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The hypersonic expansion of ,Qhrough a nozzle is considered. The steady nonequilibrium
vibrational distribution function of @ and the nonequilibrium forward reaction rate coefficient for
the dissociation of @are calculated theoretically. In the first instance, the vibrational relaxation of
O, in the absence of reaction is examined in the temperature range 500—-2500 K. The master
equation for the vibrational populations, coupled to the steady one-dimensional conservation
equations is solved numerically. The vibrational population obtained in this way, is compared to the
distribution calculated using either a Treanor model or a Boltzmann distribution characterized by a
vibrational temperature. The transition probabilities betwegrvibrational levels employed take

into account the vibrational anharmonicity, and the anisotropic intermolecular potential. For the
temperature range 2500-5000 K, the vibrational relaxation including dissociation and
recombination is studied. The reactive probabilities that are required for this calculation were
obtained from the model of Kiefer and Hajdi€hem. Phys38, 329(1979]. © 1996 American
Institute of Physicg.S0021-960806)00908-3

I. INTRODUCTION vibrational inelastic cross sections over the equilibrium rota-

) ~tional and translational distributions. The main objective of
~The study of the relaxation to a steady state of an ini-g,ch studies is to compare measured and calculated vibra-
tially nonequilibrium vibrational distribution of some MO- iy, relaxation times, and/or the time evolution of indi-
lecular system, is a fundamental problem in chemical physicg;qa| vibrational state$ There has also been considerable
with many applications. Over 30 years ago, Shuler anquerest in the coupling of vibrational relaxation and reactive
cq-workeré p|one(.a_req a thgore_ﬂcal de.scf'p“‘?” of thg reI"’lx'processeé.This is a very broad subject and the references
ation of a nonequilibrium vibrational distribution function of rovided are not meant to be exhaustive of the field but just
diatomics dilutely dispersed in a large excess of an inert g"’1$epresentative There are several texts and review articles
which acts as a constant temperature heat bath. This wortli<1 :
was extended to other systems by subsequent reseafchers.
The nonequilibrium vibrational distribution function is given
by a master equatioh,which could include vibration—
vibration (V-V) and translation—vibrationT-V) energy
transfers, as well as the effects of reactive processes. A the
retical study of the extent of the departure of the vibrationa
distribution from equilibrium, and the concomitant departure ’ 10
of reactive rate coefficients from their equilibrium values re-A" @nd Br atoms was considered by lteal-™ Gonzales
quires accurate microscopic inelastic, and reactive transitiof"d Varghese studied the nonequilibrium effects in shock

probabilities in the master equation. In addition, the masteP€ated Ar—Q@ and Ar—H, systems. In recent years, there is
equation could be coupled to the flow field, which can take2" active interest to study the vibrational relaxation coupled
on different forms depending on the physical situation, suctO reactive processes in flowing systems, such that occur in
as for shock waves or nozzle expansions. This requires th&h0ock tubes and nozzIe&This is an important research area
the master equation is coupled to the equations describingith many applications to a wide variety of subjects involv-
the flow field. The theoretical treatment of such systems hatd nonequilibrium gas flows, gas dynamic las€rs} com-
a very long history. There have been numerous approximateustion processes,plasma processing of materidfsatmo-
theories, either for the collisional dynamics or with regard tospheric science, reentry of space vehicles into planetary
the coupling of vibrational disequilibrium and reaction. In atmosphere$ and other applications.
addition, the coupling of the nonequilibrium systemto aflow  The main objective of this paper is to calculate the vi-
field may or may not be included. brational distribution function, and the nonequilibrium for-
A rigorous treatment of such systems involves the calcuward reaction rate coefficients for the dissociation gfe®-
lation of realistic collision cross sectichderived from ac- panded through a nozzle. This requires that the master
curate potential energy surfacesf the colliding molecules, equation be coupled to the equations describing the flow
and/or atoms. If translational and rotational equilibrium arefield. In this paper, we do not consider a time dependent
assumed, the vibrational inelastic rate coefficients in thgroblem but are only concerned with the steady state situa-
master equation are then the averages of the corresponditign. In the present study, the nonequilibrium phenomena are

at have summarized advances in this ffeld.

