase difference distribution is
sharply peaked about zero in the case where EAS alone is stable. However,
for parameter values in the regime of multistability of EAS and AAS, the
phase distribution spreads out considerably.

The phase distribution for a pair of coupled λ−ω oscillators in the pres-
ence of noise are not shown in this chapter. This is because of differences in
coupling and the deterministic character of the coupled λ− ω system. The
ML system (3.1)-(3.3) has ”spikes”(relaxation) oscillations with a slow/fast
character while the λ− ω system has sinusoidal oscillations.

3.4.2 The case of inhibitory coupling

We carried out similar studies on the distributions of the phase difference
for two ML neurons coupled through inhibitory synapses. The results are
shown in Fig. 3.9 for three different cases captured by different values of
Iapp as highlighted in Fig. 3.3 (b) and (c). For Iapp = 96.5 µA/cm2, the
only stable oscillatory state is the AAS. For Iapp = 100 µA/cm2, the EAS
and the AAS coexist for gsyn = 0.15 mS/cm2. For Iapp = 100 µA/cm2

and gsyn = 0.3 mS/cm2 or for Iapp = 101.5 µA/cm2, the only stable os-
cillatory state is the EAS. For each one of the three cases, three different
noise levels (upper panels) and two different coupling strengths (lower pan-
els) are studied. In all cases, the distribution is peaked at the anti-phase
(i.e. ∆φ = π), with noise influencing only the height of the peak and not the
location. This is because all coexisting oscillatory solutions are anti-phased
(see Fig. 3.3 (e)-(g)), which is enhanced for stronger coupling (dashed curves
in the lower panels). In the case when the AAS is the only oscillatory state,
the distribution is almost flat.
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Figure 3.9: The distributions of the phase difference ∆φ of inhibitory ML neurons
(3.1)-(3.3) at different regions. Upper row: different noise levels δ = δ1 = δ2
(δ = 0.4 for solid line; δ = 0.7 for dashed line and δ = 1 for dotted line) with
gsyn = 0.15 mS/cm2. Lower row: different coupling strengths gsyn = 0.15 mS/cm2

for solid line; gsyn = 0.3 mS/cm2 for dotted line with δ1 = δ2 = 0.7. We take
Iapp = 96.5 in (a)(d), Iapp = 100 µA/cm2 in (b)(e) and Iapp = 101.5 µA/cm2 in
(c)(f), and vsyn = −75 mV in (a)-(d). Other parameters are as listed in Table B.1.

3.5 A network of coupled stochastic ML neurons

We have considered a pair of neurons, but we expect that the results also
apply to the synchrony of a neuronal network in the presence of noise. For
instance, we consider N = 20 ML neurons in the following form:

dvi

dt
= C−1[−gCam∞(vi − vCa) − gKwi(vi − vK) − gL(vi − vL)

+Iapp −
1

N − 1

∑

j 6=i

gsynsi(vj)(vi − vsyn)] + δiηi(t),

dwi

dt
= λ(vi)(w∞(vi) − wi) (3.17)

dsi

dt
= (s∞(vj) − si)/τ,

for i, j = 1, 2, ..., N. The parameters are the same as those in Table B.1.
In the absence of noise, the uncoupled neurons in (3.17) have the same
bifurcation structure as the isolated ML neuron. The raster plots of spike
times of the 20 neurons in (3.17) with different coupling strengths gsyn are
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Figure 3.10: Synchrony diagram of 20 neurons in (3.17) with excitatory coupling
strength gsyn = 0.8 mS/cm2 in (a)(e),0.5 in (b)(f), 0.3 in (c)(g), 0.15 in (d)(h)
when Iapp = 96.5 in (a)-(d) and Iapp = 100.5 in (e)-(h). Other parameters are
listed in Table B.1.

shown in Figure 3.10. The comparison of the left and right column in Figure
3.10 implies that the synchrony can be achieved for smaller gsyn when the
control parameter is away from the multistability region (right column). For
parameter values in the expected multi-stability region near the SNB (left
column), the competition between different periodic states around the SNB
causes more disruption of the synchrony.

3.6 Discussion

Phase dynamics and mixed-mode oscillations (MMOs) are studied in cou-
pled neuronal oscillators in the presence of noise. We focus on the interplay
of noise with the deterministic bifurcation structure of two coupled oscil-
lators for parameter values in an interval between a subcritical HB point
and a SNB point of the periodic branch. For these parameter values, a rich
variety of solutions can co-exist. Among these solutions the stable ones are
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typically the quiescent state in which both oscillators are at steady state
(SS), the large-amplitude oscillatory state in which both oscillate with large
amplitude (EAS), and the localized state in which one oscillates at a large
amplitude and the other oscillates at a small amplitude (AAS). Additionally,
other solutions that bifurcate from PD points could also coexist with these
solutions. The fact that at least four stable states co-exist for parameter
ranges between a sub-critical HB point and a SNB point of the period so-
lution branch makes it possible for the system to visit the attraction basins
of all of the four states when noise is present. It is this mechanism that
induces the MMOs.

The co-existence and multistability of these four states occurs in both ex-
citatory and inhibitory synaptically-coupled ML neurons and for diffusively-
coupled λ − ω oscillators. These results suggest that it is likely that these
solutions occur as a result of the symmetry properties of the system irre-
spective of the specifics of the oscillator models and the types of coupling
that are used in the study. As a matter of fact, the bifurcation scenario
obtained for the coupled λ− ω oscillators represents a qualitatively generic
bifurcation structure of coupled oscillators.

However, the specifics of the model and the coupling do play an impor-
tant role in determining the phase relation between the two oscillators. For
the parameter values used in this chapter, the large amplitude oscillations
are in-phase for excitatory coupling and anti-phase for inhibitory coupling.
The phase relation between the LAO and the SAO in the localized state
also differs for different types of coupling. These differences play an im-
portant role in determining the phase dynamics of the coupled oscillator
system when noise is present. Our results demonstrate that, when the cou-
pling is excitatory, the most frequently occurring phase difference is shifted
from zero to a value that is related to the phase difference between the two
oscillators in the localized state. For inhibitory coupling, no such shift is ob-
served because the two oscillators maintain an anti-phase relation for both
the EAS and the AAS.

The results presented in this chapter clearly demonstrate that weakly
coupled neuronal oscillators typically give rise to multiple coexisting oscilla-
tory solutions with very different amplitudes and phase relations. This can
make the phase dynamics difficult to predict when such a system is exposed
to noise. We showed that the noise can drive the system to visit different
oscillatory states, creating irregular MMOs and shifting the distribution of
the phase difference toward a value that is determined by a localized AAS. In
some cases, the distribution of the phases becomes flat for a broad range of
phase differences. As the number of neurons increases, the complexity could
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increase enormously. It remains unresolved whether that larger number of
unstable periodic solutions also influences the amplitude and phase dynam-
ics of coupled oscillators. Intuitively, we think they do, since they define
the boundaries in phase space between basins of attraction of the different
stable solutions. Thus, they determine the amplitude of noise required for
triggering transitions between different oscillatory states. Of course if the
noise level is too high it introduces severe disruption in addition to these
transitions, so that the system behavior becomes much less coherent. More
coherent behavior, consisting of transitions driven by small noise between
coexisting states, is more likely when the boundaries between the stable
states are not too far from their deterministic trajectories.

Our results demonstrate that mixed-mode oscillations occur as a result
of random switching between co-existing oscillatory states. Such a stochastic
bursting phenomenon should not be confused with other burst-generating
mechanisms in which a slow process determines the on-off switch between
the active and silent modes. Furthermore, we provide valuable insight on the
interplay between weak coupling and noise. This interplay goes beyond the
common viewpoint that synchrony is disrupted simply since the firing of one
neuron cannot excite its neighbor through weak coupling, leaving relatively
independent noise-induced firing. Rather, we have illustrated that weak
coupling leads to complicated multistable behaviors of neurons, and noise
can drive the system between these different states.

