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Abstract. The dynamics of hydraulic fracture, described by a system of non-linear integro-
differential equations, is studied through the development and application of a multi-parameter
singular perturbation analysis. We present a new single expansion framework which describes the
interaction between several physical processes, namely viscosity, toughness, and leak-off. The prob-
lem has non-local and non-linear effects which give a complex solution structure involving transitions
on small scales near the tip of the fracture. Detailed solutions obtained in the crack tip region vary
with the dominant physical process(es). The parameters quantifying these processes can be identified
from critical scaling relationships, which are then used to construct a smooth solution for the fracture
depending on all three processes. Our work focuses on plane strain hydraulic fractures on long time
scales, and this methodology shows promise for related models with additional time scales, fluid lag,
or different geometries, such as radial (penny-shaped) fractures and the classical PKN model.
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1. Introduction. Hydraulic fractures are propagated in an elastic material due
to the pressure exerted by a viscous fluid on the fracture. These fractures occur nat-
urally in volcanic dikes where magma causes fracture propagation below the surface
of the earth [33, 34, 50]. In the oil and gas industry hydraulic fractures are delib-
erately propagated in reservoirs to increase production. Hydraulic fracture models
need to account for the primary physical mechanisms involved: deformation of the
rock, fracturing of the rock, flow of viscous fluid within the fracture, and leak-off of
the fracturing fluid into the permeable rock. The parameters that characterize these
processes are respectively the Young’s modulus £ and Poisson’s ratio v, the rock
toughness K., the fluid viscosity p, and the leak-off coefficient Cj.

The challenges for analysis of these models originate from the non-linearity of the
equation describing the flow of fluid in the fracture, the non-local character of the
elastic response of the fracture, and the history-dependence of the equation governing
the exchange of fluid between the fracture and the rock. The singular tip behavior,
which can be difficult to resolve numerically, dominates these solutions and is highly
dependent on the relative importance of the contributing physical processes. There-
fore, the objectives of analytic treatment of these models are: to characterize the
structure of the near-tip solution that can be embedded in numerical algorithms; to
provide benchmark solutions to test numerical codes; and to determine the parameter
values and length scales that characterize the transitions between distinct combina-
tions of physical processes. In this paper we use a novel asymptotic framework that
enables us to characterize the different propagation regimes and provide asymptotic
solutions when more than two physical processes are competing simultaneously. This
is distinct from previous analytic work on such models, which have been restricted to
considering at most two competing physical processes [2, 22, 23, 24].

There has been a significant amount of work in the last half century involving the
mathematical modeling of hydraulic fractures [1, 8, 12, 25, 26, 27, 28, 29, 41, 44, 50].
As discussed in [14] and references therein, the aim of these models is to calculate
the fluid pressure, and the opening, size, and shape of the fracture given the proper-
ties of the rock, injection rate, and fluid characteristics. More recent work has been
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Fig. 1.1. Diagrams showing the KGD crack and its cross-section.

concerned with developing numerical algorithms to simulate three-dimensional prop-
agation of hydraulic fractures in layered strata [6, 7, 10, 42, 43, 48]; this is in contrast
to earlier work where approximate solutions were found for simple fracture geometries
[1, 8, 25, 29, 41, 44, 50]. A substantial difference between hydraulic fracturing and
other studies of fracture, see [18, 45, 47] and references therein, is the coupling with
the equations for the fluid and fracture geometry. Also, most models in hydraulic
fracturing only consider planar fractures rather than kinked or curved cracks, see
[11, 36, 37] for example.

The relevant fracture geometry that we consider in this paper, known as the KGD
(plane strain) model, was developed independently by Khristianovic & Zheltov [29]
and Geertsma & de Klerk [25]. It assumes that the fracture is an infinite vertical
strip so that horizontal cross-sections are in a state of plane strain. This model is
applicable to large aspect ratio rectangular planar fractures and was extended in [49]
to include toughness. A major contribution to this mathematical modeling was by
Spence & Sharp [49] who initiated the work on self-similar solutions and scaling for
a KGD crack propagating in an elastic, impermeable medium with finite toughness.
This approach has been continued through asymptotic analyses of near-tip processes,
yielding the results from [13] for zero-toughness in an impermeable rock; and from
[32] for zero-toughness when leak-off is dominant. Several papers [16, 15, 19] have
extended this analysis to include toughness and fluid lag, where regions devoid of
fluid develop close to the crack tip, along with transitional regions. In this paper we
assume that fluid lag is negligible and so these effects can be ignored.

Certain phases of hydraulic fracture propagation are characterized within a di-
mensionless parametric space [14, 17], with boundaries controlled by the dominant
processes, namely viscosity, toughness or leak-off. This framework has been the ba-
sis for semi-analytical solutions for simple geometries (KGD and penny-shaped) and
benchmarks for numerical simulators. These include the following asymptotic regimes:
impermeable with zero toughness [3, 9, 46], small toughness [23], finite toughness
[4, 49], and large toughness [22, 46]; and permeable with zero toughness [5].

Since much of our analysis is closely related and complementary to these most
recent studies, we outline the context here, with further discussion given in Section
1.1 in terms of the specific model. Previous analyses [3, 9, 20, 21, 22, 19, 23] have
been limited to parameter regimes where one or two physical processes dominate the
dynamics, with the remainder of the related non-dimensional quantities set to unity.
In each case there is a different set of scaling parameters defined, depending on the
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dominant process(es), corresponding to the edges and corners of the parameter space
[2, 14]. These methods lead to asymptotic expansions for the tip behavior, where
the terms in the expansion involve powers of the distance from the tip. In the case
of vanishing leak-off, this method has also been used to describe the transition in
the behavior between different power law expansions [3]. Recent preliminary studies
[24, 30, 31] have also used combinations of power law expansions in the context of
a semi-infinite approximation for the fracture, combining with numerical methods to
understand transitions between different scaling regimes.

In this paper we present a unifying scaling framework based on singular per-
turbation techniques which analyzes how the physical processes, namely viscosity,
toughness, and leak-off, all influence the KGD crack behavior. Avoiding semi-infinite
approximations, it involves the simultaneous scaling of all three processes relative to
the distance from the fracture tip: this means that the approach is applicable for differ-
ent combinations of the dominant physical processes. Thus it provides a construction
of the solution in the crucial tip region, identifying the parameter combinations which
quantify spatial transitions in the behavior of the fracture. The scaling exponents
of the physical processes are determined as part of the method, so that it can be
applied to construct approximate solutions in intermediate parameter regimes where
several processes are in balance. The resulting asymptotic approximation provides
verification of the conditions under which self-similar solutions are appropriate, and
indicates regimes in which a more complicated time-dependence is involved, as dis-
cussed in Section 4. We also briefly outline how the technique can be generalized to
regimes where there is more than one transition in the behavior of the tip.

