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Abstract

In this essay, we present an overview of the methods for comparison and

quantification of risk. First, we review general frameworks for comparison of so

called lotteries via ordinal preferences. The concept of replicating these prefer-

ences by (expected) utility functions is discussed. The attitude of risk-averseness

is then explained in terms of the individuals’ utility functions. We then review

stochastic dominance rules that provide a basis to compare different random

variables (lotteries) in somewhat utility-invariant manner. In particular, it is

shown that Second Order Stochastic Dominance (SSD) rules can be naturally

utilized for comparing risks. Next, we discuss methods of quantifying risks via

monetary risk measures. These measures are defined to be monotone and cash

invariant. Convex measures are also considered to include the natural effect of

diversification in reducing risks. Finally, some examples of risk measures and

their interpretations are provided.

1 Introduction

Sound risk measurement and management techniques have become increasing impor-

tant over the last decade. The main reasons to appropriately compare, quantify, and
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manage risks can be summarized as below:

1. Profit: money can be made by taking risks. However, it is important that these

risks are suitably calculated and measured. Risk and reward trade-offs must be

understood and priced accordingly. Furthermore, different opportunities must be

appropriately compared in terms of obtaining maximum gain with minimal risks.

2. Survival: worst losses must be absorbed so the individual or institution can

survive financial turmoils.

3. Availability of high leverages: emerging financial instruments and increasing

ability to take high-leveraged positions have substantially increased the market

volatility. In these ever-increasing volatile environments, solid risk measurement

and management can significantly improve the functionality of the institution.

4. Regulatory forces: regularity forces over financial institutions have gained in-

creasing importance. This is due to the potential harm to the overall financial

system resulting from mismanagement of risks by the financial institutions.

Before utilizing appropriate risk measurement and management, it is important that

the concept of risk is well understood. In this essay we aim at clarifying the concept of

the risk at a very fundamental level along with methods and frameworks for comparison

and quantification of risk.

1.1 Organization

This essay is organized as follows. In Section 2 we review the frameworks for comparison

of risks. This section includes an overview of ordinal preferences on the lotteries,

stochastic dominance rules, concept of risk averseness, and SSD rules for comparing

risks. Next, in Section 3, we discuss the methods for quantifying risk. This includes

monetary, convex, and coherent risk measures. Finally, some conclusions are drawn in

Section 4.
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2 Comparison of Risks

In this section, we examine the concept of risk from an economic stand-point and review

general frameworks for comparison of risks. These frameworks provide a perspective

to understand risks in terms of risk aversion, risk attitude of the individual. Note that

here we mainly focus on comparing risks rather than quantifying risks (the latter is

investigated in the next section). The main idea is to compare risks based on ordinal

preferences that apply to a large class of individual utility functions.

Remark 1 The term risk may not have a clear-cut and universal definition. In eco-

nomic theory the word risk may generally refer to some dispersion of outcomes or

gains. In contrast, in financial contexts, the risk is usually considered as a potential

loss, i.e. downside risk rather than any dispersion. Throughout this essay, by the word

risk, we mainly refer to the downside risk. The former notion of the risk as dispersion

of outcomes is mainly referred to as uncertainty (rather than risk) and described by

the term lottery.

2.1 Ordinal Preferences, Lotteries, and Expected Utility

We start by reviewing the modern theory of risk-bearing as presented in the famous

book Theory of Games and Economic Behavior [1]. The core idea is to formalize how

the individual decision makers compare different lotteries. Here, the term lottery refers

to uncertainty over a set of possible outcomes (e.g. gains) with some given distribution.

A lottery can then be described by a random variable and the associated distribution.

Note that the comparison of given lotteries or random variables is solely based on the

distribution of these random variable rather than their concrete realization. To stress

this point we may often represent a lottery l by the set of possible outcomes and their

distributions in a matrix form as

l =


x1 x2 . . .

p1 p2 . . .