It is known that noise exists at almost all levels of the central nervous
system. Several interesting roles that noise can play have already been re-
viewed in the introduction. Results presented in this paper have special
relevance to a few systems cited there. There exists a special interest in the
study of coherence resonance in coupled oscillator system that is close to a
subcritical HB and a SNB points [9]. Our results showed that one should
be extremely cautious about the possibility of the system visiting multi-
ple stable oscillatory solutions near these bifurcation points. Experimental
studies have demonstrated that noisy signal enhances the reliability of spike
timing [5] and facilitates the transition between coexisting stable states [14].
It was shown that a specifically shaped profile of a noisy signal localized
within a very short time interval can significantly enhance the possibility of
inducing a spike or a transition between two different states. We suspect
there exists a type of short-term resonance between specific segments of a
stochastic signal and an excitable dynamical system. Such a resonance can
create amplified excursions with an amplitude that is much larger than a
non-resonance portion of the signal thus triggering an transition between
different states that are even remotely separated from each other. Reveal-
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ing that this type of transient resonance also plays an important role in the
stochastic amplitude and phase dynamics of coupled oscillators studied in
this chapter is a natural goal for the near future.
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Chapter 4

Spike Time Reliability In

Two Cases of Threshold

Dynamics

4.1 Introduction

Spike time reliability (STR) refers to the phenomenon in which the repet-
itive application of a stochastic signal to a neuron can trigger spikes with
remarkably reliable timing although repetitive injection of a constant current
fails to do so [1]. Such a phenomenon has been widely observed experimen-
tally in a number of different neurons [1, 2, 3, 4, 5, 6]. It has shown to
be a general property of spiking model neurons in theoretical studies [7].
STR is closely related to the study of synchronization of uncoupled periodic
or chaotic attractors driven by a common noise (see e.g. [8]). In an ap-
parently different context of stochastic resonance, a mechanistically related
phenomenon was also demonstrated in a summing network of excitable units
[9]. Gamma range fluctuations have been shown to facilitate the generation
of more precisely-timed spikes and induce higher variability in inter-spike in-
tervals (ISIs) [3]. Effects of the frequency content and the relative amplitude
of periodic fluctuations on STR have been investigated in [4, 5]. [7] showed
that aperiodic inputs, contrary to periodic ones, induced reproducible re-
sponses. Reliability in the timing of bursts of action potentials could also
be achieved through a frozen random input [10]. [11] showed in both experi-
ments and simulations that STR exhibit a local maximum as the correlation
time of the external input is increased.

STR has been studied in two different situations. In the first situation,
the neuron is spontaneously spiking and exhibits self-sustained oscillatory
activities in the absence of external stimulation. In this case, the frequency
component of the external noise has been shown to be crucial for STR [4, 5].

3A version of this chapter has been submitted. Na Yu, Y.-X. Li, and R. Kuske, Spike
Time Reliability In Two Cases of Threshold Dynamics.
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For uncoupled spontaneous oscillators, synchrony driven by a common noise
input has been attributed to the emergence of a negative leading Lyapunov
exponent [8]. In the second situation, the neuron is quiescent in the absence
of external noise. The spike trains triggered by the external signals are often
quite irregular although the spike timing is remarkably precise. In the sec-
ond situation, there exists no mature theory for explaining the mechanism.
The present study is aimed at revealing some important aspects of such a
mechanism using a simple neuronal model and when the intrinsic noise is
specifically defined.

An ultimate understanding of the STR in the second situation is to
find out which features of the input signal are crucial for triggering spikes
with precise timing. Spike initiation in a quiescent neuron is often associated
with a threshold phenomenon which happens when a critical transmembrane
potential is exceeded. Therefore, spike-triggering can be regarded to as a
complex “pattern recognition” process [2], a “feature detection/dimensional
reduction” process [12], or even a “time-localized resonance” process. STR
is closely related to three important factors: (i) the ability of external fluc-
tuations to eliminate the memory of accumulated variations in the neuron;
(ii) the ability of a fluctuation to trigger a spike reliably in the presence of
different copies of intrinsic noise; and (iii) the potentiation of a time local-
ized temporal epoch in the input that “resonates” with the neuron to trigger
a spike reliably at low amplitude. We believe these factors are best studied
when the effects of other dynamic properties of a neuron are minimized.
The latter includes the inter-spike refractory period (IRP) and the intrinsic
frequency of an oscillatory neuron. It has been shown that STR is reduced
when the frequency of the stimulus-induced response is high [6]. To minimize
the influence of IRP and intrinsic frequencies, we focus on model neurons
that are quiescent in the absence of external inputs. We use specifically
generated input signals that only trigger spike trains with relatively long
ISIs. We study two distinct sets of parameter values that give rise to two
different cases of quiescence-to-oscillation transition. Case I is characterized
by a gradual increase in the frequency from zero as the parameter changes
beyond the transition point. Case II is characterized by a sudden jump in
the oscillation frequency as quiescence-to-oscillation transition occurs. This
allows us to reveal the differences and similarities between the two cases.

STR is a complex dynamic phenomenon that depends on both the fea-
tures of the input signal and the intrinsic properties of the neuron. In a
carefully designed study of spike initiation by a current injection in the
form of a Gaussian white noise [2], it was revealed that a wide variety of
current wave forms could be effective in triggering a spike reliably. It was
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therefore concluded that a number of stimulus parameters, including po-
larity, amplitude, variability, slope, acceleration, and temporal correlation,
are relevant in spike triggering. It was believed that the absence of one
feature in one particular spike-evoking epoch (SEE) of an input signal may
be compensated for by the presence of another. Temporal profiles of a SEE
favorable for precise spike-generation should be related to the dimension-
ality of the equations required to describe the dynamics of a neuron and
the geometric structure of the manifolds in the phase space that define the
thresholds beyond which a spike is generated. The nature and the magni-
tude of intrinsic noise also play important roles in the reliability of spike
timing. These intrinsic properties of a neuron in an experimental setting
are typically unknown.

Mathematical models of neurons provide useful tools in the study of STR.
Unlike real neurons in which the dimensionality and the intrinsic noise are
both unknown, the dimension of a model and the intrinsic noise are well de-
fined in mathematical models. In this work, we carry out numerical analysis
of the Morris-Lecar model [13] which has only two variables. Both intrinsic
noise and external signals are additive in the equation for the voltage. The
threshold for spike-generation is well-defined in the phase plane. The study
suggests that individual SEEs show great variety in amplitude and time pro-
file. However, in average, two specific features are shown to be crucial for
reliable spike timing: the accelerated increase in “energy” level (defined as
the amount of current delivered during a fixed time interval) as the spiking
threshold is approached and the time profile of a SEE. The SEEs that have
a more favorable time profile trigger more precise spike timing at a reduced
level of energy. These results are in good agreement with experimental ob-
servations [2]. Traditional analysis of the spike-triggered averages (STAs) is
extended to the study of the STAs of different subsets of the SEEs.

The remaining part of the paper is organized as follows. In the Model
and Methods Section, we introduce the Morris-Lecar model that we used in
the simulations. We also discuss the measure we employed to calculate the
reliability of spike timing. The main results are presented in the Results
Section that is followed by the Discussion Section.
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4.2 Model and Methods

The model. We use the Morris-Lecar (ML) model [13] in the present study.
The noise terms are added additively to the voltage equation.

c
dv

dt
= −gCam∞(v − vCa) − gKw(v − vK) − gL(v − vL)

+Iapp + δ1η1(t) + Iext, (4.1)

dw

dt
= λ(v)(w∞(v) − w),

where v is the membrane voltage potential; w represents the opening of
probability of K+ channels (0 ≤ w ≤ 1). m∞(v) = 0.5(1+tanh((v−v1)/v2)),
w∞(v) = 0.5(1+tanh((v−v3)/v4)), λ(v) = φ cosh((v−v3)/(2v4)). The term
δ1η1(t) is the intrinsic noise, where η1(t) is modeled by a white noise with a
zero mean and a standard deviation (SD) that is equal to one. As a result,
the SD of δ1η1(t) is equal to δ1. A distinct copy of the intrinsic noise is
used on each trial. The external input Iext can be a constant current Ic or
a stochastic current Iext = δ2η2(t), where η2(t) is obtained by convoluting a
Gaussian white noise (mean= 0µA/cm2 and SD= 1µA/cm2) and an Alpha
function α(t) = (t/τ2) exp(−t/τ) with a time constant τ . Consequently,
the SD of η2(t) (denoted by σ2) is usually not equal to one. Therefore, the
actual SD of the external noise δ2η2(t) is δ2σ2. In the remaining part of this
paper, we shall use the SD for each noise to represent its intensity.

