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Abstract

A detailed comparison of recently published OH\ X1P\ 1S−\ 3P and 3S− potentials is carried out[ These potential functions are
important in the accurate determination of OÐH and OÐD collision cross sections[ The isotope e}ect in the OÐH and OÐD cross
sections plays an important role in the enhanced nonthermal escape of H and D from Mars and Venus[ The quantum mechanical
elastic scattering cross sections for OÐH and OÐD collisions are determined with a set of potentials which are constructed with a new
interpolation of the short range tabulated potentials and the long range asymptotic behaviour[ The important role of the asymptotic
radial variation of the potential functions in the determination of the elastic cross sections is studied in detail with a semiclassical
analysis\ and a comparison is made with previous calculations[ The vibrational energies for several di}erent X1P bound potential
functions for OH are also calculated and compared with published results[ Þ 0888 Published by Elsevier Science Ltd[ All rights
reserved[

0[ Introduction

The energization of H and D by collisions with energetic
oxygen atoms is an important process with regard to the
nonthermal escape of H and D from Mars and Venus[
Translationally energetic oxygen atoms are produced
from dissociative recombination of O¦

1 \ that is\
O¦

1 ¦e:O¦O with several di}erent channels depending
on the electronic states of the product oxygen atoms
"Shizgal and Arkos\ 0885^ Cooper et al[\ 0873^ Gurwell
and Yung\ 0882#[ This reaction is followed by translational
energy transfer in collisions of oxygen atoms with H and
D\ and energization of H and D above the escape velocity
of the planets[ The accurate collision dynamics of OÐH
and OÐD collisions are required in order to provide
reliable estimates of the e.ciency of this energization
process leading to enhanced escape of H and D[ This
process was studied by Cooper et al[ "0873# some time
ago and recently by Gurwell and Yung "0882#[ Hodges
"0882# recalculated the OÐH and OÐD collision cross
sections and obtained di}erent results from that obtained
by Cooper et al[ "0873#[ A major objective of the present
paper is to re!examine the OÐH potential functions and
to attempt to resolve the di}erent results reported by
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Cooper et al[ "0873# and by Hodges "0882#[ Some of these
potential functions have been recently updated byPradhan
"0884# and Nemukhin and Grigorenko "0886#[ The kinetic
theory of the energization process and the determination
of the velocity distribution functions of energized H and
D is presented in a subsequent publication[

The OH radical plays a very important role in the
aeronomy of the Earth "Crosley\ 0886^ Vandop and Krol\
0885^ Makhlouf et al[\ 0884^ Lopezgonzalez et al[\ 0885##
and other planets "Ip\ 0886#\ in the development of diag!
nostic techniques for interstellar clouds "Szymczak and
Lesqueren\ 0884# and comets "Meech and Weaver\ 0885#\
in astrophysics "Oneal and Ne}\ 0886#\ as well as the
quantum behaviour of OH in di}erent molecular
environments "Wright and Donaldson\ 0874#\ pho!
toassociation "Korolkov et al[\ 0885# and in electronÐ
OH scattering "Chen and Morgan\ 0886#[ Accurate OÐH
potential functions are clearly important input data for
numerous applications[ In addition to the calculation of
the scattering cross sections\ the OH vibrational states in
the ground X1P state are determined with the Quadrature
Discretization Method "QDM# described in recent papers
"Shizgal and Chen\ 0885^ Shizgal\ 0886#[

In Section 1\ the details of the four interaction poten!
tials are presented and discussed[ The recent calculations
reported by Nemukhin and Grigorenko "0886# and the
unpublished work by Pradhan "0884# are also included[
A detailed analysis of the scattering cross sections for
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Table 0
The X1P potentials