 (1)
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where xi, pi, i = 1 , 2, . . . are possible outcomes and the associated probabilities, re-

spectively. Here, we have assumed that the set of possible outcomes is countable. The

notion of a lottery can be generalized by allowing xi to be lotteries themselves. A

lottery consisting of other lotteries over a given distribution is often referred to as a

compound lottery [2]. Note that here we use the term lottery to denote a generalized

compound lottery unless otherwise specified. Hence, in (1), we have l, x1, x2, . . . ∈ L

where L denotes the lottery space. A non-compound lottery is referred to as a single or

a pure lottery and simply described by a random variable. The first step in the theory

of risk-bearing is to formalize comparisons of different lotteries, i.e., to construct a rela-

tion º on the lottery space such that if l1 º l2 then lottery l1 is preferable to lottery l2.

The main theorem of expected utility [1] provides this formalization based on adopting

some natural axiomatic assumptions on the constructed relation. As given below, these

axioms are clearly in line with what we might expect of preferability between lotteries.

Axiom 2.1 - Axioms of Expected Utility

1. The relation º is a preference relation, i.e. it is

• Binary

• Complete: a º b or b º a, ∀ a, b ∈ L

• Transitive: a º b, b º c ⇒ a º c, ∀ a, b, c ∈ L

2. Strong independence:

(i) a º b ⇒

a c

p 1− p


 º


b c

p 1− p


 , ∀ a, b, c ∈ L, ∀ p ∈ [0, 1]
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(ii) Let a =


x1 x2 . . .

p1 p2 . . .


 , b =


y1 y2 . . .

q1 q2 . . .


 , c =


z1 z2 . . .

r1 r2 . . .


 ∈ L then

a º b ⇒

 x1 x2 . . . z1 z2 . . .

kp1 kp2 . . . (1− k)r1 (1− k)r2 . . .


 º


 y1 y2 . . . z1 z2 . . .

kq1 kq2 . . . (1− k)r1 (1− k)r2 . . .


 , k, pi, qi, ri ∈ [0 1]

3. Certainty equivalence:

a º c º b, ⇒ ∃ p, q ∈ [0, 1] s.t


a b

p 1− p


 º c º


a b

q 1− q




where a, b, c ∈ L.

The following simplified version of the expected utility theorem in [1] then provides

a framework to construct an ordinal preference relation (see [1] for a rather technical

proof).

Theorem 1 The preference relation º on the lottery space L obeys the axiom set 2.1

if and only if there is an expected utility function u : L → R such that

• u satisfies

u(l) =
∑

i

piu(xi), l =


x1 x2 . . .

p1 p2 . . .


 (2)

• u replicates the ordinal preference º over L as

l1 º l2 ⇔ u(l1) ≥ u(l2).

It can be show that if v : L → R also represents the above preference, then there are

g, h ∈ R (where g > 0) such that v = gu + h, i.e. u is unique up to a positive linear

transformation.
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Remark 2 Consistency in the definition of u - Note that real constants are special

cases of lotteries. Hence, u(·) essentially is an extension of a real valued function on

R into L and is uniquely determined by determining its values on R. In a way, there

is a generator function ũ : R → R such that u(x) = ũ(x), x ∈ R ⊂ L which from

(2), uniquely determines u(·) on L. Note that if x̃ ∈ L is a random variable (not a

compound lottery), we have

u(x̃) = Eu(x̃) = Eũ(x̃)

where E denotes the expectation under the given distribution and ũ is naturally ex-

tended to the domain of random variables.

In the rest of this section, to avoid additional technicalities, we consider only pure

lotteries (random variables). The results can be easily generalized to compound lot-

teries by reducing the compound lotteries to their pure equivalent. A generator utility

function is then denoted by u(·) where u(·) is a typical real valued function defined on

R and naturally extended over the space of random variables. To summarize: if X and

Y are random variables, we compare the two based on the given utility function u(·)
as

X º Y ⇔ Eu(X) ≥ Eu(Y ) (3)

The above relation is the basis for stochastic ordering and comparison of risks.

2.2 First and Second Order Stochastic Dominance

The expression in (3) obtained from Theorem 1 describes a representation of a ordinal

preference that obeys axiom-set 2.1 on the set of random variables. Interestingly, we

observe that the expected utility Eu(X) in the right hand side of (3) has a very natural

meaning: the individual agent (decision maker) first applies some utility transform u on

the random variable representing the outcomes and then evaluates the expected value

of the resulting utility. The comparison in (3) is essentially utility-dependent. However,

6



it is not generally possible nor practical to elicit the underlying utility of an individual

agent. Therefore, we naturally aim at distinguishing situations where the comparisons

are utility-invariant within a possibly large class of utilities. The relation in (3) then

leads to stochastic dominance rules that are keystones to comparing stochastic models

and risks. The following definition is then appropriate.