Table 4.1: Parameters of Case I and Case II models

Shared Parameter

vk −84 mV vl −60 mV vca 120 mV
c 20µF/cm2 v1 −1.2 mV v2 18 mV

Different Parameters

Case I Case II Case I Case II
gk 8 mS/cm2 5 mS/cm2 Iapp 33µA/cm2 63µA/cm2

gl 2 mS/cm2 3 mS/cm2 ISNIC 37.7µA/cm2

gca 4.4 mS/cm2 5.6 mS/cm2 ISN 67.31µA/cm2

v3 12 mV −4.5 mV IHB 77.62µA/cm2 68.05µA/cm2

v4 17.4 mV 15 mV τ 7 ms 3 ms
φ 1/15 ms−1 0.04 ms−1

In the absence of noise, the deterministic ML model can be tuned into
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conditions for both a Case I and a Case II neuron. For the Case I parameters
listed in Table 4.1, the bifurcation diagram is presented in Fig. 4.1A (top)
together with the f−I relationship (bottom). The latter shows a continuous
change in the oscillation frequency from zero as Iapp increases beyond a
SNIC (saddle-node on an invariant circle) bifurcation point. The SNIC
point is located at ISNIC ≈ 37.7µA/cm2 . For the Case II parameter
values, the bifurcation diagram and the f − I relationship are shown in
Fig. 4.1B. A saddle-node (SN) bifurcation on the periodic branch occurs
at ISN ≈ 67.31µA/cm2. A subcritical Hopf bifurcation (HB) happens at
IHB = 68.05µA/cm2. The transition from a steady state to an oscillatory
state can occur at both the SN and the HB points. The oscillatory solutions
that emerge in each case have a finite, nonzero frequency as can be seen in
the lower panel of Fig. 4.1B.
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Figure 4.1: Bifurcation diagrams and the corresponding f − I relationship
near a Case I (A) and a Case II (B) transition in theMorris-Lecar (ML)
model. Iapp is the control parameter. Stable and unstable equilibria are
marked with solid and dashed lines respectively. Stable and unstable pe-
riodic solutions are marked with filled and open circles. The frequency of
a steady state is calculated by using the eigenvalues of the corresponding
linearized system.

The simulations in the present study are carried out under the fol-
lowing conditions. For the Case I neuron, we picked Iapp = 33µA/cm2
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Figure 4.2: Spike-time reliability (STR) of the ML model in the Case I
conditions (upper panels, (A)-(B)) and the Case II conditions (lower pan-
els, (C)-(D)). Parameter values used are given in Table B.1. The standard
deviation (SD) of the intrinsic noise is tuned to be 2µA/cm2 for (A)-(B)
5µA/cm2 for (C)-(D), and the SD of external noise is 5µA/cm2 in (B) and
9µA/cm2 in (D).

and an external current injection that is either constant or stochastic with
Ic = E[Iext] = 4.3µA/cm2. The total external current, Itot = Iapp + Iext,
has an amplitude that is equal to Itot = 37.3µA/cm2 which is still below
ISNIC . As shown in Fig. 4.2A and B, a constant input with this amplitude
generates unreliable spikes while a fluctuating input with identical expected
value can generate a train of spikes with rather reliable timing. For the Case
II neuron, we picked Iapp = 63µA/cm2 and Ic = E[Iext] = 4.1µA/cm2 such
that Itot = 67.1µA/cm2 which is also below ISN and IHB . In this case,
a constant input can generate a train of spikes but with unreliable timing
(Fig. 4.2C). When replaced by a fluctuating input with identical expected
value, the timing of the spikes triggered by the signal becomes more reliable
(Fig. 4.2D).
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A measure for spike time reliability. In the present study, a correla-
tion based measure [14] is used to determine spike time reliability, which is
defined as

R =
2

N(N − 1)

N
∑

i=1

N
∑

j=i+1

~si ~sj

|~si||~sj|
(4.2)

where −→si (i = 1; ...;N) are the filtered spike trains, that is the convolution of
the spike train of a trial and a Gaussian filter with a filter width of σc = 20
ms. The range of R is [0, 1].

This reliability measure changes as the number N changes. However, in
simulations carried in this study, R usually settles to a constant level for
values of N larger than 30 (results not shown) . Therefore, for each R value
we calculated in the Results Section, we picked a number N = 45 to ensure
that R will not change as a function of N .

Numerical methods. The stochastic model equations in the present work
are numerically solved using MATLAB. The renewal of the deterministic
terms of the equations are calculated using a 4th order Runge-Kutta scheme
with a fixed step of ∆t = 1/30 ms, while the influence of the noise terms is
renewed at each time step ∆t based on the nature of the noise.

4.3 Results

Reliability as a function of signal strength and correlation time.

Reliability of both the Case I and Case II ML models are studied for in-
creasing input signal strength as measured by the SD of the external input
(see Fig. 4.3A and C). The solid curves represent the case when the noisy
signal is a convoluted noise generated by a convoluting a Gaussian white
noise and an Alpha function with a time constant τ . Therefore, τ can be
regarded to as a measure of the correlation time of the input signal. In both
Case I and Case II neurons, R increases monotonically as input amplitude
increases, consistent with previous studies. Close to full saturation is ob-
tained for SD> 20µA/cm2 for both cases. Fig. 4.3 also shows the reliability
measure as a function of the correlation time when the convoluted input is
considered for both the Case I (B) and the Case II (D) models. Reliability
for the Case II model shows a local maximum near a τ value of about 8
ms (Fig. 4.3D). This is consistent with previous results obtained in both
experiments and simulations [11]. This is not the case for the Case I model,
where R shows a monotonic increase as τ increases (Fig. 4.3B).
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5µA/cm2 for (C) and (D). The SD of the external noise is 5µA/cm2 in (B)
and 9µA/cm2 in (D).
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When white noise with zero correlation was used instead, good reliability
could also be obtained (dashed curves in Fig. 4.3A and C). But a larger SD
value is required if one wants to achieve the same level of reliability. This
suggests that higher noise intensity helps improve the reliability. However,
at identical noise intensity correlated noise leads to higher reliability. An
optimal correlation time exists for the Case II model. The mechanism un-
derlying the improved reliability at higher values of the correlation time is
not known. However, one potential explanation will be provided later in
this paper.

Spike triggered average is effective in triggering reliable spikes.

The spike triggered averages (STAs) are calculated for both the Case I and
Case II models over a time duration of 100 ms. The STA for each case is
calculated using 195 SEEs taken from some test signals. Many copies of the
STA for each case are then connected by background fluctuations of different
lengths that are not capable of triggering a spike. Fig. 4.4 shows that the
STAs inserted in these background signals are effective in triggering spikes
reliably. Special care was taken as to guarantee that the average value of
the these signals is not altered by such connections between pieces of signals.