Interest in this subject has continued to the present. Haug
and Truhlat recently considered the nonequilibrium disso-
ciation rate coefficient for the ArH,—Ar+2H reaction.
Jhey considered the solution of the master equation for the
H2 vibrational—-rotational distribution function. The vibra-
tional nonequilibrium dissociation of Biin collisions with
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fects, and a three-dimensional model for the atom—diatomic
collision®2* Treanoret al?® considered a master equation
with strong (V—V) pumping mechanism and derived, with a
Chapman—Enskog approach, a quasi-steady distribution
which gives an overpopulation relative to a Boltzmann dis-
FIG. 1. The one-dimensional nozzle. tribution referred to as the Treanor distribution.
In this paper, we employ vibrational inelastic rate coef-
ficients for O—Q and GQ—0, collisions as given by the for-
generated by a rapid hypersonic expansion. Figure 1 is malism introduced by Malans and Chauviff? Their model
depiction of the physical system considered, consistings based on the distorted wave Born approximation and in-
of a reservoir leading to an axisymmetric hyperbolic noz-cludes the effects of the anharmonicity of molecular vibra-
zle with cross sectional area distributiod(x,6)/A, tion, and the anisotropy of the intermolecular potential. They
=1+ x?[tan()/r,]> wherer, is the throat radiusA,= #rZ is  originally applied the theory to N-N, collisions and it was
the throat cross-sectional are@,is the semi-angle of the also previously used by Lordet al!® for O-0, and G—-0,
asymptotic cone and the subscripdenotes the values at the collisions.
throat. Typical dimensions of such nozzles #e10° and At higher temperatures, the gas is partially dissociated,
r.=3 mm. The gas is initially in equilibrium at the reservoir and the vibrational relaxation is coupled to dissociation and
temperature and expands in the direction through the recombination. Theb initio calculation of the microscopic
nozzle. All along the nozzle, the flow velocity increases, andeactive rate coefficients from specific vibrational—rotational
the temperature drops rapidly. As a result, vibrational relaxstates is a formidable calculation. Alternate semiempirical
ation and recombination occur through atom—molecule andnodels for the dependence of microscopic dissociation rate
molecule—molecule interactions. Since foy @olecules, the coefficients on the vibrational state have been proposed by
dissociation processes are negligible at temperatures lowaumerous researchéfs® that do provide parametrized
than 2500 K, we first study vibrational relaxation in the ab-models for macroscopic rates that can be fitted to experimen-
sence of reaction. For temperatures above 2500 K, dissocigal data. Another important concern is the way in which the
tion and recombination are included. In an earlier paper byeaction perturbs the Boltzmann distribution, and in turn the
one of the present authot$the vibrational nonequilibrium effect of this nonequilibrium distribution on the macroscopic
coupled to reaction, and the flow field in a shock tube ofrate of reaction. Hammerlingt al,?’ and later Marrone and
uniform cross sectional area was studied. This paper is afireanof®?° proposed a microscopic reactive rate coefficient
extension of this earlier effort, and considers the nonequilibthat depends exponentially on the vibrational energy. Mar-
rium vibrational effects including reaction as determinedrone and Treanor also modified the Landau—Teller model by
from a solution of the master equation, and coupled to théncluding the effect of dissociation, and recombination on the
flow field of an expanding nozzle. time rate of change of the average vibrational energy. Kiefer
The collisional dynamics of atom—molecule and and Hajduk(KH)* have proposed a microscopic rate coef-
molecule—molecule collisions are required for the micro-ficient based on the information theoretic arguments by Kafri
scopic inelastic rate coefficients in the master equation. Thiand Leviné* and by Rebick and Levin& The main concern
is an important aspect of this subject and has received a lot @ the determination of the dependence of the microscopic
attention*!° The calculation of the collision cross sections rate coefficient on the vibrational energy; whether it is con-
for these processes requires the intermolecular potential bstant for all vibrational states or if there is preferential dis-
tween the colliding particles, and the solution of the classicakociation from higher or lower states. The dependence of
or quantum equations of motion. There have been many aghese microscopic rate coefficients on the vibrational energy
proximate treatments as well as rigorous close-coupled cals controlled by an empirical parameter referred to as the
culations for simple systems. The classic model is the dis®vibrational bias parameter.” This parameter is determined
torted wave Born quantum calculations of Jackson andy fitting experimental data to the temperature dependence
Mott?° for the head-on collision of the atom and diatomic. of macroscopic rate coefficients, obtained by averaging over
The diatom vibrational states are given by the harmonic osvibrational states. In this paper, the model established by KH
cillator approximation and an exponential interaction potendis used, but the vibrational bias parameter is determined in a
tial between the atom and diatomic is assumed. The vibraway different from that proposed by them. It is also shown
tional transition probabilities are directly proportional to the that this model is similar to the one developed earlier by
vibrational quantum number and only single quantum transiMarrone and Treand?. Park’ proposed a model for the
tions occur. For this collisional model, the distribution func- macroscopic rate coefficient that has the usual Arrhenius
tion, if initially Boltzmann at the vibrational temperature, form but with the temperature replaced with = T°Tj,
relaxes through a series of Boltzmann distributiéh§he  whereT and T,;, are the translational and vibrational tem-
relaxation of the average vibrational energy takes on a verperatures, respectively, asds chosen between 0.5 and 0.7.
simple form as derived by Landau and Teflégnd the vi-  This model does not specify the form of the microscopic
brational relaxation time was calculated theoretically byreactive rate coefficients from specific internal states.
Schwartz, Slawsky, and Herzfeldi There have been numer- Given the set of microscopic inelastfiand reactive rate
ous improvements on this model to include anharmonic efeoefficients®® the vibrational distribution function is deter-