r P r NG r LVWD r

0[99 00[556 0[99 00[556 0[99 00[556 9[89 8[80
0[09 5[027 0[09 5[027 0[09 5[027 0[99 5[15
0[19 1[182 0[19 1[182 0[19 1[182 0[09 2[46
0[14 9[73612 0[14 9[73612 0[14 9[73612 0[19 0[14
0[29 −9[36007 0[29 −9[36007 0[29 −9[28899 0[29 −9[46
0[49 −2[26205 0[49 −2[26205 0[49 −2[17699 0[39 −0[79
0[59 −3[94978 0[50 −2[86464 0[64 −3[30199 0[49 −1[77
0[64 −3[49157 0[69 −3[20197 0[72 ð−3[36099Ł 0[59 −2[48
0[89 ð−3[42931Ł 0[64 −3[39376 1[99 −3[21699 0[69 −2[73
1[99 −3[39451 0[79 −3[35117 1[14 −2[66099 0[74 ð−3[93Ł
1[09 −3[19750 0[72 ð−3[36505Ł 1[49 −2[09999 0[84 −2[86
1[14 −2[72032 0[78 −3[35927 1[64 −1[30599 1[99 −2[78
1[39 −2[39520 0[87 −3[24796 2[99 −0[70199 1[19 −2[37
1[49 −2[00404 1[97 −3[07526 2[14 −0[20599 1[39 −2[94
1[64 −1[39843 1[25 −2[34247 2[49 −9[82099 1[59 −1[42
2[99 −0[67368 1[44 −1[89608 2[64 −9[53699 1[79 −1[96
2[14 −0[15828 1[54 −1[52778 3[99 −9[33399 2[99 −0[55
2[49 −9[76974 1[63 −1[27901 3[49 −9[19699 2[19 −0[17
2[64 −9[47967 1[72 −1[02294 4[99 −9[98199 2[39 −9[87
3[99 −9[27951 2[91 −0[57187 4[49 −9[92988 2[59 −9[63
3[49 −9[05024 2[20 −0[02031 5[99 −9[90394 2[79 −9[43
3[64 −9[09455 2[49 −9[73650 6[99 −9[99160 3[99 −9[30
4[99 −9[95869 2[67 −9[42440 6[09 −9[99085 3[19 −9[29
4[14 −9[93521 2[86 −9[28936 6[19 −9[99068 3[39 −9[11
4[49 −9[92988 3[14 −9[13161 3[59 −9[05
5[99 −9[90394 3[61 −9[00127 3[79 −9[00
6[99 −9[99160 4[56 −9[91855 4[99 −9[97
6[09 −9[99085 6[45 −9[99705 4[19 −9[94
6[19 −9[99068 8[34 −9[99542 4[39 −9[92

8[59 −9[99210 5[99 −9[99427

8[69 −9[99290 5[09 −9[99376

8[79 −9[99172 5[19 −9[99331

r is in atomic units and the energies in eV[ P\ NG\ LVWD\ and H correspond to results
by Pradhan "0884#\ Nemukhin and Grigorenko "0886#\ van Dishoeck et al[ "0872# and Hodges
"0882#\ respectively[

these potentials is presented in Section 2[ Section 3 reports
on the results of the calculation of the bound vibrational
states in OH and OD[

1[ OÐH interaction potentials

The collision dynamics of OÐH is determined from
the four interaction potentials X1P\ 1S−\ 3P and 3S−

calculated some time ago by Langho} et al[ "0871#\ van
Dishoeck et al[ "0872# and van Dishoeck and Dalgarno
"0872#[ Pradhan "0884# recalculated the potential curves
for the X1P and 1S− states\ and some other states[ Nemu!
khin and Grigorenko "0886# recently reported results for
the X1P as well as several other states[ The radial vari!
ation of the X1P state from these di}erent sources is
shown in Table 0 and Fig[ 0[ The entries in the table
denoted by P and NG are the numerical values provided
to the author by Pradhan "0884#\ and by Nemukhin and
Grigorenko "0886#\ respectively[ The values of Langho}

et al[ "0871# "denoted by LVWD# are from Table V in
their paper which are similar to the values in Table I in
the paper by van Dishoeck et al[ "0872#[ The last column
in Table 0 "labelled H# are the values taken from the
curve in Fig[ 0 of the paper by Hodges "0882# "adapted
from the paper by van Dishoeck et al[ "0872##[ In each
case\ the energies are listed relative to the energy of the
separated atoms taken as the energy for the largest r
value in the relevant table or _gure[

The solid curve in Fig[ 0 is used as a reference to
compare the di}erent potentials\ and is given by the gen!
eralized Morse potential from Wright and Donaldson
"0874# of the form\

V"r#�Deð0−e−bxŁ1\x�r−re "0#

and

b�b9"0¦l0x¦l1x
1#\ "1#

with re�0[7213 atomic units "au#\ De�3[471 eV\
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Fig[ 0[ Radial variation of the bound X1P potential[ The solid line in each _gure is the generalized Morse potential of eq[ "0# and eq[ "1#[ "A# _lled
circle^ Pradhan "0884#\ "B# open square\ Nemukhin and Grigorenko "0886#^ "C# open diamond\ Langho} et al[ "0871#^ "D# open triangle\ Hodges
"0882#[

b9�0[128\ l0�9[990 and l1�9[926[ For clarity\ each set
of data in Table 0 is compared separately in each of the
four _gures of Fig[ 0[ There are only subtle di}erences
between these potentials and the modi_ed Morse poten!
tial\ except for the potential by Hodges[ The well depth
for this potential is shallower and not in agreement with
the others[ The minima for each potential is indicated by
the square brackets in Table 0[ The repulsive parts of
the potentials appear to be well approximated by this
generalized Morse potential so that the values for the

_rst four entries in Table 0 are the values obtained with
eq[ "0# and eq[ "1#\ and are shown in italics in the table[

The large r asympototic behaviour of the potentials is
shown in Fig[ 1 in comparison with the asymptotic form
of the P state "short dashed curve# by Miller and Kelley
"0862# given by\