The frequency content is not essential for STR provided ISIs are

long. A number of previous works, both experimental and computational,
have demonstrated the significance of the frequency content in the external
signal to achieve reliable timing in spikes [3, 4, 5, 15]. We here demonstrate
that under the special situation of our study, the frequency content is not of
special significance. This is because the stochastic signals we generated in
the present study only trigger spike trains with ISIs that are long as com-
pared to the intrinsic IRP. When ISIs are too short, spike timing reliability
is typically reduced [6] since the timing of the arrival of a SEE during an
IRP can cause significant uncertainty in the timing of the spike it may or
may not trigger. The existence of a significant component of the intrinsic
frequency in the signal typically enhances the STR through resonance ef-
fect. In the Case I model, no intrinsic frequency is defined in the vicinity
of the SNIC since periodic solutions start with a frequency that is equal to
zero. No frequency is the intrinsic frequency in this case. Therefore, we
focus more on the Case II model. Two intrinsic frequencies can be defined
in the vicinity of the Hopf point. The intrinsic frequency of the linearized
system for Itot = 67.1µA/cm2 is 0.00715 kHz. The frequency for the stable
periodic solution at Itot = 67.1µA/cm2 is close to 0.00641 kHz. These two
frequencies become identical at the HB point.
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Figure 4.4: Spike triggered averages (STAs) for Case I (A) and Case II (C)
ML models together with the corresponding response in membrane voltage.
Artificial signals are generated (the upper panel in (B) and (D)) by con-
necting many copies of the STA with pieces of background fluctuations of
different lengths that are known to be incapable of generating a spike. A
typical response of a Case I (B) or a Case II (D) ML model to such a signal
is shown in a raster plot. The SDs of the intrinsic and extrinsic noise are
2µA/cm2 and 5µA/cm2 in (A) and (B), and 5µA/cm2 and 9µA/cm2 in (C)
and (D). The reliability measure R is calculated and marked in the figure
for each case.
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Figure 4.5: Reliability is insensitive to the frequency content of the noise
signal when ISIs are long. Testing noise signals are generated by connecting
distinct samples of spike-evoking epochs (SEEs) with intervals of samples
that are known to be incapable of generating a spike. The power spectrum
for each signal is plotted in the right panel. From top to bottom, the peak
frequency component is located at 0.00641 kHz in (A), 0.004 kHz in (B),
0.01 kHz in (C), and is insignificant in (D). The values of R are calculated
with data collected from 100 trials, each containing more than 45 spikes.
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Input signals with very different spectral components are tested in this
study of which four are shown in Fig. 4.5. These signals were generated
as follows. We stimulated the model neuron with 5 segments of convoluted
external noise (with τ = 3 ms), each 10,000 ms long. We picked a total of
112 SEEs and 45 epochs that typically cannot trigger a spike. By connecting
these epochs following different orders, we were able to generate test signals
with different spectral content, each one is 6000 ms in duration. Fig. 4.5A
shows the response to a test signal with a spectral peak at the intrinsic
frequency. This is achieved by connecting different SEEs at almost regular
intervals that is close to the intrinsic period. This signal triggered a train
of spikes with highly reliable spike timing. Fig. 4.5B shows a case where
a reliability that is almost identical to the previous case is obtained by a
signal with a much less concentrated spectrum. In this case the highest
peak of the spectrum occurs near f = 0.0044 kHz. Fig. 4.5C contains
another case in which the spectrum is highly concentrated at one single
frequency that is equal to 0.01 kHz which is far from the intrinsic frequency.
Reliability remains high in this case although slightly reduced due partly
to the shortening of ISIs when the frequency is higher than the intrinsic
frequency. In the case shown in Fig. 4.5D, there is no obvious peak in the
spectrum when it is plotted using the same vertical scale as in A and B.
However, the reliability remains close to 0.8 in this case.

These results suggest that to achieve high reliability in the noise-induced
spike train, there is no need for the signal to contain a major fraction of the
Fourier components with frequencies that are near or identical to the intrin-
sic frequency. This result typically applies to the situation when the ISIs in
the signal-induced spike trains are relatively long.

The accelerated increase in energy separates the reliable and un-

reliable spikes. By focusing on stochastic signals that trigger spike trains
with relatively long ISIs, we can ask the following important questions.
What are the features that separate the epochs of the signal that trigger
a spike with reliable timing from those that cannot? Let us call the reliable
SEEs of the signal the reliable SEEs and the unreliable ones the unreliable
SEEs. Is there a unique, dominant feature that separates the two? The
answer to the latter question is probably no. When a large number of SEEs
are examined, they all appear very different from one another (see for ex-
ample the two SEEs in Fig. 4.6(B), (D)). We aim at answering this question
partly through a statistical study of the SEEs.

For the purpose mentioned above, we need a simple measure to segregate
the reliable SEEs from those that are unreliable. We seek a event-based
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Figure 4.6: Phase plane trajectories traced out by the responses of the
model to two different SEEs (panels A and C) and the SEEs profiles (top)
and the corresponding voltage responses (bottom) (panels B and D). Four
time points A, B, C and D are chosen and the corresponding location of
the pseudo slow manifolds (dashed lines) MA, MC and MD are plotted in
(A) and (C). Dotted lines are nullclines when I = Iapp + Iext.

definition. An SEE is called reliable if the spikes it triggers over 30 trials
are distributed within a time interval that is smaller than 20 ms. An SEE is
regarded as unreliable if the spikes it triggered over 30 trials spread over a
time interval that is larger than 20 ms, in a range between 23 to 115 ms. This
measure allows us to set up a data base for both reliable and unreliable SEE
pools. A total of 450 reliable SEEs and 150 unreliable ones were collected.
This lead us to the study of the following features of each SEE.

By comparing a large number of SEEs, we found that the response of a
Case II model to a reliable SEEs in the phase plane is often characterized
by a lower value of the gating variable w at the moment the voltage variable
crosses the threshold at Vth = −20 mV. Phase plane trajectories traced
out by the responses of the model to two different SEEs are plotted in
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Fig.4.6A, C. The corresponding SEEs and the voltage changes in time are
shown in Fig.4.6B, D. Fig.4.6 also illustrates that pseudo slow manifolds
shifts with the input signal, which shows some similarity to the experimental
observations [16, 17] in which the voltage “threshold” changes with the
random gating of the Na+ channel.

One of the main differences between a reliable and an unreliable SEE is
the increase in the average “energy” level over a progressively shorter time
intervals immediately preceding the time the spiking threshold is reached.
This energy level is calculated as the average amount of current delivered
during that time interval, i.e. the area under the SEE divided by the length
of the interval. In average, the energy level of reliable SEEs is significantly
higher as the threshold is approached (see Fig. 4.7A,C). Notice that the
average energy level of reliable SEEs (thick solid curve) during a brief time
interval (say 20 ms long) before the spiking threshold is significantly higher
than the corresponding average energy level of unreliable SEEs (thin solid
curve) for both the Case I and Case II models. As the time interval is
pushed further back into the past, the difference between the two is reduced
more and more until it disappears at about 40 ms and beyond. This means
that when a history longer than 40 ms is taken into account, the difference
between the average energy levels of reliable and unreliable SEEs is of little
significance. This is what one would expect the system to possess for the
occurrence of STR. It suggests that the memory for past events does not
last more than 40 ms.

The increase in energy levels of the reliable SEEs (thick curve) continued
almost all the way to about 5 ms before reaching the threshold for the Case
II model. In this case, the energy for the unreliable SEEs (thin curve) also
increases as the threshold is approached, reaching a maximum at about 15
ms and starts to decrease for shorter time intervals. For the Case I model,
the increase in the thick curve is less steep and reaches a plateau around
15 ms before the spiking threshold. In this case, the think curve started
decreasing at about 35 ms before the spike threshold is reached. The his-
tograms shown in Fig. 4.7B and D suggest that, in average, the value of
the gating variable w is significantly lower for reliable SEEs (thick curve)
than that of the unreliable ones (thin curve) for the Case II model. This
is particularly obvious for the Case II model, suggesting that the unreliable
spikes are triggered at larger values of w in average after spending more
time climbing up that the pseudo unstable manifold. In the Case I model,
however, the shift is not obvious, suggesting that threshold passing in Case
I neuron is probably more sensitive to the signal amplitude.
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Figure 4.7: Average energy in progressively shorter time intervals before the
spike threshold is reached for both Case I (A) and Case II (D) ML models.
The horizontal axis represent the duration of time over which energy is
calculated, starting at the time when spiking threshold is reached. The
shorter the time interval, the closer it is to the threshold. The thick solid
curve represents the average energy of reliable SEEs and the thick dotted
curves represent the upper and lower limits based on the SD. The thin solid
curve denotes the average energy of unreliable SEEs and the thin dotted
curves mark the upper and lower limits of the SD. The histogram of the
values of the gating variable w when the reliable (bold line) and unreliable
(thin line) spike trajectories pass the through threshold at vth = −20 mV
are plotted in (B) and (D) for Case I and II models respectively. The thick
solid curves are averages of 400 reliable SEEs and the thin solid curves are
averages of 600 unreliable SEEs.
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Figure 4.8: The distributions of energy values over a brief time interval of 20
ms for all reliable SEEs. Plotted in (A) and (D) are the energy distribution
for Case I and Case II models, respectively. The distribution is equally
divided into three subclasses. The STA of each subclass is shown in (B) and
(E) with different line types each marking one subclass as in (A) and (D).
The SD of spike times over all 40 trials for each SEE is calculated and the
results are shown in (C) and (F).