Definition 2.1 (Stochastic Dominance) Let X and Y be random variables. X domi-

nates Y within the class of utility functions U iff Eu(X) ≥ Eu(Y ), ∀ u ∈ U.

One of the strongest cases of dominance is when any rational investor who prefers

more to less (has an increasing utility function), prefers X over Y . Let U1 be the

set of increasing utility functions then X dominates Y in the First Order Stochastic

Dominance (FSD) sense by the following characterization

X
FSDº Y ⇔ Eu(X) ≥ Eu(Y ), ∀u ∈ U1 (4)

One immediate result is that FSD implies higher average returns:

X
FSDº Y ⇒ EX ≥ EY

The following theorem gives alternative characterizations for FSD. This theorem may

be seen in other forms in the standard literature [3, 4]. The proof is skipped.

Theorem 2 Let X, Y be random variables with accumulative distribution functions

FX(t) := P(X ≤ t) and FY (t) := P(X ≤ y). Each of the following conditions is

equivalent to X
FSDº Y :

1. FX(t) ≤ FY (t), for all real t.

2. There exist a non-negative random variable Z ≥ 0 such that X
D≡ Y + Z (X and

Y + Z have the same distribution).

3. Let fX(x) = dFX(x)
dx

and fY (y) = dFY (y)
dy

be the probability densities (assuming they

exist) of X and Y , respectively. Then fY can be obtained from fX by a sequence
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of non-increasing shifts. A function g is obtained by a non-increasing shift on

the function f as follows: assume x2 ≥ x1 and 0 ≤ γ ≤ f(x2) then

g(x) =





f(x) + γ, x ∈ (x1 − ε, x1 + ε]

f(x)− γ, x ∈ (x2 − ε, x2 + ε]

f(x) otherwise

(5)

where ε ≥ 0 is some non-negative constant. This means some of the weights of

the density function fX(x) is transferred from larger values of x to smaller values

of x.

It is not always possible to compare two random variables by FSD. However, ra-

tional investors may have other attitudes that allow deducing their preferences toward

randomness. In particular, we can consider a natural risk aversion attitude of the

individual agents of the economy. A risk averse individual prefers outcomes or gains

with less dispersion for a given average return. We will see that the attitude of a risk

averse individual can be described by the class of increasing concave utility functions.

The following definition then describes a stochastic ordering within this class.

Definition 2.2 (Second Order Stochastic Dominance) - Let X and Y be random vari-

ables and U2 be the set of increasing concave utility functions. We say X dominates Y

in Second Order Stochastic Dominance (SSD) sense by the following characterization

X
SSDº Y ⇔ Eu(X) ≥ Eu(Y ), ∀u ∈ U2

The following theorem gives alternative characterizations for SSD (a slightly differ-

ent version of this theorem is presented in [3], hence, the proof is skipped here).

Theorem 3 Let X, Y be random variables. The following conditions are equivalent to

X
SSDº Y

1. Emin{X, t} ≥ Emin{Y, t} for all real t
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2. There exists a random variable Z such that Y
D≡ X + Z and E(Z|X) ≤ 0 almost

surely. In other words, Y is distributed as X plus some noise with a non-positive

mean.

2.3 Risk Attitude and Risk Aversion

Here, we explore the concept of the risk-averseness of an individual agent. First, we

have the following definition.

Definition 2.3 (Certainty Equivalent) Let u(·) be the individual utility function that

replicates the ordinal preferences on the lotteries as in (3). Then xc ∈ R is called the

certainty equivalent of the random variable (lottery) X w.r.t u if

u(xc) = Eu(X) (6)

I.e. xc is the risk-less value of the random variable X.

This leads to the following definition of risk-averseness.

Definition 2.4 (Risk-Averseness) Assume an individual with a utility function u(·)
that replicates her ordinal preferences. The individual or the associated utility function

u(·) is called risk-averse if for any random variable X

xc ≤ EX (7)

where xc is the certainty equivalent of X w.r.t u(·).

The term strictly risk averse may be used if an strict inequality is used in (7). Clearly,

a strictly risk averse individual would reject any fair gamble.