V"P#
asy"r#¼−

149[8

r5
\ r:� "2#

with r in au and V"P#
asy"r# in eV[ The entries in Table 0 in
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Fig[ 1[ Radial variation of the long range portion of the bound 1P
potential[ The solid line is the spline _t to the data by Pradhan "0884#^
the short dashed line is the asymptotic result given by eq[ "2#^ the long
dashed line is the generalized Morse potential of eq[ "0# and eq[ "1#[ The
symbols are de_ned in the caption to Fig[ 0[

bold type are the asymptotic energies given by eq[ "2#[
Further details of Fig[ 1 are discussed later[

The asymptotic behaviour of the potentials is very
important in the calculation of the elastic scattering cross
sections\ as will be demonstrated later[ Both Cooper et
al[ "0873# and Hodges "0882# do not specify exactly the
way in which they merged their data at small r to the
asymptotic result\ eq[ "2#^ see Table 0[ The results by
Langho} et al[ "0871# do not extend into the asymptotic
region and the interpolation of the tabulated values and
the asymptotic results is somewhat arbitrary\ The same
applies to the potential by Hodges "0882# which is
adapted from van Dishoeck et al[ "0872# but di}ers sig!
ni_cantly from theirs\ particularly with respect to the
shallower well[

In order to get complete potentials for all r\ the numeri!
cal data were extended to include the asymptotic regions[
The procedure to accomplish this in this paper is as
follows[ The energies calculated from eq[ "2# were sub!
tracted from the energies by Pradhan "0884# in Table
0 for r�2[64Ð4[99 au[ The semilogarithmic plot of this
energy di}erence was found to be vary linearly with radial
distance remarkably well[ Moreover\ the extrapolation
into the region r×4 au reproduced the values in the table
extremely accurately[ Therefore\ for r×3[4 au\ the ener!
gies for this state are given by

V"1P#"r#�−270[5e−0[661r−
149[8

r5
\ r�3[4 au "3#

with r in au and V"1P#"r# in eV[ The constants in the

exponential function are the result of the _tting procedure
and are empirical[ The use of the data from Nemukhin
and Grigorenko "0886# provides a similar excellent
exponential _t\ but with di}erent constants[ The
approach into the asymptotic region is therefore very
gradual and eq[ "2# gives the interaction energy only for
r¼7Ð09 au[ The _nal potential adopted here is then the
numerical values in Table 0 reported by Pradhan "0884#
up to r�3[4 au and the analytic _t given by eq[ "3# beyond
3[4 au[

The solid line in Fig[ 1 is the spline _t to the tabulated
values for r¾3[4 au and the analytic _t\ eq[ "3#\ for
r×3[4 au[ The table used for the spline _t is augmented
with several values for r×3[4 au calculated with eq[ "3#[
The long dashed curve in Fig[ 1 is the generalized Morse
potential given by eq[ "0# and eq[ "1#[ The values of
the potentials by Pradhan "0884# "_lled circles# and by
Nemukhin and Grigorenko "0886# "open squares# are in
good agreement[ These potentials are available to
su.ciently large r so that a useful comparison can be
made with the asymptotic result\ eq[ "2#[ The results by
Pradhan "0884# appear to be consistent with the asymp!
totic behaviour of eq[ "2#[ The results by Nemukhin and
Grigorenko "0886# appear somewhat below the aympto!
tic values[ However\ it is not known at what radial dis!
tance the asymptotic behavior of eq[ "2# becomes
accurate[

The numerical values for the energies of the 1S− state
for three di}erent sources are listed in Table 1 and shown
in Fig[ 2"A#[ These three sets of data were provided by
Pradhan "0884# denoted by P\ obtained from Table 0
from the paper by van Dishoeck et al[ "0872# labelled
VLD\ and adapted from Figure 0 in the paper by Hodges
"0882# labelled H "the source of which is van Dishoeck et
al[ "0872##[ For the 1S− states\ the asymptotic behaviour
is given by

V"S#
asy"r#¼

137[3

r5
\ r:�\ "4#

with r in au and V"S#
asy"r# in eV[ The behaviour of these

di}erent potentials in comparison with the asymptotic
behaviour "dashed curve# is shown in Fig[ 2"B#[ The
di}erence between the tabulated values in Table 1 by
Pradhan "0884# and this asymptotic behaviour was _tted
to an exponential for the four points r�3[49Ð4[14 au[
Therefore\ for r�4[14 au\ the energies of this state are
given approximately by

V"1S−#"r#�653[8e−1[9178r¦
137[3

r5
\ r�4[14 au "5#

with r in au and V"1S−#"r# in eV[ This analytic _t gives
values of the potential which are slightly above the ener!
gies at 5 au and 6 au in Table 1[