Further division of the reliable SEEs into three subclasses. By
studying specific examples of reliable SEEs defined above, one realizes im-
mediately that they still appear very different from each other. This moti-
vated us to divide the reliable SEEs further into three subclasses each one
third in numbers: the high energy, the medium energy, and the low energy
ones (see the histograms Fig. 4.8A, D). The goal is to find out if the time
profile of an SEE plays a role in determining the reliability of spike timing
and, if the answer is positive, what time profile is more favorable for each
case.

The precision of the timing of spikes triggered by individual SEEs is
shown in the histograms in Fig. 4.8C (Case I) and Fig. 4.8F (Case II). In
these panels, the distribution of the SEEs in the three subclasses are given
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in terms of the SD in the spike times triggered by each SEE over 40 different
trials. A larger value of SD corresponds to a lower precision in spike timing.
Notice that the highest precision is achieved by the one third of SEEs with
the lowest energy levels. This is true for the Case II model. For the Case
I model, the difference between the precisions of three subclasses is not
significant. By plotting the temporal profiles of the spike-triggered averages
of the three subclasses (see Fig. 4.8B,E), one notices that the temporal
profile of the low energy STA is characterized by a stereotypical wave form
of a downward change followed by a steep upward swing. This is true for
both Case I and and Case II models. The profile for the STA of the low
energy SEEs is consistent to the stereotypical STAs observed in a number
of experimental studies [2, 6, 11]. This suggests that, with a more favorable
wave form, an SEE is capable of triggering spikes with higher spike time
precision even through its energy is in the lowest one third among all the
reliable SEEs. This result also suggests that the spike-triggered average of
all SEEs, including both reliable and unreliable ones (see Fig. 4.4A,C), does
not likely possess the most favorable time profile of an SEE that triggers the
spikes with most reliable timing.

The wave form of the thin curves in Fig. 4.8B and E occurs more fre-
quently when an appropriate correlation time τ is used in the convolution.
This brings our discussion back to the problem proposed previously. Which
features of the SEEs are crucial for STR? The answer is probably the en-
ergy level immediately preceding the time when the spiking threshold is
reached and a stereotypical wave form of the SEE. We believe the influence
of the correlation time τ is probably indirect, making it more likely for the
stereotypical wave form to occur at increasing values of τ .

4.4 Discussion

Spike time reliability has been widely observed in a large number of neuronal
types, ranging from neocortical neurons [1] to neurons in visual cortext [3],
motor neurons [2, 4, 18], mitral cells [19], pyramidal cells and interneurons
[15, 20]. In particular, Tateno and Robinson [21] showed that the regular
spiking (RS) pyramidal neurons exhibit a Case I continuous f−I relationship
while the fast-spiking (FS) interneurons show a Case II discontinuous f − I
relation. As a result, the RS neurons show properties of a rate-code integra-
tor while the FS neurons behave like resonators controlling the coherence
of synchronous firing. Although a large number of theoretical works have
been devoted to the study of STR, a universal theory that helps explain all
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observed features of STR remains the goal of many theoretical researchers.
We aimed at studying a few important features of STR using a mathemati-
cal model and at revealing some similarities and differences between neurons
that differ in threshold dynamics.

STR can be considered from two different view points. On one hand, one
can relate it to the fact that the system contains some kind of a threshold.
A “frozen” fluctuating input makes the threshold crossing more robust with
occasional large amplitude fluctuations, thus making the spike timing more
reliable. This is particularly true when the intrinsic noise is relatively small.
This explains the monotonic increase in reliability as a function of noise
intensity (Fig. 4.3). It also helps explain why reliable SEEs are usually
related to higher energy levels in a short interval before the spiking threshold
is reached. On the other hand, dynamic properties of a neuron sometimes
make it respond in an amplified way to certain stimulus profiles. In a recent
study, Paydafar [22] showed that a specific wave form of noise facilitates
the switch between a stable fixed point and a stable periodic solution. This
helps explain why SEEs with certain time profiles are more favorable for
inducing reliably timed spikes. Results in Fig. 4.8 suggests that, among all
the reliable SEEs, the one third that has lower energy level but with a more
favorable time profile actually trigger spikes with slightly higher precision
(Fig. 4.8).

It has been emphasized in a number of studies that STR is closely re-
lated to the fact that the input signal possesses a spectrum that contains
a significant fraction of frequency modes that are identical to an intrinsic
frequency. To show that this is not always true, we aimed at studying STR
in an idealized and simplified condition. We focused on a special situation
in which the spike trains triggered by the stochastic signals contain long ISIs
only. This makes the frequency content of the input signal of little impor-
tance for STR (Fig. 4.5). In response to stochastic external inputs, both
the Case I and Case II neurons are capable of generating trains of spikes
with reliable spike timing. In both cases, the reliability measure R shows
monotone increase as the noise intensity increases. When R is plotted as a
function of the correlation time, Case II shows a local maximum while Case I
only gives a monotone increase. We also show that in both cases, the energy
level increases significantly as the spiking threshold is approached. The two
Cases differ in the magnitude of such an increase and in the distribution of
the values of the gating variable w when the voltage reaches its threshold.

Although results presented in this work were obtained in a rather simple,
two-variable current based model of neurons and with specific additive in-
ternal and external noise inputs, the main conclusions are strikingly similar
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to the experimental data obtained in Aplysia california abdominal ganglia
[2]. The energy explanation proposed here is very similar to the experiments
in which Gaussian white noise with very different amplitudes (38 and 17 nA
respectively ) were applied to the neurons, the energy level of the corre-
sponding STAs only differ by 14%. This led to the following conclusion:
“when evaluating the spike triggering effectiveness of different waves forms,
one must decide on criteria by which to describe and compare them: re-
sults ... suggest that the amount of delivered charge is a defensible choice”.
In that study, “the amount of delivered charge” is identical to our defini-
tion of energy. The significance of the time profiles of SEEs is also clearly
revealed. A STA with a characteristic downward bias followed by a swift
upward swing was found when a depolarizing d.c. was present. A similar
profile was also found in [6, 11]. This STA is similar in shape to the favor-
able profiles shown in Fig. 4.8 in our study. The importance of higher energy
immediately preceding a threshold value was also demonstrated both in the
STA profiles and in the fact that the standard deviation of that part of the
SEEs is minimal. Unfortunately, the SEEs found in these experiments were
not further subdivided into reliable and unreliable ones to further confirm
the existence of favorable temporal profiles. The remarkable agreements be-
tween these experimental data and our model results seem to suggest that
the two mechanisms demonstrated here are probably of more general rel-
evance than the model itself. High energy basically confirms that robust
threshold crossing is possible and temporal profile sensitivity is a clear indi-
cation that a low amplitude fluctuation should still be able to trigger spikes
reliably provided that the response is amplified through a time localized
resonance process.

STR can occur under two different situations: (i) in neurons that are
spontaneously spiking, and (ii) in neurons that are quiescent in the absence
of external noise input. In the first situation, input signals containing the
intrinsic frequency of the neuron can trigger spike trains with more reli-
able timing [4, 5]. The theory that predicts the emergence of noise-induced
negative Lyapunov exponent in noise-driven synchrony between uncoupled
phase oscillators [8] provides a rather convincing theoretical explanation for
the underlying mechanism. For the second situation however, the phase
theory does not apply and a corresponding theory is still missing. Mech-
anisms for spike initiation by sub-threshold fluctuations are probably of
crucial importance in such a theory. Encouraging progress has been made
toward understanding these mechanisms based on the concept of “feature
detection” [12]. A stochastic theory for the synchrony of two uncoupled,
noise-induced coherent oscillators driven by a common noise input should
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open up another promising path toward a theoretical explanation of STR
in the second situation studied in this paper. Such an approach is being
pursued during the writing process of this paper.