The fracture propagation is formulated as a system of coupled integro-differential
equations, and our method proves to be very beneficial in understanding the non-
local and local effects that arise. It can be applied to different geometries, such as
the classical PKN model [40], and we expect that it can be extended to model other
effects such as stress jumps and fluid lag.

1.1. Problem formulation and dimensional results. The solution of the
KGD hydraulic fracture problem (shown in Figure 1.1) consists of determining the
fracture opening w and the net pressure p (the difference between the fluid pressure
py and the far-field stress o,) as functions of space and time, as well as the fracture
half-length, I(t). These functions depend on the volumetric fluid injection rate Qo,
assumed constant in this paper, and on the four material parameters E', ', K' and
C', respectively defined as:

2 1/2
El = ﬁ’ ul = ]_2/J,, KI =4 (—) KIC) Cl = 2Cl; (11)
— ™

which are combinations of the parameters quantifying the primary physical mecha-
nisms described at the beginning of this Section. The rock toughness K. is assumed
to be equal to the stress intensity factor K; which, for this geometry, can be expressed
as an integral of the pressure

1 [ p
The equations for the KGD fracture are:

0
Reynolds’ (lubrication) equation: —w+g =
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which describes the conservation of fluid mass for an incompressible fluid. Note that
g is the leak-off term which describes the fluid infiltration into the surrounding rock.

E ' ow ds
dr | , 0s s—x’

Elasticity equation: p(z,t) = — (1.4)

which describes the balance of forces and is a non-local equation relating the fracture
opening w and net pressure p for a state of plane strain.

KI
Propagation condition: w = E\/l —z+0[(l— ;E)3/2], xr — £l, (1.5)

which accounts for the energy required to break the rock, and is the condition that
the fracture is in mobile equilibrium.

3817

e =0, at © = %l (1.6)

Boundary conditions: w =0,

I t ol

Global volume balance condition: Qgt:/ w(s,t) ds+/ / g(s,7)dsdr,
] o Jo

(1.7)

which equates the crack volume to the volume of injected fluid and amount lost to
the surrounding rock-mass, obtained by integrating (1.3) and applying (1.6). If ¢o(x)
is the time at which the crack tip arrived at the point z, and ¢ is the current time,
then the leak-off function g is defined as

C'H(t — to)
t—to(z)

The memory term to(z) means that the leak-off function g(z,t) depends on the entire
history of the fracture front locations, which can significantly complicate the analysis.

The method involves an iterative construction of the asymptotic solution: the
lubrication and elasticity equations (1.3)—(1.4) alternatively give the form of the solu-
tion. The volume balance equation (1.7) is applied to complete the solution: it verifies
the balance of physical processes, determines unknown constants and provides a con-
sistency check on the temporal behavior of the solution. The propagation condition
(1.5) manifests itself in the asymptotic behavior of the tip when the influence of the
toughness is dominant; this depends on the relative scalings of the parameters and
the distance from the tip.

We give the main results for w in terms of the dimensional variables; the expan-
sions for p can then be determined from (1.4). For Pepm > (<) (1—&)/? respectively

Carter’s leak-off model: g(z,t) = (1.8)

K’ 8w
W~ o {(l )1/2 +3 71/2 Pl —2) + 4‘/_W”7Pckm( ;c)} (1.9)

11 g1/2 5
(CEIf i1/2> i {001 (1= 2)>/8 4+ By (1 — 2)'/®
FPMABI B (1 — )3/ 4 BylP/ET (1 — z)r} . (1.10)

where (:'01, Bi, By, Bs and r are constants determined in the solution process, and
v is an O(1) quantity introduced in the re-scaling below. The three key parameter



Asymptotics for hydraulic fractures 5

combinations
K" 3/2¢ C’3E’ 345/2 K" $1/2
Prm = 1 2 ’YSTa Pem == —,’y 3 Pekm = 73’y ’ (1'11)
WE? 1 n l C'u'E' l

characterize the different behavior regimes, as shown in the analysis. The leading
order term in (1.10) was established by [32] for the stationary solution and then
confirmed in [2] for zero toughness. In a preliminary study [21], which considers the
infinite limit of a non-dimensional parameter for the volume of injected fluid (2.2),
the first and last term in both (1.9) and (1.10) are also determined. However, the
other terms are not found there, since certain parameter combinations are fixed (see
Section 3.2 for further discussion.) These additional terms allow us to analytically
construct a uniform solution near the tip, instead of numerically as in [23] for zero
leak-off. Near and far-field solutions for semi-infinite approximations of the fracture
[24, 30, 31] also use expansions in powers of (1 — &), which include some of the powers
in (1.9)—(1.10) in addition to other terms related to the semi-infinite limit. Power law
expansions similar to (1.9)—(1.10) for the zero leak-off case are derived in [38]. Some
of these terms are also determined in [2, 23], but the additional terms found in [38]
allow the uniform tip behavior to be constructed analytically.

The asymptotic expansions (1.9)—(1.10) explicitly identify the critical parameter
combinations (1.11) that dictate transitions between (1.9) and (1.10) in the tip vicin-
ity. These quantities are combinations of the dimensionless parameters that arise in
the re-scaling below, which quantify the physical processes viscosity, toughness, and
leak-off. From the construction of expansions (1.9)—(1.10) we can understand the
changes in tip behavior as we scale the quantities (1.11) with a parameter related to
the distance from the tip £ = 1. Our method does not use a semi-infinite approxima-
tion, and therefore can be extended to study additional time dependencies, transients,
and other types of hydraulic fractures, such as finger-like geometries, known as the
PKN fracture [41, 44].

In Section 2 we describe the new approach and in Section 3 obtain expansions
when all three processes play a role, in the case that leak-off dictates the leading
order behavior. The construction leads to the identification of the parameter combi-
nations (1.11) which are necessary for describing the transition between the near- and
intermediate-tip solutions (1.9)—(1.10). Section 4 summarizes our results and briefly
outlines extensions of our methodology to situations where time-dependence must be
scaled explicitly, or cases where there is more than one transition in the dominant
shape of the fracture.