Results for the relevant quartic states are those
reported by van Dishoeck and Dalgarno "0872# in Fig[ 5
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Table 1
The 1S− potentials

r P r VLD r H

0[59 3[50744 0[49 4[59 0[94 00[70
0[64 2[68274 0[64 2[77 0[09 09[48
0[89 2[18825 0[72 2[46 0[19 8[28
1[99 2[93720 1[99 0[23 0[29 6[40
1[09 1[70619 1[14 1[40 0[39 5[26
1[14 1[36378 1[49 0[81 0[49 4[33
1[39 1[02352 1[64 0[32 0[59 3[60
1[49 0[80522 2[99 0[92 0[69 3[97
1[64 0[31718 2[14 9[62 0[79 2[54
2[99 0[93908 2[49 9[41 0[89 2[21
2[14 9[63427 2[64 9[26 1[99 2[97
2[49 9[41699 3[99 9[14 1[19 1[48
2[64 9[25670 3[49 9[01 1[39 1[09
3[99 9[14214 4[99 9[94 1[59 0[58
3[49 9[00497 1[79 0[17
3[64 9[96474 2[99 9[84
4[99 9[93802 2[19 9[60
4[14 9[92019 2[39 9[43
4[49 9[90824 2[59 9[27
5[99 9[99566 2[79 9[29
6[99 9[99923 3[99 9[11

3[19 9[03
3[39 9[00
3[59 9[97

r is in atomic units and the energies in eV[ P\ VLD
and H correspond to the results by Pradhan "0884#\ van
Dishoeck et al[ "0872# and Hodges "0882#\ respectively[

of their paper[ This is the source for the potentials used by
Cooper et al[ "0873# and by Hodges "0882#[ The numerical
values for these potentials were obtained from this _gure
as well as Fig[ 0 of Hodges "0882# and Fig[ 0 of Cooper
et al[ "0873#[ The numerical values from the digitization
of the graphical data in these references are shown in
Tables 2 and 3\ and labelled VD\ H and CYD for van
Dishoeck and Dalgarno "0872#\ Hodges "0882# and
Cooper et al[ "0873#\ respectively[ The energies are all in
eV and relative to the zero of energy for the separated
atoms[ Reasonable agreement is found for the potentials
shown in Tables 2 and 3 employed by Hodges "0882# and
reported by van Dishoeck and Dalgarno "0872#[
However\ the data reported by Cooper et al[ "0873# for
both the 3S− and 3P states are signi_cantly lower in the
important region beyond about 1[1 au[ It is unfortunate
that numerical data for these potentials is not available[
The potentials listed in the tables determined from the
graphical data reported in the references cited is believed
to be accurate to 29[94 eV[ The errors can be large for
small r where the potentials vary rapidly with r\ and as
well as for large r where the energy reported is determined
by subtracting the asympototic values[

The asymptotic dependence of the quartic states was
determined as for the doublet states[ The asymptotic
energies\ eq[ "2# and eq[ "4# were subtracted from the

Fig[ 2[ "A# The radial variation of the 1S− potential[ The solid line is
the spline _t to the data by Pradhan "0884#[ "B# Asymptotic behaviour
of the 1S− potential[ The short dashed line is the asymptotic result given
by eq[ "4#^ _lled circle\ Pradhan "0884#^ open square\ Nemukhin and
Grigorenko "0886#^ "C# open diamond\ van Dishoeck et al[ "0872#^ "D#
open triangle\ Hodges "0882#[

results by van Dishoeck and Dalgarno "0872# in Tables
2 and 3\ and the di}erence was _tted to exponential
functions[ The four data points r�2[7Ð3[3 au were used
and the analytic forms that were found are

V"3P#"r#�060[0e−0[530r¦
149[8

r5
\ r�3[1 au "6#

and

V"3S−#"r#�093[1e−0[644r¦
137[3

r5
\ r�3 au "7#
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Table 2
The 3S− potential

r VD H CYD

0[49 4[91 4[90 3[80
0[59 3[15 3[11 3[06
0[69 2[57 2[46 2[44
0[79 2[17 2[02 2[98
0[89 1[76 1[79 1[57
1[99 1[41 1[45 1[22
1[09 1[12 1[18 1[95
1[19 1[99 1[90 0[67
1[29 0[64 0[68 0[49
1[39 0[47 0[44 0[18
1[49 0[39 0[25 0[94
1[59 0[12 0[19 9[75
1[69 0[97 0[92 9[60
1[79 9[86 9[89 9[46
2[99 9[69 9[57 9[30
2[19 9[41 9[38 9[15
2[39 9[28 9[24 9[06
2[59 9[29 9[16 9[09
2[79 9[10 9[08 9[96
3[99 9[05 9[03 9[94
3[19 9[00 9[00 9[93
3[39 9[97 9[98 9[92
3[59 9[94 9[97 9[90

r is in atomic units and the energies in eV[
VD\ H and CYD denote the potentials employed
by van Dishoeck and Dalgarno "0872#\ Hodges
"0882# and Cooper et al[ "0873#\ respectively[ The
energies are in eV relative to the ground level[