STR is a complex dynamic behavior that is related to the properties
of the external input as well as the intrinsic properties of a neuron. It
could occur in two different situations: the neuron is either quiescent or
spontaneously spiking in the absence of the external stochastic signal. We
here focus on the situation in which the unstimulated neuron is quiescent
but close to a switching point to oscillations. We minimize the effects of
interactions between spikes by using external signals that generate spikes
with relatively long inter-spike intervals (ISIs). Under these conditions, the
frequency content of the input signal has little impact on STR. We study
two distinct cases, Case I in which the f − Iapp relation is continuous and
Case II where the f − Iapp relation is discontinous. STR in both cases
show a number of similar features and differ in some others. Short epochs
of input signals that are capable of triggering spikes show great variety in
amplitude and time profile. However, in average, reliable spike timing is
closely related to an accelerated increase in the “energy” of the signal as a
threshold for spike generation is approached. Here, “energy” is defined as
the average amount of current delivered during a fixed time interval. When
individual spike-evoking epochs (SEEs) are studied, their time profiles are
found important for triggering more precisely timed spikes. The SEEs that
have a more favorable time profile are capable of triggering reliably timed
spike with relatively lower energy levels.
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Chapter 5

Conclusions

5.1 Summary

The present thesis focuses on the influence of noise on nonlinear dynami-
cal systems, especially the stochastic phase dynamics and the reliability of
spike time. The major contributions of the present thesis are: a stochastic
multi-scale method is developed to analyze amplitude and phase dynamics
of individual noise sensitive model neurons; the influence of noise on phase
dynamics of a pair of weakly coupled neurons is well studied and noise-
induced MMOs is discovered; a reasonable mechanism is provided for the
mechanism of STR and furthermore a specific waveform is found to trigger
reliable spikes.

In Chapter 2, we studied noise induced phase dynamics of a single noise-
sensitive oscillator using both analytical and numerical approaches. The
main achievement of this chapter is the stochastic multi-scale method, which
was used to produce explicit equations for stochastic amplitude and phase.
It is based on a combination of multiple scales analysis (or Kuramoto’s
approach) and Ito’s formula. Compared with the standard multiple scales
analysis, this method has some important improvements. Firstly, it incorpo-
rates noise terms into the asymptotic approximation (2.3) or (2.5) through
equation (2.4), which makes explicit expressions of stochastic amplitude and
phase possible and further enables us to isolate the contributions from the
deterministic system itself and from the noise. Secondly, Ito’s formula is
introduced to replace the chain rule. Thirdly, one of the properties of white
noise (2.16) is used to solve the SDEs of diffusion terms in (2.13) and corre-
spondingly yields the diffusion coefficients σAj, σBj in (2.4). A more general
method for a noise-sensitive n-dimensional oscillator is proposed in Section
1.3.1.

Due to the generic feature of the model we used in Chapter 2 and the
good agreement between the analytical and numerical results, the stochastic
multi-scale method can be extensively applied to any noise-sensitive systems
in the vicinity of a HB. Another advantage of this method is that its analyt-
ical results clearly manifest the contributions from the noise terms and the
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underlying deterministic system to the amplitude and phase, which makes
the discussion about the coherence measure possible. We presented the re-
sults for a system near a supercritical HB and expect that a similar approach
can be used for subcritical HB.

Similar multiple scale techniques were used to develop amplitude equa-
tions such as [1, 2, 3]. [1] paid close attention to the Van der Pol-Duffing
oscillator subject to additive noise and/or multiplicative noise. [2] consid-
ered a delay differential equation close to a critical delay of a HB with both
the additive and multiplicative noise. [3] carried out a multiple scales anal-
ysis for a similar model as [1] driven by a more general input. However we
dealt with a canonical model for a HB in Chapter 2. Not only the stochastic
amplitude but the stochastic phase dynamics were derived as well as the
mechanism of coherence resonance were discussed based on the analytical
results.

The aim of Chapter 3 is to study the phase dynamics of a pair of weakly
coupled neurons subject to two independent white noise sources. We firstly
implemented a deterministic bifurcation analysis of this coupled system for
excitatory and inhibitory synapses respectively. In each case, a variety of
stable and unstable periodic solutions were found when the coupling is weak.
Both weak excitatory and inhibitory synapses lead to the multistability of
steady state, a pair of asymmetric oscillations and a pair of symmetric os-
cillations. We also showed that it is a generic framework for two weakly
coupled oscillators in the neighborhood of the bistability of a fixed point
and a limit cycle using a pair of λ-ω oscillators.

Noise was then introduced to represent the fluctuations of the synap-
tic currents from other neurons. The presence of noise drives a complex
behavior, noise-induced MMOs. The comprehensive numerical studies of
the histogram of phase difference provided evidence for such a conclusion:
noise switches the voltage response among different steady states includ-
ing equilibriums, asymmetric amplitude solutions and symmetric amplitude
solutions through noise-induced transition [4] and CR/SR.

It is one of the first studies concerning the stochastic phase dynamics of
a pair of neuronal oscillators coupled by weakly excitatory and inhibitory
synapses. It is the first to discover noise-induced MMOs as well. The occur-
rence of noise-induced MMOs in this context is a result of the interaction
of the properties of individual neuronal oscillators, the coupling and noise.
The pioneering investigations of the influence of noise and this work lead us
to conclude there are many more unexpected phenomena to be discovered.

Besides ML model used in Chapter 3, stochastic synchrony has been
observed through numerical simulations in different models [5]-[9]. A noise-
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induced synchrony through CR was displayed in a FHN model [5]. [6] exam-
ined a network of phase oscillators through all-to-all connections. [9] found
stochastic in-phase, anti-phase synchrony and phase-locking of a pair of dif-
fusively coupled HH neuronal oscillators in a similar excitable regime as we
study, however, the diffusive coupling coefficient used there was negative.

There are other interesting questions arising from this study. Do the un-
stable solutions in figures 3.2 and 3.3 influence the stochastic phase dynamics
and how? How complicated is a deterministic weakly coupled network with
more than two neurons? In the case of fixed noise level, is there an optimal
size of the network leading to strong synchrony?

In the investigations of STR in Chapter 4, we used both Case I and Case
II ML models with an intrinsic white noise and an extrinsic convoluted noise
used by [10]. The excitable regimes were considered in each model where
the neuron is quiescent but close to a switching point to oscillations. STAs
were calculated by averaging the input signals preceding spikes. We then
embedded STAs into input signals to form artificial signals. The ML neuron
generated spikes reliability each time it encountered a STA. Following this
idea, we connected spike-missing signals and spike-generating signals ran-
domly to construct artificial signals with various frequency spectra. Under
these conditions of long ISIs, the STR measures calculated from the spike
trains triggered by those artificial signals were very close to one other. This
finding is contrary to many studies [11]-[13] in which other parameter ranges
corresponding to repetitive spiking were considered and resonant frequency
leads to the highest reliability of spike time. We also illustrated that noise
can modify the nullclines and the threshold (i.e. pseudo slow manifold) of
the underlying deterministic system. It is consistent with in vivo experi-
ments in [14]-[15] where the threshold is found to be variable with intrinsic
noise.

The goal of Chapter 4 was to discover the mechanism of STR. Although
short SEEs of input signals have great variety in amplitude and time profile,
the comparison of the “energy” of reliable and unreliable spikes suggested
that the fluctuation stimuli with higher “energy” can generate reliable spikes.
Here, “energy” is defined as the average amount of current delivered during a
fixed time interval. Furthermore, in the study of individual SEEs, a prefered
shape of input waveform was found to get higher precision of spike time even
at relatively lower energy” levels. The energy explanation presented in this
paper implies that the timing is crucial: whether the spikes are reliably
triggered depends on the time at which the accumulation of noise over time
is large enough to help the voltage response across a threshold.
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5.2 Future Work

5.2.1 Developing an analytical approach for coherent

oscillators near a SNB in the periodic branch of a

subcritical HB

The method in Chapter 2 concerns an excitable system with a parameter
regime in the vicinity of a HB. Apart from the HB, there are other parameter
regimes and other bifurcation structures where a coherence phenomenon
may occur under the influence of noise, for example the SNB on the periodic
branch of a subcritical HB. Our stochastic multi-scale method does not work
for the latter parameter regime because in that method the amplitude of
coherent oscillations is assumed to be at the order of ǫ whereas noise may
induce a large amplitude oscillation in the latter case. An extension would
be to develop an approach to study the coherent oscillation in that regime.
I would like to mention that no previous work on this problem has been
reported.