2. Approach of the new method. We introduce the non-dimensional quan-
tities, following [2, 22, 23] and others

E=z/l, I = Ly, w = eLQ, p=eE'Tl (2.1)

It is convenient to work with the dimensionless quantities Q (the opening), I (the net
pressure) and v (a fracture length), which are all O(1). The parameter € is used in
[2, 22, 23] to relate w/l to p/E’, so for comparison purposes we carry it along in our
analysis; however, it plays no role here and so could be set to unity. Also, L denotes
a length scale and is of the same order as the fracture length [.

We also define four non-dimensional quantities

_ Qot B Ml B K' B Clt1/2
=z =amy “Ta@mpe YT g

G (2.2)
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and determine different solutions depending on the size of combinations of these pa-
rameters (1.11), without setting any to unity. The governing equations (1.3)—(1.7)
are now

t(eL), . t(Ly), 80 119 [,,01
DO Gt = g 005 @9
1
- 1 o0 dy (2.4)

Cdmy J_y dx x— €
Q=Gy'"2A 592, €—+1; Q=0, QOI/0¢=0, at&=1% (2.5)

1 1 1
G, = 7/ Qdy + gcl/ z(et)9—1/2/ Ty dydd, (2.6)
-1 L Jo -1
where I'; is the dimensionless leak-off function which is discussed below.

The new approach relies on two main ingredients: i) a scaling parameter § < 1
that relates distance from the tip to the key dimensionless quantities in (2.2), and
ii) a flexible asymptotic expansion which can handle behavior dominated by different
physical quantities. Thus we define

1-62=¢ (2.7)
Go=0%Gy, Gr=06%Gr, Gm=0°"Gp, G.=0G,, (2.8)

where the é() ’s are O(1) quantities. The different regimes are then characterized by
inequalities between the values of the exponents 3,, Bk, Bm, Bc. Here § is introduced
as a bookkeeping parameter that disappears from the expansion in the end. We
assume that z is O(1) and so § < 1 essentially describes the distance from the tip
& = 1. Through this scaling we can explore the dominant behavior of the propagating
fracture in a very general way: we have not yet specified the distance from the tip
and we do not make a semi-infinite approximation as used in previous studies, such
as [2, 22, 23] amongst others.

Because of the symmetry of the solution about £ = 0 (see Figure 1.1), we can
restrict our attention to the interval 0 < £ < 1, and write the equations in terms of
z. The integral in (2.4) is then written as

1 [1de d 1 (1dQ xd
m=-— [ S X [ S XCk (2.9)
dmy Jopdxx =€ 2wy Jo dxx*—¢
and similarly for the integrals in (2.6).
Then applying (2.7) and (2.8) in the governing equations (2.3)—(2.6) yields

t(eL), t(L7), 1 dQ 5 1 5 od [,3dl
1, [Yan (1—0or)
= _%5 /0 dr 7(2 = or) — 2(2 — 62) dr (211)

Q= Gpyt/26P 12,02 o0, Q=0, Q%I/0z=0, atz=0 (2.12)
. 1/6 G 1 1/5
672G, =276 Qdr + 2f5ﬁc+1 / 1(6t)6~1/? / [ydrdf.  (2.13)
0 0 0
Here we look for self-similar solutions Q = (z) and II = TI(z). We justify the use
of these types of solutions in Section 3.3. In (2.10)—(2.13) the powers of § appear
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explicitly, and they play a central role in understanding the spatial behavior of the
solution relative to the key dimensionless quantities.
For § < 1, we expand the solution Q2 and II as follows:

Q= 67412 (oo + 3% Qo1 + 3°2Q + ... ) (2.14)
I = §°*TMgo + 67 Moy + 672M05 + ..., (2.15)

where the exponents a; and o; are determined in terms of the exponents () in (2.8)
as part of the method. The pre-factor §°* corresponds to the dimensionless parameter
Gk, and its inclusion in the leading terms is discussed below.

We substitute Q and II into the lubrication and elasticity equations (2.10) and
(2.11), so that they become, respectively

t(eL), t(Ly) o 0
Br+1/2 a1 _ t sBr—1/2 00 a1 01
0 (Qoo + 0% Q01 +-..) + (1 —d2) 7 6 (—dz +0%—— +>
5 1 45 d 3 dIlgo dIlo;
0Py = 5 Bm /2488 — | (g + 5410 Y
+G 1 G2 P (Qoo + o1 +) L + P + )
(2.16)

5BkH00 + 6%y + ...

1 178 ran o (1—6r)
= —_— ﬁk71/2 00 a1 01
27w6 /0 ( 5 T +> o S e dr.  (2.17)

The non-dimensionalized leak-off function I'; is defined as

T, = ! - ! , (2.18)
VI-t@)/t  J1-8A  /1- (16821
where tg is defined preceding (1.8), and we have written it in the re-scaled co-ordinates
(2.7). This follows from the definition of ¢o(z), the time lapsed between the current
time ¢ and the time at which the crack tip arrived at the point x, so that z(to(z)) =
I(to). Using I = yL, L = Cpt* and £ = z/I, we find

A
% t,
I(to) = Cry (70) t*  and 70 = ¢/, (2.19)
To motivate the equations which are solved below to leading order in the different
regions, we briefly consider the lubrication equation in the form of (2.10). The leading
order terms for § < 1 satisfy

6,1@ + gAc(S'gcil/2 = _ 1 (Sfﬁmf2i Q3E .
dz = \/1—(1=62)1/*  Gpuy? dz dz

The form of the expansions (2.14) and (2.15) distinguish where toughness dominates,
with the sign of ay playing a significant role. We consider three cases, either:
(i) the right hand side of (2.20) is dominant and set equal to zero. This gives
IT = constant to leading order (see Appendix A.1.) Then {2 is found using the
propagation condition (2.12), giving the leading order square root behavior
for Qg and ITyy = constant. This case is described by a; > 0 where toughness
dominates the leading order behavior, and thus justifies the use of the pre-
factor 6°* in expansions (2.14) and (2.15). The details of this near-tip case
are given in Section 3.1 below. Or

A (2.20)
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(ii) the first term on the left hand side balances with the right hand side, thus
neglecting the term with coefficient G, to leading order. This case is described
by a1 < 0 where viscosity, not leak-off, dictates the leading order behavior of
22/3 [2, 13, 23). When a; < 0, the ordering of the terms in (2.14) and (2.15)
changes; then 1 and IIp; become leading order and so 9o and IIyy are zero
in regions where the toughness is not dominant. Or

(iii) the second term on the left hand side matches the right hand side. We obtain
the solution 2%/8 to leading order, as in [2, 32]. This situation also holds for
ap < 0, with both leak-off and viscosity dictating the leading order behavior.
Again, Qgp and Ilgg are zero, and Qo1 and Ily; are the leading order terms.
The details of this intermediate-tip case are given in Section 3.1 below. In
Section 3.3 we show that A = 1/2 for sufficiently large time, as in [2], and so

we use I = 1/4/62(2 — d2) in (2.18) for this case.