The following theorem states an important relationship between risk-averseness and

the individual utility function.

Theorem 4 Assume that an individual has an increasing utility function u(·) that

replicates her ordinal preferences. Then the individual is risk averse if and only if u(·)
is concave.
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Proof 2.1 Let X̄ := EX.

(a) Risk aversion implies that u(·) is concave: For simplicity we assume u(·) is at least

twice differentiable. Write Taylor expansion of u(X) around u(X̄) as

Eu(X) = E{u(X̄) + u′(X̄)(X − X̄) +
1

2
u′′(θX + (1− θ)X̄)(X − X̄)2,

for some θ ∈ [0, 1]. Substituting from (6) gives

u(xc) = u(X̄) + u′(X̄)E(X − X̄) +
1

2
Eu′′(θX + (1− θ)X̄)(X − X̄)2

= u(X̄) +
1

2
Eu′′(θX + (1− θ)X̄)(X − X̄)2,

so

u(xc)− u(X̄) =
1

2
Eu′′(θX + (1− θ)X̄)(X − X̄)2

By risk aversion we have xc ≤ X̄ and since u(·) is increasing, we have u(xc)−u(X̄) ≤ 0.

Substituting in above gives u′′(·) ≤ 0 which means u(·) is concave.

(b) Concavity of u(·) implies risk aversion: By Jensen’s inequality for all concave u(·)
we have

Eu(X) ≤ u(EX)

Substituting from (6) gives u(xc) ≤ u(EX). Since u(·) is increasing, xc ≤ EX which

implies u(·) is risk-averse.

In the view of an individual, the risk associated with a lottery (random variable)

might be priced in terms of amount of money that she pays to avoid the gamble and

receive the expected value instead. This leads to the following definition.

Definition 2.5 (Risk Premium) Assume an individual with utility function u and an

initial wealth x0. The risk premium πu(x0, X) for a random variable (lottery) X is

defined such that

Eu(x0 + X) = u(x0 + EX − πu(x0, X))
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It is then natural to compare risk-averseness between individuals based on their

risk premiums. In particular, we have the following important definition regarding the

comparison of risk attitudes.

Definition 2.6 An individual with utility function u is said to be more risk averse

than an individual with utility function v (or simply u is more risk averse than v), if

πu(x0, X) ≥ πv(x0, X), ∀x0, ∀X

The comparison of risk-averseness can also be made based on the net curvatures of

the utility functions. One important measure in this regard is defined below.

Definition 2.7 The coefficient of Absolute Risk Averseness for a strictly increasing

and twice differentiable utility function u is defined as

Ru(x) := −u′′(x)

u′(x)

The following theorem then gives an easily verifiable criteria for risk-averseness

(see [3] for the proof).

Theorem 5 Assume strictly increasing and twice differentiable utility functions u and

v are given. u is more risk-averse than v if and only if

Ru(x) ≥ Rv(x)

Moreover, it can be shown that some increasing concave function h exists such that

u(x) = h(v(x)) if and only if u is more risk averse than v.

2.4 Comparing Risks

So far we have introduced a basis to compare risk-averseness among individuals (util-

ity functions). At this stage, we wish to compare risks in somewhat utility-invariant

manner.

If a risk-averse individual always chooses a lottery X over another lottery Y , we

expect that X is less risky than Y . This leads to the following natural definition.
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Definition 2.8 (Comparison of Risks) A random variable (lottery) Y is riskier than

X if any risk-averse individual prefers X over Y . By Theorem 4 and Definition 2.2,

it means

Y is riskier than X ⇔ X
SSDº Y

It is easy to see that if EX = EY and X
SSDº Y then Var(X) ≤ Var(Y ). Hence, there

is some degree of consistency between SSD notion of risk and dispersion. Also, recall

from Theorem 3 that X
SSDº Y iff Emin{X, t} ≥ Emin{Y, t} for all real t. This is in

fact consistent with the notion of the downside risk or the loss potential. The threshold

level t can be regarded as some loss level. X then does better than Y for the values

below any loss level t and hence reflects a smaller downside risk.