One possible technique to solve this problem is provided in [16] in which
spikes with a slow time scale amplitude in a stochastic model of an ex-
citable spine were seen. Identities containing the deterministic periodic so-
lutions were used to approximate those spikes. This approximation was
originally developed by [17] in the study of the interplay a pair of coupled
2-dimensional chemical oscillators. A and B in (2.4) in Chapter 2 can be
replaced by amplitude and phase of the limit cycle at the SNB, hence a new
approach to solve the problem can be completed by following the scheme of
the proposed stochastic multi-scale method in Chapter 2. The theoretical
analysis has been finished currently and we are working on the numerical
computation and its comparison with the analytical results.

5.2.2 Determining the underlying deterministic frameworks

of a fluctuating subthreshold signal

The following case often occurs in an experiment: with a small input a fluc-
tuating voltage signal with low amplitude, which is often called subthreshold
signal, is generated; a spike will be triggered as a response to a relatively
large input. From a mathematical point of view, several bifurcation frame-
works can be used to explain this phenomenon. Here we propose three
representative bifurcation structures (see figure 5.1) in which the marked
excitable parameter regimes shall be considered.

The above phenomenon can be repeated at each excitable regime in fig-
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Figure 5.1: Three possible bifurcation structures (e.g. max/min(V ) v.s.
Iapp) with the corresponding parameter regimes marked between two vertical
thin lines.

ure 5.1 but each regime represents a different mechanism. It is obvious that
large stimuli can shift the parameter beyond the right boundary marked by
vertical thin line so that spikes are emitted. We then use a fluctuating stim-
ulus with low amplitude to mimic the small input, in which the fluctuations
represent the intrinsic noise and/or the small changes of the input. A coher-
ent oscillation can be induced by noise in the vicinity of a HB as figure 5.1 (A)
shows; figure 5.1 (B) illustrates a possible existence of noise-induced oscil-
lations; the interaction of deterministic subthreshold oscillations and small
noise forms such a fluctuating signal with small amplitude at the regime
before the canard point in figure 5.1 (C). Understanding the underlying bi-
furcation structure can be used to guide experiments, predict the features
of the experimental objects, develop a mathematical model. We have not
found a good way to solve this problem, but this is a potential candidate for
future work.

5.2.3 Predicting the time locations of reliable spikes

STR tells us that fluctuating signals can reliably generate spikes. One of
the related questions is: if an input signal is given, can we predict the time
locations of reliable spikes with that input signal only and how? In other
words, what kinds of temporal features of the signal (e.g. instantaneous
derivative or present height) trigger a neuron to fire reliably?

Some preliminary work about predicting spike times has been done. [18]-
[21] proposed similar approaches, i.e. through building a simple spike re-
sponse model (SRM) to simulate the voltage response of complicated neu-
ronal models, to predict the spike times. Particularly in [19] the experi-
mental data was well reproduced by the spike trains generated from SRM.
However SRM contains a kernel κ which requires the information of voltage
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response. Our question concerns the reliable spikes instead of a whole spike
train. Since the “energy” defined in Chapter 4 has shown very different
values for reliable and unreliable spikes, we think that an extension of this
idea should propose a good evaluation for the reliable spike times.
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Appendix A

The equation obtained by equating the expressions (2.7) and (2.9) for dx is

[

− (A(T )ω0 sinω0t+B(T )ω0 cosω0t)dt

]

ǫ dt (A.1)

+ǫ[cosω0t(ψAdT + σA1dξ11 + ǫσA2dξ12)

− sinω0t(ψBdT + σB1dξ21 + σB2dξ22)]

= {−ǫω0(A sinω0t+B cosω0t)+

ǫ3[sinω0t(−λ2B − ω1R
2A− αR2B)

+ cosω0t(λ2A− ω1R
2B + αR2A)]

}

dt +O(ǫ5)

+δ1dη1,

and equating (2.8) to (2.10) for dy we get

[

(A(T )ω0 cosω0t−B(T )ω0 sinω0t)dt

]

ǫ dt+ (A.2)

ǫ[sinω0t(ψAdT + σA1dξ11σA2dξ12)

+ cosω0t(ψBdT + σB1dξ21 + σB2dξ22)]

= {ǫω0(A cos ω0t−B sinω0t)+

ǫ3[sinω0t(λ2A− ω1R
2B + αR2A)

+ cosω0t(λ2B + ω1R
2A+ αR2B)]

}

dt+O(ǫ5)

+δ2dη2.

Clearly from the above equations, the drift coefficients for the dynamics
on the fast scale (appearing with ǫ dt) cancel. Note that there are drift
coefficients appearing with ǫdT , but these terms are O(ǫ3) on the t scale.
Then the remaining terms in the x equation on the fast time scale are

cosω0t(ψAdT + σA1dξ11 + σA2dξ12)

− sinω0t(ψBdT + σB1dξ21 + σB2dξ22)

= ǫ2[sinω0t(−λ2B − ω1R
2A− αR2B)

+ cosω0t(λ2A− ω1R
2B + αR2A)]dt +

δ1
ǫ
dη1, (A.3)

and similarly for the y equation, dropping O(ǫ4) terms.
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Following the projection onto the fast modes shown in Section 2, we are
left with (2.15) and the system for the amplitudes A and B,

(

dA
dB

)

=

(

λ2A+ (αA− ω1B)R2

λ2B + (αB + ω1A)R2

)

dT + σ











dηA1

dηA2

dηB1

dηB2











, (A.4)

where

σ =

(

δ1
2ǫ2

δ2
2ǫ2 0 0

0 0 δ1
2ǫ2

δ2
2ǫ2

)

. (A.5)

Using Ito’s formula again, we write the system (A.4) in terms of R2 and
φ as

dR2 =
∂R2

∂A
dA+

∂R2

∂B
dB +

∑

m=A,B

∂2R2

∂m2

σ2
m1 + σ2

m2

2
dT

= [2R2(λ2 + αR2) +
δ21 + δ22

2ǫ4
]dT +

R

ǫ2
[cosφ(δ1dηA1

+δ2dηA2) + sinφ(δ1dηB1 + δ2dηB2)] (A.6)

dφ =
∂φ

∂A
dA+

∂φ

∂B
dB +

∑

m=A,B

∂2φ

∂m2

σ2
m1 + σ2

m2

2
dT

= R2ω1dT +
1

2ǫ2R
[cosφ(δ1dηB1 + δ2dηB2)

− sinφ(δ1dηA1 + δ2dηA2)] . (A.7)

With the substitution (2.20), (A.6)-(A.7) become the stochastic ampli-
tude and phase equations (2.22)-(2.23). In order to get explicit expres-
sions for E[R2] and E[φ] we use an asymptotic approximation for small
∆ = (δ21 + δ22)/(2ǫ4) in their equations (2.24)-(2.25). We find that the lead-
ing order steady state result for E[R2] is − ∆

2λ2
by neglecting the E[R4] terms

in (2.24), and here we show that these correction terms are O(∆2). In par-
ticular, using Ito’s formula, (A.6) and dζm = δ1dηm1 +δ2dηm2 for m = A,B,

dR4 = [4∆R2 + 4λ2R
4 + 4αR6]

+
2R3

ǫ2
[cosφdζA + sinφdζB ] (A.8)

E[dR4] = d(E[R4]) = [4∆E[R2] + 4λ2E[R4] +O(R6)]dT.
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Then the steady state for E[R4] can be obtained from (A.8)

E[R4] = −∆E[R2]

λ2
+O(R6), (A.9)

neglecting terms that decay exponentially. Substituting (A.9) into (2.24),
and writing E[R2] = − ∆

2λ2
+ ∆2V we get a differential equation in terms of

V

dV = (2λ2V +
α

λ2
2

)dT +O(∆), (A.10)

and solve it for V ≈ e2λ2(T+T0) − α
2λ3

2

, where T0 is initial time value which

can be set to 0. Thus the higher order corrections to E[R2] are all ∆2.
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Appendix B

The typical values and ranges of the parameters we used are listed in Ta-
ble B.1.