A(x, 8)
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mined from a numerical solution of the master equation, gp au

which is coupled to the steady one-dimensional conservation o = —pu X 2
equations for the physical situation shown in Fig. 1. The

vibrational distribution function, gas density, temperature,  p4y2/2=h,, 3

pressure, and reactive rate coefficients are determined nu-

merically as a function of the cross sectional area of thevhere p(X)IpOZ(X)+po(X)=n(X)MOZ+ No(X)Mg is the
nozzle. In this paper, the vibrational distribution calculatedmass densitypoz andpg are the mass densitiy) o, andMg
from the master equation is compared to the vibrational disye the molecular masses amdéndng are the number den-
tribution of Treanoret al,?® as well as with a Boltzmann sities of G and O, respectively. The flow velocity is
distribution function characterized by a vibrational tempera-,(x), P(x) is the préssureh(x) is the enthalpy of the gas
ture T,;,. Previous efforts have either considered vibrationalyixture per unit mass, arfg is the reservoir enthalpy. These
relaxation in a flow field without coupling to reactive macroscopic equations are coupled to the vibrational distri-

38 : SSOCIAtioN M r o M e
processes™® or the coupled relaxation, and dissociation in pytion through the enthalpy. If the vibrational distribution
the absence of a flow fieldStudies of the coupled vibration fnction n,(x) is normalized to the number density(x)

v ’

and reaction in a flow field were also consid€febut with  {hat is
the model of Marrone and Trearfdr?® ’

The main objectives of this paper are to study vibrational
relaxation without reaction, and then to consider the coupling ; N, (X)=n(x), 4)
between vibrational relaxation and reactive processes,of O
and O expanding through a nozzle. The influence of the (  then we have
V) exchanges and anharmonicity effects on the vibrational _
distribution are studied. The kinetic and the conservation h(x)=Yo,[Co,T+E,ip]+Yo[CoT+h°], (5)
equations are presented in Sec. Il. In Sec. lll, we describe the
details of the calculation of the inelastisound—boungand ~ Where Yo, =po,/p and Yo=po/p are the Q and O mass
reactive(bound—freg transitions for -0, and Q-0 col-  fractions, respectively. The Qranslation—rotation specific
lisions. The details of the calculation of the population dis-heat at constant pressure per unit masSds=7R/(2Mo,)
tribution obtained from the master equation is presented igng Co=5ﬁ3/(2|\7|o) is the O translational specific heat at
Sec. IV. In Sec. V, we present the calculation of th_e vibra-constant pressure per unit maﬂ’;ﬂ-OZZNAM o, and Mo
tional distribution function in the absence of reaction ob-
tained from a Treanoet al®® and a Landau—Teller mod#.
The results and their discussion are presented in Sec. VI.

=N,Mg are the molar masses of,@nd of O, respectively.
R=kN,=8.3143 J K mol ! is the universal gas constant,
k is the Boltzmann constant amdl, is the Avogadro number.
E.i, is the vibrational energy per unit mass that ks,
=Eyix/Mo,, Where

The relaxation of diatomic molecules is characterized by
different time scaleStians: Trots i » fOr the translational, ro- 1 S
tational, and vibrational degrees of freedom, respectively. E"ib_ﬁ ~ Ny €, 6)
Stupochenket al® have shown that if in addition dissocia-
tion occurs, with a characteristic timg,, then one gener- is the average vibrational energy ahliis the standard en-
ally finds thatry,ns< 7ror<7ip<Tgiss- I this paper, we assume thalpy of formation of 0.
that an equilibrium translational—rotational distribution ex-  With the definition R=R/Mo, and the relationsyYo,
ists during vibrational relaxation and dissociation. We are4y_ —1 andMg =2M,, the enthalpy given by Eq5) can
primarily interested in the nonequilibrium vibrational distri- e expressed aé
bution and the coupling to reaction. The physical situation otb
mteres't.ls .shov'vn in Fig. 1. The gaseousdnd O m!xture is h(X)=(3+ 3Yo)RT+ (1= Yo)Eyp+ Yoh". )
at equilibrium in the reservoir on the left-hand side and al-
lowed to expand in the positive direction through a nozzle |n this way, the macroscopic fluid equations are coupled to
with a cross sectional area specifiedAfx). The main pur-  the microscopic vibrational distribution function through
pose of this paper is to study the nonequilibrium behavior forg , . Similarly, the ideal gas equation of state

this system expanding through such a nozzle. The gas flow=(n,+n)kT, used to close the system of conservation
satisfies the set of fluid dynamic equations expressing cornequations, can be written as

servation of mass, momentum, and energy. It is assumed that
the lateral variations normal to thedirection are negligible P=pRT(1+Yy). ©)]
and the steady flow variables depend onlyxon