Relation to Mean-Variance Notion of Risk A popular and somewhat rule-

of-thumb approach for comparing risks is based on comparison of mean and variance

of random variables (lotteries). This was first introduced in the well known work of

Markowitz on portfolio optimization. In this approach, the individual adopts a measure

of risk U(X) in the form of

U(X) = EX − αVar(X)

and prefers X to Y iff U(X) ≥ U(Y ). However, it is easy to show that this notion

of utility may not be even consistent with FSD [3]. I.e, we can have Y
FSDº X while

U(X) > U(Y ), so based on the mean-variance approach an investor may irrationally

choose X over Y . Note that in some special cases, the mean variance approach can be

consistent with SSD notion of risk. In particular, it is easy to show that if X and Y

are normally distributed, we have

X
SSDº Y ⇔ EX ≥ EY and Var(X) ≤ Var(Y )

2.5 Aggregation of Risks

It is often useful, particularly for insurance purposes, to compare the aggregated risk

of sum of random variables (lotteries). Here, we examine situations where meaning-
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ful comparison can be made between different aggregated risks. First, we define a

new ordering based on supermodular functions. See Appendix for the definition and

characterization of supermodular functions.

Definition 2.9 (Supermodular Order) - Let Fsup be the set of supermodular functions

on Rn. We say that the random vector X = (X1, . . . , Xn) dominates the random vector

Y = (Y1, . . . , Yn) in the supermodular order by the following characterization

X
smº Y ⇔ Ef(X) ≥ Ef(Y ), ∀ f ∈ Fsup

The following theorem then gives a sufficient condition for comparison of aggregated

risks (a slightly different version of this theorem is presented in [3], hence, the proof is

skipped here).

Theorem 6 Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be random vectors with

X
smº Y and let S =

∑n
i=1 Xi and T =

∑n
i=1 Yi, then

T
SSDº S, i.e., S is riskier than T

The next theorem shows a similar result based on correlation between the random

components and confirms the concept of reducing risk through diversification (see [5]

for proof).

Theorem 7 Let X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) be random vectors with the

same marginal distributions and let S =
∑n

i=1 Xi and T =
∑n

i=1 Yi. Assume that the

components of X are independent while the components of Y are correlated. Then

S
SSDº T, i.e., T is riskier than S.

3 Quantifying Risks: Monetary Risk Measures

In this section, the problem of quantifying the risk of a financial position is discussed

based on rigorous mathematical frameworks. Most of the topics covered here can be

found in [6] with somewhat more technicalities.

13



3.1 Risk Measures

A monetary risk measure is defined to quantify the underlying risk of a financial posi-

tion in the view of a supervisory (monetary) agency. Roughly speaking, this measure of

the risk is a minimum capital that should be added to a position to make that position

acceptable (in some sense). In the following, these notions are defined more rigorously.

First, we provide the following definition of a financial position.

Definition 3.1 Define financial position X : Ω → R, X ∈ X to be a bounded mea-

surable function on some measurable set (Ω, F). Here, X is a given class of financial

positions and X ∈ X is a random variable such that X(ω), ω ∈ Ω is the discounted

value of the position at the end of the trading period if the scenario ω ∈ Ω is realized.

The objective is to quantify the risk of a position X by some number ρ(X). In this

case, ρ : X → R is referred to as a risk measure. Suppose we are given a criteria of

what an acceptable position is. Then a measure of the risk in the view of a monetary

agency (monetary risk measure) is the minimum amount of capital (cash) that must be

added to a financial position to make that position acceptable, i.e.,

ρ(X) := min { c ∈ R |X + c is acceptable}

In order to clarify the above definition, we provide an example of a monetary risk

measure by considering a special case of an acceptable position.

Example 3.1 Acceptance based on the robust shortfall risk - Define a robust expected

utility function Ur : X → R as

Ur(X) = inf
Q∈Q

EQ(u(X)) (8)

where u(x) is a concave, increasing utility function, Q is the set of measures on the

measurable space (Ω,F), X : Ω → R is a financial position, and EQ is the expectation

operator under measure Q. Note that, here, no a priori probability measure is given
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on X : Ω → R. The individual agent has a collection of possible probabilistic measures

in mind and takes the worst probabilistic view. Furthermore, define the robust loss

functional as Lr(X) := −Ur(X) so that Lr(X) describes the worst loss under the

contemplated probabilistic views. Lr(X) is referred to as a robust shortfall risk and is

given by (9) as

Lr(X) = inf
Q∈Q

EQ(l(−X)) (9)

where l(x) := −u(−x) is a convex increasing loss function. Now, we can assume a

financial position X is acceptable (in the robust-shortfall sense), if the robust shortfall

risk of X does not exceed a given bound. In this case, the monetary measure of risk

(with a robust shortfall acceptance set) can be defined for an acceptance threshold b ∈ R

as

ρr(X; b) := min { c ∈ R |Lr(X + c) ≤ b}

where ρr(X; b) is parameterized by the threshold b.