Table 3
The 3P potential

r VD H CYD

1[99 4[33 4[30 4[21
1[09 4[21 4[11 3[61
1[19 3[69 3[57 3[04
1[29 3[92 3[97 2[59
1[39 2[38 2[43 2[04
1[49 1[82 1[83 1[57
1[59 1[51 1[49 1[21
1[69 1[13 1[01 1[99
1[79 0[87 0[74 0[65
1[89 0[54 0[47 0[49
2[99 0[28 0[28 0[17
2[19 0[94 0[92 9[77
2[39 9[68 9[65 9[59
2[59 9[47 9[59 9[32
2[79 9[31 9[30 9[20
3[99 9[29 9[22 9[10
3[19 9[11 9[11 9[05
3[39 9[05 9[03 9[98
3[59 9[09 9[97 9[96
4[99 9[92 9[94 9[94

r is in atomic units and the energies in eV[
VD\ H and CYD denote the potentials employed
by van Dishoeck and Dalgarno "0872#\ Hodges
"0882# and Cooper et al[ "0873#\ respectively[

Fig[ 3[ Comparison of the radial variation of the repulsive potentials\
3S− "open square#\ 1S− "open triangle# and 3P states "_lled circle#[ The
solid lines are the spline _ts to the data in the second columns of Tab[
0\ Tab[ 1 and Tab[ 2[ The dashed lines are the asymptotic _ts given by
eq[ "5#\ eq[ "6# and eq[ "7#[

with r in au and V"r# in eV[ Figure 3 shows the radial
variation of the three repulsive states over the region that
contributes most to the scattering for energies of the
order of 0 eV[ The solid lines are the spline _ts to the
values in the tables augmented with several data entries
from the analytic _ts\ eqs[ "5Ð7#[ The dashed lines are the
asymptotic values given by eqs[ "5Ð7#[ The potentials
employed in this paper are of longer range than those
used by Cooper et al[ "0873# and by Hodges "0882# and
approach the 0:r5 behaviour more slowly[ Without more
detailed quantum calculations of the asymptotic forms
of these potentials\ the merging of the tabulated values
with the asymptotic variations\ eq[ "2# and eq[ "4#\
remains subjective[

The four potentials employed in the present work to
study OÐH and OÐD scattering are the X1P state by
Pradhan "0884# in the second column in Table 0\ the 1S−

state by Pradhan "0884# in the second column of Table
1\ the 3S− and 3P states by van Dishoeck and Dalgarno
"0872# and listed in the second columns of Tables 2 and
3\ respectively[ These tabulated values are augmented
with the analytic _ts given by eq[ "3# and eqs[ "5Ð7# as
discussed[ The data in Tables 0Ð3 obtained by digitizing
graphical data in the references cited are believed to be
within 24) of the data used to plot the graphs[ Two
numerical potentials digitized independently from the
same graph were within 1) of each other as were the
cross sections calculated with the potentials[
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2[ Scattering cross sections

The elastic scattering cross sections for OÐH and OÐD
collisions for each of the four interaction potentials\
V"j#"r#\ of Section 1 were calculated quantum mech!
anically[ The details of the calculation were described by
Hodges "0882# and Cooper et al[ "0873# and also appear
in standard references "Bernstein\ 0855^ Rodberg and
Thaler\ 0856#[ The di}erential cross section\ s"E\u# at
relative energy E and scattering angle u is given by the
sum of the cross sections for each potential weighted with
the statistical weight of the jth channel

s"E\u#� s
j�0

3

`j= fj"E\u#=1\ "8#

where fj"E\u# is the scattering amplitude for the jth chan!
nel expressed in terms of the scattering phase shifts\ d"j#

l \

fj"E\u#�
0

1ik
s
l�0

�

"1l¦0#×ðexp "1id"j#
l #−0ŁPl"cos u#[ "09#

In eq[ "09#\ Pl"cosu# are the Legendre polynomials\
k�z1mE:: is the wave number\ and m is the reduced
mass equal to 9[83715 amu for OÐH and 0[6893 amu for
OÐD[ The phase shifts are determined in the usual way
by numerically solving the radial Schroedinger equation\

d1u"j#
l "r#

dr1
¦ðk1−U"j#

effŁu"j#
l "r#�9\ "00#

where U"j#
eff"r#�U"j#"r#¦l"l¦0#:r1 and U"j#"r#�1mV"j#"r#::Ð

1[ The phase shifts are determined from the asymptotic
form of the radial wavefunction given by

u"j#
l "r#¼

0
kr

sin 0kr−l
p

1
¦d"j#

l 1\ r:�[ "01#

An alternate and often very accurate method for cal!
culating the phase shifts is the WentzelÐKramersÐBril!
louin "WKB# semiclassical approximation "Cohen\ 0867^
Kennedy and Smith\ 0856#\ given by

d"j#
l �

l¦0:1
1

p−kr"j#
9 ¦g

�

r"j#9

ðk"j#
l "r#−kŁdr\ "02#

where

k"j#
l "r#�zk1−U"j#

eff"r#[ "03#

In eq[ "02# and eq[ "03#\ r"j#
9 is the classical turning point

for which k1�U"j#
eff"r"j#

9 #[ The WKB approximation is com!
putationally faster than the quantum approach\ but in
addition it provides a useful physical interpretation of
the scattering\ which is the principal use in this paper[
The quantum mechanical scattering phase shifts for each
of the four potentials from 9[90 eV to 4 eV were calculated
as done previously by Cooper et al[ "0873# and Hodges
"0882#[ The total cross sections for each independent
channel are given by