3. The expansion including toughness, leak-off and viscosity. We con-
sider the case with non-zero leak-off G. # 0 in addition to non-zero toughness and
viscosity (Gy, # 0 and G,,, # 0.) We use the expansions (2.14) and (2.15) and determine
exponents by balancing terms, leading to important combinations of the parameters
in (1.11) which characterize the different cases. We focus on scenarios with signif-
icant leak-off, leading to the study of transitions between regimes where toughness
and leak-off dominate the behavior, namely cases (i) and (iii). The analysis identifies
a critical scaling which involves all three processes, and gives a parametric charac-
terization for significant leak-off as G2/G,, = O(1) or larger. In contrast, case (ii)
occurs in regimes where leak-off plays a secondary role, G2 /G,, < 1 and G. < G, and
corresponds to the purely viscosity dominated case with z2/% power law to leading
order away from the tip. A straightforward extension of the analysis in [38] of the
impermeable case can be used to include higher order corrections involving leak-off
in this parameter region, so we do not consider it here. The intermediate case where
G3/Gm < 1 and G. < G has two transition regions, from the z'/2 to 2%/8 to 2%/3
behavior. The analyses presented below and in [38] can be extended easily to treat
these two transitions, and we summarize the highlights in Section 4.

3.1. Local expansions. Near-tip behavior (aq > 0): The leading order terms
in (2.16) and (2.17) for § < 1 satisfy

dz | ' dz
19 400 (1—6r)
dr r(2-90r) —2(2—-46z2)

0= 6—)@m—1/2+45ki [93 dH00:| (3.1)

85Tl = _2_5@—1/2 / dr. (3.2)
0

1
Yy
From these two equations we deduce that the solution of g is

Qo0(2) = Coov/2(2 — 62), (3.3)

where Cyg = 4nllyg, and IIpg = constant as discussed in Appendix A.1. The expression
(3.3) is the eigenfunction solution which, when substituted into (3.2), gives Ilgo =
constant exactly; its leading order behavior matches the tip condition (2.12) and it is
symmetric about £ = 0. We use the tip condition (2.12) to find Cop = Gr+/7v/2. Note
that for ay > 0, the leading order term in the expansion for Q involves the re-scaled
toughness parameter Gy.
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The next order terms for § < 1 in (2.16) satisfy

I ] R EY
dz gm'yQ dz
1/6 dQ(]l (]. — (5’/’)
dr r(2—=90r) —2(2-4z)

1
89y, = —2—5ﬂk—1/2+a1 / dr. (3.5)
0

™y

For the moment we do not balance exponents of §, but leave them in the expression.
Solving (3.4) and (3.5) gives Qo1 and Ily;: we find Qg1(2) = Co12 and Iy satisfies

C()l 1 COI
A ( - éz) - £ [1n(1-62) = n(52)], (3.6)

for z = O(1). The constant of integration in (3.4) is zero: otherwise the solution for
ITy; yields an infinite stress intensity factor, as shown in Appendix A.2. The details
of the calculation of IIy; are similar to the analysis in Appendix B. We now determine
Co1 by substituting IIy; into (3.4), considering the leading order terms only. Hence

671 Coy = Gou? |83m 286N ZET 4 gBetBm—3m ATIV AT 4”‘fgc : (3.7)
COO \/_

Notice that the terms on the right hand side of (3.7) change order depending on the
relative magnitude of G and G, (i.e. 6°* and 6%:.) If G, < Gy, then the first term on
the right hand side is dominant and we obtain

a1 = ]‘/2 + IBm - 3,8k, o1 = Bm - 2Bk, 001 == 27T)\ggfy

00

(3.8)

However, if G, > Gy, then the second term on the right hand side of (3.7) is
dominant. The exponents «; and o1 and coefficient Cy; are now

47r\/XgAchm’73
V2C3,
Since both these cases represent particular solutions to the linear equations (3.4)-

(3.5), we can treat them both simultaneously. Thus if a; > 0 the first three terms in
the expansion (2.14) for 2 are

a1 =1/2+ Be + Bm — 4Bx, o1 =Bc+Bm =3Bk, Co1 = . (3.9

Q ~ §Bx+1/2 [C'oo 2(2 = 02) + §1/2+Bm =3B Co12z + 51/2+ﬂc+ﬂm—4ﬁk002z], (3.10)

where Cjs is the re-defined Cy; coefficient from (3.9). Then the second term dominates
over the third term when G. <« Gy, and vice versa when G. > Gy.
Intermediate-tip behavior (ay < 0): The leading order terms in (2.16) are

\gPe—1/2+an dQo; N G,0B—1/2 B §—Bm+3Br—1/24+3c1401 ¢ [ , dlg

% e o - [, ] (3.11)

coupled with the elasticity equation (3.5). Note that we now use the form of I'; with
A = 1/2, as mentioned in case (iii) above, since we are in the leak-off dominated
regime. In the case that G2 /G, > (1 —€)'/2, the second term on the left hand side of
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(3.11) is dominant over the term with €, (z). Then, balancing powers of § in (3.11)
and the elasticity equation (3.5) gives

a1 = 1/8+ (Be + Bm) /4 — B, o1 = —3/8+ (Be + Bm) /4. (3.12)

Note that, if the first term in (3.11) is dominant then the leading order terms for Qg;
are the same as in the case of zero leak-off studied in [2, 13, 23, 38]. This corresponds
to the case §1/8+(Bm+Be)/4 5 §Be or, equivalently, G3/G,, < (1 — £)Y/2. Ignoring
this term to leading order is consistent with the fact that leak-off is dominant, i.e.
G2/Gm = O(1) or larger, as discussed at the start of Section 3.

The form of Qg is written as a combination of powers in z, namely

Qo1 = Co12% + B129 + Boz? + B32". (3.13)

This is equivalent to a perturbation expansion for the solution of (3.11) when B; < 1,
which we verify below. The elasticity equation (3.5) is then solved to give

C B B. B
IIp; = cot 7rq40—1qz‘1_1 + cot 7rgi‘ng_1 + cot 7rpipz”_1 + cot a3l =t
Y 4y 4y 4y

+501q51,q(2 —62) 1 . Bigé'—9(2 — 62)~" N Bopd'P(2 — 62) !