As a result we have the following definition.

Definition 3.2 (Monetary Measure of Risk) - A functional ρ : X → R is called a

monetary measure of risk if it satisfies the following conditions for all X, Y ∈ X

1. Monotonicity: if X ≥ Y then ρ(X) ≤ ρ(Y )

2. Cash invariant: if c ∈ R, then ρ(X + c) = ρ(X)− c

The monotonicity property is consistent with the fact that higher capitals bear less

risks in the view of the monetary agency. Now, we can then exactly define what we

mean by an acceptable position. The set of all acceptable positions associated with a

monetary measure of risk ρ is denoted by the acceptance set of ρ and is defined by

Aρ := {X ∈ X | ρ(X) ≤ 0}.

A position X is then acceptable iff it belong to the acceptance set, i.e., X ∈ Aρ. Note

that ρ(X) ≤ 0 if and only if X is acceptable. This is consistent with the fact that if
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ρ(X) > 0 then a positive amount of cash should be injected into the position to make

it acceptable and thus X is not acceptable. Also, the cash invariance property gives

ρ(X + ρ(X)) = ρ(X)− ρ(X) = 0

which is consistent with the fact that ρ(X) is the minimum cash needed to make X

acceptable.

The following definitions narrow the concept of a monetary risk measures to reflect

certain natural properties of the risk.

Definition 3.3 (Convex Measure of Risk) A monetary measure of risk ρ : X → R is

called a convex measure of risk if it satisfies the following convexity condition

θρ(X) + (1− θ)ρ(Y ) ≥ ρ(θX + (1− θ)Y ), for 0 ≤ θ ≤ 1.

The above condition essentially implies that diversification should not increase the

risk. This is naturally expected from a risk measure and hence is the motivation behind

the above definition.

Definition 3.4 (Coherent Measure of Risk) A convex measure of risk ρ is called a

coherent risk measure if it satisfies the property of positive homogeneity, i.e.,

ρ(θX) = θρ(X), θ ≥ 0.

Under the assumption of positive homogeneity, convexity is equivalent to subaddi-

tivity: ρ(X + Y ) ≤ ρ(X) + ρ(Y ). Subadditivity of the risk measure essentially implies

that the aggregated risk is bounded by the sum of the individual risks. As one can

imagine, the assumption of positive homogeneity may not be valid in many practical

situations due to the inherent non-linearities. For this reason, the main focus is often

on convex measures instead of coherent measures.

It should be clear that the monetary measure of risk can be obtained from the

acceptance set as

ρ(X) = inf { c ∈ R |X + c ∈ Aρ} (10)
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The above relation allows one to start from an acceptance set and generate the mone-

tary measure of risk. The following theorem explores this matter in more depth (see [6]

for the proof).

Theorem 8 Let A be a non-empty subset of X which satisfies

inf {c ∈ R | c ∈ A} > ∞ (11)

X ∈ A, Y ∈ X, Y ≥ X ⇒ Y ∈ A (12)

then A is a valid acceptance set and

ρA(X) := inf { c ∈ R |X + c ∈ A}

is a monetary measure of risk. Furthermore, ρ is a convex measure of risk if and only

if A is a convex set.

3.2 Examples or Risk Measures

Here, we present certain examples of risk measures that may be utilized to quantify

the risks of financial positions [6].

Example 3.2 (Worst-Case Risk Measure) The worst case risk measure is defined by

ρmax(X) = − inf
ω∈Ω

X(ω), ∀X ∈ X

ρmax(X) essentially gives the amount that covers the biggest loss, i.e., if ρmax(X) is

added to a position, the resulting position is almost surely non-negative. It is the most

conservative risk measure since for any risk measure ρ we have

ρ(X) ≤ ρ( inf
ω∈Ω

X(ω)) = ρmax(X).