Fig[ 4[ Energy variation of the total elastic OÐH cross sections in A� 1[
"A# Cross sections for the 3S−\ 1S− and 3P states^ "B# Cross section for
1P state[

s"j#
tot"E#�1pg

p

9

s"j#"E\u#sin"u#du[ "04#

The present calculations give the energy variation of the
total cross sections shown in Fig[ 4"A#[ The ordering of
the cross sections for the three repulsive states
s"3S−#

tot ³s"1S−#
tot ³s"3P#

tot shown in Fig[ 4"A# is entirely con!
sistent with the order of the potentials in Fig[ 3[ The
choice of points in the determination of the analytic
expressions\ eq[ "3# and eqs[ "5Ð7# is somewhat arbitrary[
Several other expressions were used and these gave total
cross sections that di}ered from those in Fig[ 4"A# by
2"2Ð4#)[ The cross section from the bound 1P state is
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shown in Fig[ 4"B#[ The oscillations in this cross section
can be related to the bound states in the potential[

Hodges "0882# reported identical total cross sections
for the 1S− and 3S− states\ whereas Cooper et al[ "0873#
show a considerable di}erence in the total cross sections
for these two potentials[ As shown in Fig[ 3\ the 3S− state
is somewhat below the 1S− state[ It does not appear
reasonable that the cross sections for these two potentials
are identical[ Nor is it reasonable that the cross sections
should di}er as much as shown in Figure 3 in the paper
by Cooper et al[ "0873#[ For the 1S− state\ Hodges "0882#
and Cooper et al[ "0873# report a cross section that varies
from 27 to 34A� 1 in the energy range 0Ð4 eV[ The present
results give a cross section from 33 to 42A� 1 which is
about 04) larger[ Cooper et al[ "0873# report a cross
section for the 3S− state that varies slowly from 12 to
15A� 1 whereas the present results give a cross section
that varies from 28 to 49A� 1 which is signi_cantly larger[
Cooper et al[ "0873# report a cross section for the 3P state
that is greater than the cross section for the 1S− state
which is unreasonable\ as noted by Hodges "0882#[
Hodges "0882# reports a cross section for this state that
varies from approximately 35 to 46A� 1 in reasonable
agreement with the present results which are from 36 to
48A� 1[ A detailed comparison of the results for the cross
section for the 1P state was not carried out but it is clear
that there are signi_cant di}erences[ The present results
show maxima in the cross section at 0[1\ 0[7\ 1[6 and
3[9 eV\ with cross section values of 45\ 41\ 35 and 32A� 1\
respectively[ The results by Cooper et al[ "0873# are simi!
lar but not in complete agreement with maxima at about
9[8\ 0[4\ 1[1 and 2[2 eV\ and cross section values of
approximately 49\ 32\ 33\ and 39A� 1\ respectively[ Hodges
"0882# shows 4 rather than 3 maxima at about 0[9\ 0[3\
1[1\ 2[1 and 3[7 eV\ with cross section values of approxi!
mately 57\ 55\ 51\ 47\ and 45A� 1\ respectively[

In order to explain the di}erent results\ in particular
for the repulsive potentials\ two model potentials were
constructed for the 1S− state as shown in Fig[ 5[ These
correspond to di}erent schemes for merging the tabulated
values of the potentials with the asymptotic behaviour
shown by the thin solid line[ The two model potentials
are denoted by long and short dashed curves and the
actual potential used in this paper is shown as the bold
solid curve[ These model potentials are not unreasonable
interpolations of the short and long range forms of the
potential in view of the fact that the potentials available
to Cooper et al[ "0873# and Hodges "0882# are not well
known beyond about 3Ð4 au[ The recent calculations by
Pradhan "0884# provide a much better result up to 6 au
for the 1P and the 1S− states[

The WKB method was used to study the details of the
scattering from the three potentials in Fig[ 5 for E�0eV[
The results are shown in Fig[ 6[ Figure 6"A# shows the
variation of the classical turning points over the range of
l values for which there are signi_cant di}erences[ The

Fig[ 5[ Model potentials for the 1S− state are shown in short and long
dashed lines[ The solid light curve is the asymptotic result given by eq[
"4#[ The solid dark line is the spline _t to the data by Pradhan "0884#
listed in Tab[ 0 including the data points given by eq[ "5# for r×3[4 au[
The two additional dash curves are model potentials with arbitrary
extrapolations to the asymptotic result[

di}erences arise directly from the way each potential
was made to merge with the asymptotic behaviour[ The
corresponding phase shifts are shown in Fig[ 6"B#\ and
the di}erences in the phase shifts are signi_cant[ Figure
6"C# shows the partial sums\ up to l�Lm in the calculation
of the total cross section\ that is\ the partial cross section\