A7y dmry amy
3 pSl—r (9 _ -1
+B3r(5 (2-102) + 089,819, 1P 1T, (3.14)
A7y

By using the definitions of a; and o7 from (3.12) we integrate (3.11) to obtain

~ . 1 A 1 dlIly;
NSV/BBn [4=38:/1, 1 G,v/2 <z1/2 + Eézw) th=g Mg

(3.15)

m

where k is an arbitrary constant. We then have four expressions enabling us to
determine ¢, g, p and r. The leading order terms are

4
A -1
V2G.2'? = cot wq%z‘iq”, (3.16)
4G v?
which yields ¢ = 5/8, and gives the coefficient Co1
A 1/4
~ { 4v2G:Gm"* }
q

Co1 = m (3.17)

Then the next order terms satisfy

-
k= 09161 [9(g — 1) cot mg + 3q(q — 1) cot mq] 2°7T972  (3.18)

4G y®

~ ~3 3

AOL/BH(Bm=3Be) /4Ty 20 = M [p(p — 1) cot mp + 3q(q — 1) cot mq]234tP=2  (3.19)

4G y3

1/84(Bm —3B.)/4 3 C8,Bs Sabr_2

Ad mToPe)fB129 = 26 [r(r — 1) cot 7 + 3¢(g — 1) cot q] 2 . (3.20)

m”

For simplicity of presentation we assume §1/8+(6m—36:)/4 - § which means we can
neglect the 2%/2 term in (3.15). This corresponds to the case §1/8+(Bm=38:)/4 > §
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or, equivalently, G2/G,, < (1 —¢)~7/2. Including this term results in an additional
contribution to Qg; in (3.13) with power law 2'3/8. This term can be shown to be
higher order in the matching below, and could be included in straightforward manner
if G2/Gm = O((1 — €)~7/?) or larger.

Matching exponents of z in (3.18)—(3.19) gives g = 1/8 and p = 3/4, respectively.
Since B; is assumed small, the left hand side of (3.20) is of lower order; r must be
approximated by solving the following non-linear algebraic equation corresponding to
the right hand side of (3.20) vanishing

r(r — 1) cotmr 4+ 3g(qg — 1) cot mg = 0, (3.21)
and we find that r ~ 0.0699928. Then

4Gmy°
C3, [p(p — 1)cotmp + 3q(q — 1)cotmq]’

By = 61 /8+Bn=38/1, B, — ) (3.22)

and the coefficients B; and Bs are found by matching with the near-tip expansion
(3.10) in the next Section. Since ¢, g, p, r # 1/2, the solution (3.13) cannot satisfy
the /2 behavior from the propagation condition (2.12) for G > 0. Observe that for
aj < 0, toughness does not dominate the leading order behavior in this regime and
the terms Qoo = Ilpp = 0. Then the first term in the expansion (2.14) for  is

~ 51/4
Q ~ §BetBm) /41 Coy (82)%/8 + By (62)Y/8 + BpoPm—38)/4 273”/4 (62)%/* + B3(82)" |,

C
(3.23)
for a; < 0. Note that we have re-defined Co; and Bs without the Q() terms, which
allows us to highlight explicitly the dependence of €2 on the key dimensionless quan-
tities G in (2.2). The coefficients B; and Bs are re-defined as B; and Bs; and they
are found in the following Section.

3.2. Transition in spatial behavior and matching. Now we compare the
two local expansions, (3.10) and (3.23), in terms of the parameter combinations

_G9 _ g G
Pem = 5 = G’ GG’

which appear explicitly in both expansions and were introduced in (1.11). We consider

the range of parameters for which either P, 3> (1 — £)'/2 or Ppp > (1 — €2 iee.

parameter values away from the viscosity-dominated regime. For G. = O(1) this

corresponds to G,, < 1 or 3,, > 1. Other situations are discussed in the next Section.
Then the expansions for  in terms of Prm, Pem and Pegs, are

Pem Pekm = (3.24)

Q ~ Gy, [000\/1 — 24+ Cou Pl (1= &) + CoaP,L (1 - g)] , fora; >0 (3.25)

Q ~ (GG [Cor (1 = 7% + B (Patn) (1 = )/°
+Pek/4Ba(1 = €)% + By(Petm)(1 - €)7| ,  for an < 0. (3.26)
We have re-defined Cyg, Co1, and Cy2 in (3.25) without the Q() terms which are incor-

porated into the dimensionless Gy terms. Also, observe that the ¢’s have disappeared
from the expressions. The expansions (3.25)—(3.26) give a transition in behavior of
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Q for 1 — & = O(P?,,): the unknown coefficients By (Pekm) and Bs(Pekn,) are deter-
mined by matching the expansions in this transition region. The leading order term
in (3.26) was given in [32] and later in [2] for vanishing toughness. In a preliminary
study [21] some of the terms in (3.26) are obtained. There, both the global balance
and lubrication equations are scaled by G, ', and they consider the limit of small
toughness, with G, — oo, for fixed non-dimensional parameters G./G, = GG, = 1.
Then some of the terms in (3.26) are excluded for large G,.

The motivation for defining the parameter Pk, follows directly from the expres-
sion for a3 in both cases, (3.9) and (3.12). Since the _C’;() quantities are O(1), the
condition a; > (<)0 can be re-written as Pegm > (<) (1 — €)/2. The solution for
ay > 0 is physically significant in the toughness dominated regime (G, > G.), which
is close to the tip and corresponds to Pegm > (1 — €)1/2. As (1 — £)/2 approaches
Pekm, the first two terms in (3.25) and the first term in (3.26) are the same order of

magnitude. A transition occurs in the region (1 —¢) = O(Pclﬁl) and the solution in
the intermediate-tip region is found by considering oy < 0 in (3.26). This corresponds
to the leak-off dominated regime, which is away from the tip for Peg,, < (1 — €)'/2.
Hence the expansion in (3.25) holds for 1 — ¢ < P2, and the expansion in (3.26)
holds for 1 — & = O(PZ,,) (see Figure 3.1).

To construct a uniform asymptotic approximation by matching (3.25) and (3.26),
we note that they are obtained by solving (2.20) in different asymptotic limits. The
matching is therefore straightforward in the transition region where Gj/(G:.Gm) =
O((1 = €)/?); to leading order the solution satisfies (2.20) together with the propa-
gation condition (2.12). While there is no closed form solution in this region, it can
be constructed numerically where 1 — £ = O(PZ,, ) for 0 < Pegm < 1.