Also, it can be shown that ρmax is a coherent risk measure.
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Example 3.3 (Certainty Equivalent Measure) Here, we establish the acceptance set

based on the minimum value of its certainty equivalent. In particular, let us say a po-

sition X is acceptable if its certainty equivalent is at least c ∈ R. Let Q be a probability

measure and u be a utility function. The acceptance set is then defined as

A := {X ∈ X |EQu(X) ≥ u(c)}

It is easy to check that A is convex and satisfies the conditions in Theorem 8 therefore

the associated risk measure ρA(X) := inf { c ∈ R |X + c ∈ A} is a convex measure of

risk.

Example 3.4 (Value at Risk) One of the most widely used risk measure is denoted

by Value at Risk (VAR). Essentially, VAR at some confidence level 0 ≤ λ ≤ 1 is the

amount of capital that must be added to the position so that the probability of loss is

not greater than λ. In other words, a position X is acceptable if the probability loss is

bounded by λ. We have

AV AR := {X ∈ X |P(X < 0) ≤ λ}, 0 ≤ λ ≤ 1,

where P denote the probability measure on space (Ω,F). It is easy to see that AV AR

satisfies the conditions in Theorem 8 and hence generates a monetary risk measure

given by

ρV AR = inf { c ∈ R |P(X + c < 0) ≤ λ} (13)

However, note that A in general is not convex so the resulting VAR measure is not

a convex measure of risk. Therefore, VAR may have certain inconsistencies as a risk

measure since it might discourage diversification.

4 Conclusions

In this essay we have presented an overview of the frameworks for comparison and

quantification of financial risks. We have started by an economic view of the risk
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and explained the concept of risk averseness through the individual utility functions.

We have shown that second order stochastic dominance rules can be naturally used

to compare risks. Next, we have explained procedures to quantify risk of a financial

position through monetary measures of risk. Several examples of risk measures, such

as VAR measure, along with their interpretations have been presented.

5 Appendix - Supermodular functions

Here, a brief overview of supermodular functions and their characterization is pre-

sented. First, the following definition of supermodular functions in the Rn space is

given [7].

Definition 5.1 Let Xi ⊂ R. A function f(x1, x2, . . . , xn) :
∏n

i=1 Xi → R is called

supermodular in
∏n

i=1 Xi (or in (x1, . . . , xn)) if for any x, y ∈ ∏n
i=1 Xi,

f(x ∨ y) + f(x ∧ y) ≥ f(x) + f(y),

where ∨ (∧) is the element-by-element max (min) operator, i.e.,

(x1, x2, . . . , xn) ∨ (y1, y2, . . . , yn) := (max(x1, y1), max(x2, y2), . . . , max(xn, yn)).

Also, note that if the inequality in the above definition reverses, f is called submodular.

The following theorem gives a more intuitive characterization of supermodular func-

tions. Note that more general versions of these results are given in [7], however, with

substantially more technicalities.

Theorem 9 Let Xi ⊂ R. The following statements apply.

1. Supermodularity as a Second Order Property - Let f(x1, . . . , xn) :
∏n

i=1 Xi →
R. Then f is supermodular in

∏n
i=1 Xi, if and only if f is supermodular in any

pair Xi × Xí for all i 6= í and i, í ∈ {1, . . . , n}.
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2. Monotonicity of Variations - The function f(x1, x2) : X1 × X2 → R is

supermodular in X1 × X2 if and only if f(x1, x2) has increasing differences, i.e.,

if x2 > x́2, then the variation f(x1, x2)− f(x1, x́2) is increasing in x1. Also, it is

easy to see that exchanging the roles of x1 and x2 leads to the same condition for

supermodularity.

Proof 5.1 Refer to [7, pp.11-13], for definition of lattices, sublattices, and chains.

Here, by Example 2.2.5 in [7], Xi ⊂ R are chains and sublattices of R. Part (1) then

follows by the first paragraph of [7, p.44]. Part (2) follows by Theorems 2.6.1 and

Corollary 2.6.1 in [7].

Following Theorem 9 (2), it is easy to show that if ∂2f(x,y)
∂x∂y

exists, then f(x, y) is

supermodular in (x, y) if and only if ∂2f(x,y)
∂x∂y

≥ 0. Examples of supermodular functions

are h(x + y) where h(·) is convex (e.g. (x + y)2).
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