S"Lm#�
3p

k1
s
l�9

Lm

"1l¦0#sin1"d"j#
l #[ "05#

The converged total cross section\ given by

s"j#
tot"E#�

3p

k1
s
l�9

�

"1l¦0#sin1"d"j#
l #\ "06#

can be divided into two parts\ that is\

s"j#
tot"E#�s"j#

rp"E#¦s"j#
lr "E#\ "07#

where the _rst term represents the sum over the {random
phase| "rp# shifts\ l¾l"j#m \ analogous to eq[ "05#\ and the
second term is the contribution from phase shifts with
l×l"j#m that are determined by the long range "lr# portion
of the potential[ The quantum phases shifts for small l
with smaller classical turning points sample the short
range portion of the potentials and are considered ran!
dom "modulo 1p# "Bernstein\ 0855#[ Therefore\ one can
replace½sin1"d"j#

l # with the average value of 0:1 so that\

s"j#
rp"E#�

1p

k1
"l "j#

m¦0#1 "08#

In Fig[ 6"C#\ the three potentials give for l�49\ almost
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Fig[ 6[ A WKB analysis of the elastic scattering with E�0 eV[ The dashed and solid lines correspond to potentials as shown in Fig[ 5[ "A# variation
of the classical turning points "in au# with l^ "B# variation of the scattering phase shifts with l^ "C# variation of the partial sums "in A� 1# in the calculation
of the cross section with Lm\ see eq[ "05#\ and "D# the energy variation of the total cross sections "in A� 1#[

identical partial cross sections equal to 28[4\ 39[5 and
39[3A� 1\ in the order of increasing range\ respectively[
With lm�49 in eq[ "08#\ the random phase cross section\
at 0 eV\ is 25[9A� 1\ which is in reasonable agreement con!
sidering that the number of phase shifts contributing is
quite small and the semiclassical results are expected to
be approximate[ The remaining sum with l×lm is the
contribution from the long range portion of the potential
"s"j#

lr "E## and for the three potentials these terms add an
additional 2[7\ 5[3 and 01[4A� 1\ respectively to s"j#

rp[ There!
fore for these three potentials the contributions from the
long range portion of the potentials to the total cross
sections are 7[7)\ 02[5) and 12[5)\ respectively[ It is

clear that the manner in which the short range tabulated
potentials and long range behaviour are interpolated can
signi_cantly a}ect the cross sections[ Since a much slower
approach to the asymptotic region was adopted with the
analytic results\ eq[ "3# and eqs[ "5Ð7#\ the cross sections
in this paper are larger than those reported by Hodges
"0882#[ The bound X1P state used by Hodges "0882# is
too shallow "see Fig[ 0# and the bound vibrational states
calculated with this potential are not in agreement with
published values as discussed in Section 3[

Figure 7"A# shows a representative di}erential cross
section for the 1P state with E�9[1 eV[ The quantum
oscillations in the cross section and the sharp forward
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Fig[ 7[ "A# The di}erential cross section "in A� 1# for OÐH scattering for
the X1P state for E�9[1 eV^ "B# The integrated cross section "in A� 1#\
eq[ "19#\ for energies "a# 9[1 eV\ "b# 9[4 eV and "c# 0[4 eV[

scattering peak at small angles are characteristics of these
di}erential cross sections[ It is the small phases shifts that
contribute to the scattering cross section at small angles
and to the total cross section discussed in the previous
paragraph[ In subsequent kinetic theory calculations of
the energization of H and D\ the detailed structure of the
di}erential cross sections should not be of importance\
except for the peak at small angles[ Cooper et al[ "0873#
reported the integrated cross sections\ de_ned analogous
to eq[ "04#\ by

I"j#"E\u#�1pg
u

9

s"j#"E\u?#sin"u?#du?[ "19#

These integrated cross sections are shown in Fig[ 7"B# for
the 1P state at 9[1\ 9[4 and 0[4 eV\ respectively[ Gurwell

Fig[ 8[ Energy variation of the OÐH and OÐD elastic cross sections "in
A� 1# for the four potentials weighted with the appropriate statistical
weight[

and Yung "0882# studied the energization of H and D
using an analytic _t to such integrated cross sections and
calculated the cross section by numerical di}erentiation[
They did not use original scattering data but the result
reported by Cooper et al[ "0873# at one energy[ It is clear
from Fig[ 7"B# that there is an important energy variation
in the collision dynamics that should be taken into
account[

The variation of the total cross sections summed over
the contributions from each state and weighted appro!
priately is shown in Fig[ 8 for OÐH and OÐD collisions[
There is clearly a signi_cant isotope e}ect[ In their study
of energization of H and D by energetic O\ Gurwell and
Yung "0882# assumed that the cross sections for OÐH and
OÐD collisions are the same[ It is clear that in any study
of the di}erential escape of H and D should take account
of the isotope e}ect in the di}erential cross sections[