Alternatively, one can give an analytical expression for the matching of (3.25)
and (3.26), obtained by solving for the remaining unknown coefficients By (P ) and
B3(Pekm). Writing these expressions in terms of the critical scaling 1 —¢ = P%, ( for
¢ =0(1), (3.25) and (3.26) are, respectively

2~ G [CoopckmC1/2\/ 2-P2% (+ (Co1Py,t + CoaP,k VP2, ¢l (3.27)

2 ~ (GeGm)/* [CorPHnC?/® + Bu(Pakm)PofC/* + Pot By P ¢34

ckm ckm

Equating (3.27) and (3.28) and their first derivatives yields By (Perm) and B3 (Pegm),
which is equivalent to matching the first two terms in a Taylor series expansion about
1—&=0(P?, ) where Q is regular. Figure 3.2 shows solution profiles of Q, matched

ckm

at 1 — & = P%,.. In these parameter regimes all three processes contribute to the

transition between the near- and intermediate-tip behavior, described by (3.25) and
(3.26). There the coefficients B; and Bs are

Pc m _ ~
Bi(Pekm) = g “ - [(&« — 4)V2C00 + (8 — 8)(Co1 Pipn Pekm + Cos) — (87 — 5)Cor
~(8r — 6)B,P /P ] (3.20)
B _ PJIZ%M V2 —1 A —1/4pl/4
(Petm) = —m—— [38v2C00 + 7Co1 PypPetem + TC02 — 4Co1 = 5B P AP0 ]

(3.30)
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leak-off dominated solution

,,,,, toughness dominated solut}on transition at 1 — & = O(PZ,,)

~ (1 —£)3/8]
(1 5) Q (1_§)5/8

~ (1= 1 _ﬁ'

log(1—¢) §
FiG. 3.1. The left plot shows log Q wvs. log(l — &) with Ge = 1, G = 0.2 and G, = 0.35
(and $0 Pekm = 0.075.) The solid lines denote the leading order power law solutions, as

indicated above. The right plot shows a diagram of the solution 2 vs. & near the fracture tip
for the leak-off dominated regime. The transition region is 1 — & = O(PZ,,.).

10" 10°

As Pk, increases we observe that the transition region moves away from the tip.
Figure 3.2 also shows two solution profiles when (3.25) holds to leading order for both
near- and intermediate-tip behavior for Perp < Prm and Pegm > Prm- The shape
of 2 depends on whether the second or third term in (3.25) plays a larger role in the
correction to the leading order behavior. Also, Figure 3.1 shows a log-log plot of €2 for
both the leak-off and toughness dominated regimes. In the near- and intermediate-tip
regions we obtain the asymptotic 1/2 and 5/8 power law solutions respectively, but in
the transition region the correction terms are important, so that the behavior can not
be described by a purely power law solution, also observed in [2, 23] for zero leak-off.

For completeness we write down the near- and intermediate-tip expansions for
II, which are determined using the elasticity equation (2.11). Hence we obtain, for
Porm > (LK) (1 — €)'/2 respectively

1
II ~ Gy [Hoo " Iy (CorPim + Co2P i) {ln

1 ! +1
- — n
1+¢

1:‘ +1n§}] , (3.31)

I~ (gcgm)1/4 g cot Wq%(l _ f)_3/8 + gcot Wg%;km)(l 3 {)_7/8

P B

+pcotmp 4y

1=+ rcotmL(Z;"”’) (1- 5)“11 . (3.32)

The details of this calculation are given in Appendix B. In Figure 3.3 we graph II
for different values of G, < 1 with G,, = 0.2 and G, = 1. We observe that as P.im
increases, which in this case corresponds to increasing the toughness parameter Gy,
since G,,, and G, are fixed, the transition point between the two regimes moves away
from the tip and II drops off at a faster rate. This is due to the power law behavior
in (3.32) being matched with the near-tip behavior in (3.31), which becomes more
dominant through the logarithmic correction for increasing Gy.

3.3. The global volume balance condition. The constants (i.e. the coeffi-
cients Coo, Co1, Co2, Co1 and ) are determined by applying the global volume balance
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Fic. 3.2. Solution profiles of Q vs. &. On the left, Go = 1, Gm = 0.2, and Gr =
0.45, 0.35, 0.25 (and Perm = 0.205, 0.075, 0.020 respectively.) The transition region is 1—& =
O(PZ...), indicated by *’s at € = 1 — P2, on the graphs. On the right, Gm = 0.1; then,
for leak-off dominated regime (solid line), Pexm = 8.192 and Prm = 5.12, and for toughness
dominated regime (dashed line), Pegm = 1.296 and Py, = 2.16.

o .
Gy = 0.45 'l
o ----Gr=0.35 |
T Gp=025 {
3

Fic. 3.3. Solution profiles of 11 against & with fized G = 1, G, = 0.2 and Gy, =
0.45, 0.35, 0.25 (and Perm = 0.205, 0.075, 0.020 respectively.)

condition (2.13) and balancing terms according to the size of the parameters. This
condition also checks the consistency of the expansion and shows when we need to
consider additional time-dependencies which we discuss below.

The global volume balance equation in terms of the £ scaling is given by (2.6).
Since ! = yL and L = Cpt*, where Cf, is an undetermined constant, we use I'; defined
in (2.18) to simplify the double integral. Hence (2.6) reduces to

20T T (NG
A+1/2)T(A+1/2)’

1
Gy = 27 / Qdy + (3.33)
0

where I'() represents the Gamma function. We must analyse the different situations
that arise for Pegrm > 1 and Pegsn, € 1. The former case corresponds to toughness
dominating the behavior over the whole fracture, with a; > 0, and is discussed in
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detail in [38]. Then the left hand side balances with the integral on the right hand side
to leading order; it follows that A = 2/3, that is, L = Crt?/3. Substitution of (3.25)
then leads to an expression for v in terms of G, and Gi. The integral is evaluated
using the asymptotic expansion near the tip, and using numerical evaluation away
from the tip, where the behavior is regular [2, 23].