Table B.1: Parameters in the ML model

C = 20µF/cm2 vsyn = 70mV v11 = −1.2mV
vt = 15mV gK = 8mS/cm2 vK = −84mV
vL = −60mV vCa = 120mV gL = 2mS/cm2

v22 = 18mV v3 = 2mV v4 = 30mV
gCa = 4mS/cm2 vs = 5mV τ = 8ms
φ = .04/ms 0 ≤ gsyn ≤ 0.7mS/cm2 0 ≤ δi ≤ 1

In order to indicate the relative intensity of the noise and the coupling
strength, we nondimensionalize the system (3.1)-(3.3) by multiplying both
sides 1

φvKC . The new variables are v∗i = vi/vK and t∗ = tφ. The nondimen-
sional system is then

dv∗i
dt∗

= −g∗Cam
∗
∞(v∗i − v∗Ca) − g∗Kwi(v

∗
i − 1) − g∗L(v∗i − v∗L) + I∗app

−g∗synsi(v
∗
j )(v∗i − v∗syn) + δ∗i ηi(t

∗), (B.1)

dwi

dt∗
= λ∗(v∗i )(w∗

∞(v∗i ) − wi), (B.2)

dsi

dt∗
= (s∗∞(v∗j ) − si)/(τφ), (B.3)

and the new gating variables are m∗
∞ = 0.5(1+ tanh(

v∗
i
−v∗

11

v∗
22

)), w∗
∞ = 0.5(1+

tanh(
v∗

i
−v∗

3

v∗
4

)), λ∗(v) = cosh(
v∗

i
−v∗

3

2v∗
4

), and s∗∞(v∗i ) = 1

1+exp(−
v∗
i
−v∗

t
v∗s

)
. The

expressions of nondimensional parameters in (B.1)-(B.3) and their values
are listed in Table B.2. From this form we see that the coupling term
g∗synsj(v

∗
i )(v∗i − v∗syn) is an order of magnitude much smaller than the other

ionic currents, since vk is large, while sj(v
∗
i ) and v∗i − v∗syn are small. And

the magnitude of noise is comparable to the coupling term. For this level of
coupling, the HB is the same for the coupled and uncoupled cases, while the
SNB is shifted. The shift of the SNB is smaller for the excitatory case than
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Table B.2: Parameters in the normalized system

v∗11 = v11

vK
= 0.0143 v∗syn =

vsyn

vK
= −0.8333

v∗t = vt

vK
= 0.1786 g∗K = gK

φC = 9.0909

v∗L = vL

vK
= 0.7143 v∗s = vt

vK
= 0.0238

g∗L = gL

φC = 2.2727 v∗Ca = vCa

vK
= −1.4286

v∗3 = v3

vK
= 0.0238 g∗Ca = gCa

φC = 4.5455

v∗22 = v22

vK
= 0.2143 v∗4 = v4

vK
= 0.3571

0 ≤ g∗syn = gsyn

φC ≤ 0.1 0 ≤ δ∗ = δ

|vK |
√

φ
≤ 0.05

I∗app = Iapp

vKφC

the inhibitory cases, but in both cases the shift is relatively small which
reassures that the SNB is located at a significant distance to the left of the
of the HB.
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Appendix C

By substituting (3.9)-(3.11) into the reduced differential equations (3.6)-
(3.8), at leading order we get the following equations:

dR0

dt
= (λ̃0 + λ1R

2
0 −R4

0)R0, (C.1)

dr̂1
dt

= λ̃0r̂1 +R0 cos θ0, (C.2)

dθ0
dt

= ω1R
2
0 −

R0

r̂1
sin θ0. (C.3)

It is straightforward to get the steady state Rc
0 of R0, which satisfies the

equation

λ̃0 + λ1(Rc
0)2 − (Rc

0)4 = 0. (C.4)

Solvability conditions for the higher order equations indicate that R0 is
independent of the slow time scales T and τ , so for simplicity of presentation
we set the derivative of R0 with respect to the slow time scales to zero. The
steady states r̂c

1 and θc
0 are

r̂c
1 =

R0

−λ̃0

cos θ0 =
R0

√

(ω1R2
0)2 + λ̃2

0

, θc
0 = arctan

ω1R
2
0

−λ̃0

. (C.5)

The condition r̂c
1 ≥ 0 requires cos θ0 ≥ 0, so θc

0 ∈ [−π, π], and θc
0 ∈ [0, π]

when ω1 ≥ 0 and θc
0 ∈ [−π, 0) when ω1 < 0.

Next we examine the linear stability of the steady states (C.5). Let
R0 = Rc

0 + z, r̂1 = r̂c
1 + v1 and θ0 = θc

0 + ρ1, where z, v1 and ρ1 are
small perturbations to Rc

0, r̂c
1 and θc

0 respectively. Substituting them into
(C.1)-(C.3) and linearizing about z = v1 = ρ1 = 0 we obtain

dz

dt
= 2[λ1(Rc

0)2 − 2(Rc
0)4]z = −2[λ̃0 + (Rc

0)4]z, (C.6)

dv1
dt

= λ̃0v1 −R0ρ1 sin θc
0, (C.7)

dρ1

dt
=

−R0 cos θ0
r̂c
1

ρ1 +
R0 sin θc

0

(r̂c
1)2

v1 = λ̃0ρ1 −
λ̃0ω1R0

cos θc
0

v1. (C.8)
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R0 = Rc
0 is stable only if λ1 − 2(Rc

0)2 ≤ 0, or equivalently λ̃0 + (Rc
0)4 ≥ 0,

that is

λ0 ≥ −(Rc
0)4 + ǫ, (C.9)

and λ0 = −(Rc
0)4 + ǫ corresponds to points marked by open diamonds in

Fig. 3.4. Since λ̃0 < 0, r̂c
1 and θc

0 are stable fixed points.
At the level of O(ǫ), we have equations of R1, r̂2 and θ1:

dR1

dt
= (λ̃0 + λ1R

2
0 −R4

0)R1 + 2λ1R
2
0R1 − 4R4

0R1 −
dR0

dT

= 2(λ1R
2
0 − 2R4

0)R1, (C.10)

dr̂2
dt

= λ̃0r̂2 +R1 cos θ0 −R0θ1 sin θ0, (C.11)

dθ1
dt

= 2ω1R0R1 − (
R1

r̂1
− R0r̂2

r̂21
) sin θ0 −

R0 cos θ0
r̂1

θ1 −
dθ0
dT

.(C.12)

The solution to (C.10) has exponential decay

R1 = A1(T, τ)e2(λ1R2

0
−2R4

0
). (C.13)

since λ1 − 2R2
0 ≤ 0. The steady states of R1, r̂2 and θ1 are

Rc
1 = 0, r̂c

2 =
R0θ1 sin θ0 −R1 cos θ0

λ̃0

= 0, θc
1 = 0 (C.14)

At O(ǫ2), we have equations for R2, r̂3 and θ2, using (C.4),(C.5),(C.14)
in (3.9)-(3.11), to get,

dR2

dt
= (λ1R0 − 2R3

0)2R0R2 + r̂1 cos θ0, (C.15)

dr̂3
dt

= λ̃0r̂3 −
λ1R

3
0

λ̃3
0

cos3 θ0 +R2 cos θ0 −
R0 cos θ0

2
θ2, (C.16)

dθ2
dt

= 2ω1(R0R2 − r̂21) − (
R2

r̂1
+
R0r̂3
r̂31

+
r̂1
R0

) sin θ0

+
R0 sin θ0

2r̂1
θ2. (C.17)

The steady states are

R2 =
−r̂1 cos θ0

2R2
0(λ1 − 2R2

0)
=

−λ̃0

2R0(λ1 − 2R2
0)(ω2

1R
4
0 + λ̃2

0)
, (C.18)
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r̂3 =

λ1R3

0

λ̃3

0

cos3 θ0 −R2 cos θ0 + R0 cos θ0

2 θ2

λ̃0

, (C.19)

θ2 =
−2ω1(R0R2 − r̂21) + (R2

r̂1
+ R0r̂3

r̂3

1

+ r̂1

R0
) sin θ0

R0 sin θ0
2r̂1

=
2λ1R

3
0 cos3 θ0

λ̃0(λ̃0 −R0 cos θ0)
− cos3 θ0

λ̃0(λ̃0 −R0 cos θ0)(λ1R0 − 2R3
0)

− λ̃0 − 6(λ1R
2
0 − 2R4

0)

(λ̃0 −R0 cos θ0)(ω2
1R

4
0 + λ̃2

0)
. (C.20)

A similar stability examination is used for these corrections, demonstrat-
ing their stability.
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