3[ Vibrational states

The vibrational energies for the 1P potential functions
reported by Pradhan "0884#\ Nemukhin and Grigorenko
"0886#\ Langho} et al[ "0871# and Hodges "0882# were
also calculated as an additional comparison of these
potential functions[ The Quadrature Discretization
Method "QDM# reported in recent papers "Shizgal and
Chen\ 0885^ Shizgal\ 0886# was used to determine the
vibrational energies[ The potentials used were those listed
in Table 0 with a spline _t to interpolate within the table[
The asymptotic energies are those given by eq[ "2#[ Since
the lower vibrational levels are considered\ the asymp!
totic portion of the potential is not important in these



B[D[ Shiz`al : Planetary and Space Science 36 "0888# 052Ð063 062

Table 4
The 05O0H vibrational energies

n E"HH#
n DEn

P NG LVWD H

0 9[33159 9[99977 9[99321 9[99333 9[91498
1 9[75363 9[99043 9[90001 9[90289 9[95441
2 0[15579 9[99184 9[90768 9[91696 9[09276
3 0[53809 9[99487 9[91879 9[92889 9[01835
4 1[90089 9[90923 9[92889 9[94076 9[05271
5 1[24429 9[90460 9[93233 9[95371 9[19501
6 1[56859 9[91124 9[93853 9[97992 9[13828
7 1[87369 9[92965 9[95199 9[98665 9[18206
8 2[16929 9[93085 9[96659 9[00776 9[23134
09 2[42539 9[94622 9[98686 9[03341 9[28574

The _rst column lists the vibrational energies in eV given by Huber
and Herzberg "0868#[ The other entries are the di}erences
DEn�E"HH#

n −En[ P\ NG\ LVWD and H correspond to results with the
potentials by Pradhan "0884#\ Nemukhin and Grigorenko "0886#\
Langho} et al[ "0872# and Hodges "0882#\ respectively[

calculations[ The potential in Table 0 from Pradhan
"0884# with the asymptotic behaviour given by eq[ "2#\
and the one with the asymptotic behaviour given by eq[
"3# gave the same vibrational energies[

The QDM is based on a discrete representation of the
Schroedinger equation\

−
d1cn"x#

dx1
¦U"x#cn"x#�Encn"x# "10#

for the vibrational eigenfunction\ cn"r#\ where x�re−r[
A set of quadrature grid points\ "xi#\ are generated with
a weight function\ w"x#\ derived from a Morse potential
that approximates the potential considered[ The
vibrational energies are determined by the numerical
diagonalization of the matrix representative of the Ham!
iltonian in this discrete basis\ that is\ the matrix

Hij� s
k�9

N

DkiDkj¦ðV"xi#−V½ "xi#Łdij\ "11#

where

V½ "x#�
0
3
W1"x#−

0
1
W?"x#[ "12#

where w"x#�exp ðÐx
9W"x?#dx?Ł and Dij is the QDM deriva!

tive matrix discussed in previous papers "Shizgal and
Chen\ 0885^ Shizgal\ 0886#[ The vibrational energies are
determined from the numerical diagonalization of the
matrix Hamiltonian de_ned by eq[ "11#[

Table 4 summarizes the results of these calculations[
The vibrational energies calculated for the four di}erent
potentials are shown relative to the energies given by
Huber and Herzberg "0868#\ in the column labelled
E"HH#

n [ The energies calculated with the four potential
functions are all larger than the values given by Huber

and Herzberg "0868#[ The three lowest energies reported
by Me�len et al[ "0884# are 9[33156\ 9[75370 and
0[15554 eV\ respectively[ As can be seen from the table\
the potential by Pradhan "0884# gives the best agreement
with the measured values\ followed by the potential by
Nemukhin and Grigorenko "0886#[ For the lower states\
the potential by Langho} et al[ "0871# is comparable to
these others but the di}erences get larger with increasing
n[ The results with the potential by Hodges "0882#
"derived from the published data by Langho} et al[
"0871## gives vibrational energies that are not in agree!
ment with either the results obtained here with the poten!
tial by Langho} et al[ "0871# nor the measured values
listed in Table 4[

4[ Summary

In this paper\ a detailed analysis of the four X1P\
1S−\ 3P and 3S− OÐH potential functions reported in
the literature has been provided together with an new
interpolation of the short and long range portions of
the potentials[ The OÐH and OÐD quantum mechanical
elastic scattering cross sections for these four potentials
have been calculated and the isotope e}ect for the total
cross sections has been reported[ The isotope e}ect for
the di}erential cross sections has an important role in the
H and D nonthermal enhaced escape ~uxes from Mars
and Venus[ The results di}er from those reported by
Cooper et al[ "0873# and Hodges "0882# because of the
di}erent potential functions that were used\ particularly
their asymptotic variations[ The X1P potentials reported
recently by Pradhan "0884# and Nemukhin and Gri!
gorenko "0886# give good agreement with observed OH
vibrational states[ The present study demonstrates the
need to have more precise quantum calculations of these
interaction potentials[
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