In contrast, for the case of Py < 1, the expansion (3.26) with oy < 0 must
be used for Gi/(G.Gm) < (1 — &€)'/2. For this range of ¢ the leading order terms in
the lubrication equation are those with coefficients G. and G,;'. Together with the

elasticity equation, these terms indicate that Q and IT must scale with (G.G,,)'/%, as
in (3.26). Then the global balance condition has the form
Gy/G. = const - P21/* 4 const. (3.34)

As discussed in Section 3.1 following (3.11), P, > 1 in this case, and so the leading
order terms are the first and third, and the contribution from the integral is higher
order. Then we equate the leading order terms to obtain v analytically. The global
balance equation verifies that the self-similar solution is appropriate for sufficiently
large P.r,. Writing the ¢ dependence explicitly in (3.34) and using the definitions in
(2.2) with L = Ct* gives

1,1

1/4 '
%tl’” = const - (646(;5E'> t~ (D78 1 const - GCEtl/z”\. (3.35)
7

Comparing exponents and balancing the first and third terms gives A = 1/2 and
the expression for v simplifies to v = G, /wG.. Balancing the first and second terms
leads to a contradiction unless ¢ < 1. The second term in (3.35) can be neglected
for t~1/4 <« 1, corresponding to Pon/* < 1 as in (3.34). This verifies that it is
appropriate to use A = 1/2 in the leak-off dominated intermediate-tip behavior in
Section 3.1 for sufficiently large ¢. If this condition is violated, for example, for short
times, we can no longer conclude that « is constant, and additional time-dependence
must be included in the expansion.

4. Discussion and future work. In conclusion, we have introduced a new
approach for studying the system of integro-differential equations that are found in
hydraulic fracturing problems. Our method enables us to simultaneously consider the
three primary physical mechanisms, namely viscosity, toughness and leak-off, and we
have obtained a continuous solution for the fracture opening w when one or more
of these processes are in balance. The technique determines critical relationships
between the non-dimensional distance from the tip 1 — ¢ and the key non-dimensional
quantities Gy, G., G, and G, representing toughness, leak-off, viscosity, and injected
fluid volume, respectively.

For small toughness and O(1) leak-off, the behavior of Q2 follows from combining
(3.25) for values of £ in the near-tip region, and (3.26) for £ in the intermediate-tip
region. The critical parameter combination in this case is Pegm = Gi/GeGm, With the
transition layer occurring for values of Pegm = O((1—€)'/?). Additional higher order
corrections depend on the relative magnitude of additional parameter combinations,
Prm and G2/Gy = Pep. These results are obtained by simultaneously solving the
elasticity and lubrication equations (2.10)—(2.11). The physical process leak-off has
often been ignored in previous studies, and the new terms in expansions (3.25) and
(3.26) allow us to match expansions in different regions analytically, in contrast to
previous work [23] for zero leak-off. This analysis is new and the flexibility is invaluable



16 S. L. Mitchell, R. Kuske and A. P. Peirce

in extending the technique to other fracture geometries, namely the PKN fracture [40],
and adding different effects, such as stress-jumps and fluid lag.

The application of the global volume balance equation is used to determine the
remaining constants in the solution, and it also provides valuable information related
to time dependence. In the regimes considered in this paper, we find that it provides a
consistency check for the use of a self-similar solution (2.14)—(2.15) with the coefficient
7 constant to leading order. We also determine the time-dependence of L, which gives
the power law scaling in time of the length of the fracture.

The global volume balance equation can also be used to determine regimes where
additional time-dependence must be included in the solution. For example, using this
equation, for finite leak-off we can deduce that for large but finite time the coefficient
~ varies on a slow time scale, T' = Pc_ﬁ/ 4t for Pem > 1, see [39]. For small time this
analysis is not sufficient: then a multiple-scale analysis of the resulting equations is
necessary to describe additional time dependence and transient behavior.

For the situation when the rock is impermeable, that is for zero leak-off with
G. = 0, we have used the same procedure to obtain an analytically matched asymptotic
solution in the tip region [38]. The expansions for € in terms of the key parameter
Prm = G} /G are, for Pr,, > (K) (1 — €)1/2 respectively

Q ~ Gy [Coov 1 -+ Co1Pr(1 - 5)] (4.1)
Q~ G3[Co1(1 = )2 + A (Prm) (1 — O + Az (Prm)]- (4.2)

Hence the expansion (4.1) holds for values of £ in the near-tip region, and the expan-
sion (4.2) holds for £ in the intermediate-tip region, and the analysis yields

. . 1/3
. 3 _ 462
Coo = gk\/g’ Cor = 27T)\g i ) Cor = { 0 Gm Xy } , o (43)

C3, m(m — 1) cot Tm

where m = 2/3. The motivation for defining the parameter Py, again follows directly
from the dominant behavior expressed by balancing the exponents of §, which becomes
Prm > (L) (1 = €)'/2. The expansion (4.1) is physically significant in the toughness
dominated regime or valid close to the tip when G} /G,, > (1—€)'/2, and the expansion
(4.2) corresponds to the viscosity dominated regime in which G} /G, < (1 — £)Y/2.
Previous work [23] give some of the terms in (4.1)—(4.2), but the matching is done
numerically. The additional terms allow us to give an analytical expression for the
matching of (4.1) and (4.2), obtained by solving for the remaining unknown coefficients
A1 (Prm) and A2(Prm), [38].

In other asymptotic limits, for example, for P, < (1 —£)'/? and G, > Gy, one
can obtain solutions which involve more than one transition region, as discussed at
the start of Section 3. In particular, for sufficiently large leak-off and viscosity, the
solution for Q consists of a leading order behavior with power law (1—¢)'/2 for £ in the
near-tip region, (1 —&)%/8 for an intermediate-tip region, and (1 —&)2/3 for values of &
farther from the tip. In the case G. > Gy, a transition must occur at 1—& = O(P2,,.),
between the near-tip square root behavior and the (1—¢)/® behavior. If, in addition,
Pem is such that P, < (1 — €)'/2, then there is another transition farther from the
tip at 1—& = O(P?) between the (1—¢)%/8 and 1 —¢)?/3 behavior. The construction
of the non-dimensionalized width () proceeds as in the previous Sections by identifying
the appropriate balance of (1 — £) with combinations of the parameters G., G and
G- Finally, in the same way as the analysis described here in Section 3.2 and in [38],
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we can match across the two regions to determine the unknown coefficients which are
now in terms of both P.,, and P.pm.
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Appendix A. Results on II in the toughness dominated regime.
A.1. Iy is constant. Consider equation (3.1). We integrate to obtain
dIlgg
QSO dz
for some constant k; # 0. Using the propagation condition (2.12) for Qg in (A.1)
and integrating with respect to z yields
2k
3273/2

= k17 (Al)

IIgo = — 212 4 const, (A.2)

for z <« 1. Now we compare this with the result from the elasticity equation (3.2),
again using the propagation condition (2.12) for Qg to get

85Ty = const * / df2ao (1 —or) dr = const,

0 dr r(2-90r) —2(2 —6z)

to leading order. This contradicts (A.2) so that k; = 0. Thus, from (A.1) it follows
that Iy is constant.

A.2. Integration constant from the lubrication equation is zero. Inte-
grating (3.4) with respect to z, using the leading order behavior (2z)~'/2 for the
leak-off term, gives

L s Al

AP 1200 + G051 /2 /22 4 oy = A (A.3)

for some constant k2 # 0. Using the propagation condition (2.12) for Qg in (A.3)
and integrating with respect to z yields

671 lg; = %—'gaﬁm—wk [,\ygAk(sﬁk Inz + /27607 In 2z — 2,/7k28"/2271/2 | £ k3. (A.4)
k

Without loss of generality, we set the integrating constant ks = 0, as it can be
incorporated into Ilgg. We now consider the stress intensity factor Ky given in (1.2).
This can be re-written in the £ scaling as

8\/5 41/
O = / \/m

For £ =1— ¢z, we consider the contribution to (A.5) obtained from the term in (A.4)
with coefficient ks, namely

\/_ 1
tx V2 /251/2/
cons z\/2—62

For k2 # 0, this term is infinite at z = 0. So k2 = 0 to maintain a finite energy.

(A.5)

(A.6)

Appendix B. Calculation of the expression for II. We summarize the cal-
culation of the asymptotic behavior of II from (2.9) to find the leading order behavior.
We introduce a parameter £* which is in the transition region 1 —¢ = O(P2, ). Then
the expansion (3.25) holds near the tip and (3.26) holds away from the tip, i.e.

Q ~ G [Coo VT =€ + CorPih (1 =€) + ConPryb, 1 = )] (B.1)
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for £&* <€ <1, and
@~ (GGm)/* [Cor(1 = O + By(Potm) (1 — ©)'/*
+Pern!*Ba(1 = €)%/ + By(Petm)(1 - €] (B.2)
for £ < £*, and (2.9) becomes

I — _gkCOO /1 [\/1 - XQ]IZ)Cdx B Gr [C’m'P,;nl1 + 00277;,%] /1 [(1 - X)]IZXdX

dry Je x> =& Ay . Y2 — €2
~(GeGm)'/* {& / € [0 -0 2xdx | By (Petm) /ﬁ* = x)l/s]'QXdX}
Amy Jo x? - & 47y 0 Y2 — ¢
~(GeGm)/* { o B, / € 100" 2xdx | By(Petm) /5* (- X)r]'zxdx}
dmy 0 x? =& 47y 0 2 — &2
=L +L+L+I4+I5+ Ig. (B.3)

In the intermediate region 1 —¢ = O(P},,,,) for 0 < s < 2, the integrals I; and I, can
be evaluated to give

1= B0 1y 1B — g2 {(1+0(1 ~¢))+0 (1 _f*)}

A7y 1+¢
GrCoo 1 “\1/2 " 1-¢&
4y (10 V2(1- )23 (1+0(1-€)) +0 -
_ Gk[Cor Py, + Co2P ] 1—¢ 1—¢*
L =- = {ln1_1+§ +1n1—1_§ }, (B.4)
while in the near-tip region 1 — ¢ = O(PZ,,,,) for s > 2 the integrals are of the form

IL = QZTC;O(l +&) V21— ¢ {(1 +o(t _5*)) o (11165*)}

G Coo ¢ 3 1-6+/1-2/1-¢7
+ Ay {ﬂ—arctan< 1_5*2> + T In T }
_ Gk[CorPin + CoaP ] 1—¢ 1—¢ 1-¢
I =— dry {ln‘l—l+£ —Hn‘l_£ +ln‘1—1_§*}.(B.5)

We briefly outline the calculation of I3, I4, Is and Is for a general integral of
that form with parameter 0 < a < 1: then the results follow from setting a =
5/8,1/8, 3/4, r respectively. Thus the integral is

¢ 2xdx
Js = / 1— )+t , B.6
3 o ( X) X2 _ 62 ( )
which is now split as
C—xe! O (LX)
J:/ LY g _/ LTX) gy = JA 4+ JB. B.7
’ 0 xX—¢ X e X' ¢ X : : (B.1)

Note that & can vary over the whole interval, i.e. —1 < £ < 1. Then asymptotic
expansions for the integrals are used, depending on whether £ is inside or outside the
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interval of integration. It is convenient to use a change of variables which captures the
asymptotic behavior of II near the tip. It is also convenient to use different variables
on different intervals, such as Z = 1 — &, 6R = 1 — x in J{ and 6Z = 1 + ¢,
SR =1+ x in JZ. We describe the procedure for the integral J3' (then J£ follows
from an analogous calculation.) This is split into three parts as

o o (1-€7)/6\ Ra-1
JA = -0t / —/ —/ dR. B.8
° ( 0 1/6 0 R-Z7 (B8)

In the intermediate region 1 — & = O(P%, ) for 0 < s < 2, the leading order behavior

ckm

is determined by the first integral for § = P2, < 1 (as given in [35]), and so

J{ = (62)" ' cot ma + O(1).

Then, for intermediate values of £ < &*, the integrals I;, I and J£ all give O(1)
contributions, which are lower order compared to the leading order term in J3!. The
integral for Jy is calculated in the same way. Hence the expression for II in (B.3) is

gBl (Pckm)
47y

(1 - &P 'rcotmp + B (Pekm)
4my

_ 1/4 qéi g1
II = (G.Gm) {47T7(1 &I weotwg +

(1—¢€)9 'mwcot wg}
PPam! By

1/4
+ (GeGm) { 4y

(1=&)" trcot ’IW’} + 0(1),

where ¢ = 5/8, g = 1/8, p = 3/4 and the O(1) terms are higher order with respect to
1-¢< 1.

Similarly, for values of § in the near-tip region 1 — & = O(PZ,,,) for s > 2, the
integral I3 gives O(1) contributions, and the leading order term is the singularity in

I, defined in (B.5). Hence the expression for II is now

1—¢
1-¢

I = G oo _ Cor P + Co2Petn In|1— 1-¢&
4~ 4my 1+¢
+O(1).

—Hn‘

Here we have explicitly included the leading order term from I; for comparison with
(3.31). Additional error terms not shown here also result from the fact that higher
order derivatives for () are not matched in the transition region: these can be shown
to be higher order for Py, < 1.