For steady flow, the quasi-one-dimensional conservation In this study, the vibrational relaxation and dissociation
equations are of thé for? of molecular oxygen is considered. We include molecule—

molecule collisions
dpAu

x O (@) 0x(v1) +Ox(v2)=0y(v}) + Oy(v}), 9

II. KINETIC AND CONSERVATION EQUATIONS

J. Chem. Phys., Vol. 104, No. 10, 8 March 1996



3582 B. D. Shizgal and F. Lordet: Supersonic expansion with reaction

whereuv is a vibrational quantum number, involving-V ~ V-V energy exchanges involving collisions given by Eg.
andV—V energy exchanges characterized by a cross sectiof9). The second summation represents reactive transitions in-
volving collisions given by Eq(11), the third summation

v2—
, for the forward collision process. Atom—molecule :

0v1—> 1 P T-V energy exchanges given by E@.0), and the fourth
collisions summation reactive transitions given by Efj2). The prob-

O+ 0,(v)=0+04(v"), (10)  ability for forward transitionsPZ2 Zand Po—! that occur

1*}

involving T-V energy exchanges, characterized by crosdn the master equation, Eqel.3) are given by
sectionso,_,,’, are also included. The cross sections for the _— —_—
reverse processes are given by microscopic reversiffility. p’2 v2_ 202 > g
We also include molecule—molecule collisions E Tt i) op0y CE01

o +0 =20(d) +Oy(v4), 11 !

2(v1) +Oy(v2)=20(d) + O,(v5) (11 P S 2 o, 16
involving reactive transitions producing two oxygen atoms vpwgwp
characterized by the cross sectlon2 ”2, for the forward
— ; P =0 E o E o +to

collision process, wherg denotes the electronic ground state " va—vy~ Yvi—vg v1—vg ” v—d ' Yel2):
of an O atom. Reactive atom—molecule collisions vy 17)

Oy(v)+0(d)=20(d)+0O(d) (12 o ug] _
) ) _ The probabilitiesP 2andP, _,,» were employed in the

are characterized by the cross section,,. The spatial V1Y e
variation of the vibrational population in a hypersonic flo
for which collisional processes Eq®)—(12) are assumed, is ties for the forward dissociation tran5|t|0n§’”2 °2 and

—d
?Oc;\r/:rned by a master equation for the moving fluid of thepvﬁd’ that occur in the master equation, Ecﬁ$3) are

taken from the model of KB and are given by

Uo— Uz Uz %) ’ 7 ’
—n, n,,P +n n, P Vv U > v2Tl2
2 v, 13 Uﬂvl) pz22=g2 2/( o )

w brevious papéf and discussed in Sec. Il A. The probabili—

an, UA Az,

ox

UZ‘Ui'Ué ! v1—d v1—d vlyvi,vz,vé 1%
’
U2*>U2 2 Vy—U2 ! _
+ Z ( nvlnvzpv —d +nonUéPd~>U1 ‘| + 2 0’524,324—0-6,11 y (18)
Vo, U2 vl,vz,vé 1
+AZ -n, P, _,/+n, P -
1 ? ( ‘1 17 Y vl) Pvlﬂdzavlﬂd 2 0-U1*>U,+2 O-Ulﬂd_l—o-elZ
t U1, Ul
) (19
+(_nv Pv Hd+nOPdﬂv ) ) (13)
vt ! The macroscopic rate of reaction is obtained by summing

Eq. (13) over all statew ;. The terms involving vibrational
whereZ,; and Z;;, are the @-O, and O—Q collision fre-  energy exchanges vanish owing to mass conservation for
quencies, respectively, given by these collision processes. The result is the following macro-
scopic rate equation:

[ 8KT\? — —
fu=h Thu V1010207 O-Ulﬂvi Ulzyvé Tord InuA_ AZu > (—n, No P”zﬂuz—l—n v, rP 2 °2)
X N © vy
+0e11]s (14
+A21; (=N, Py _atN3Pq_, ), (20)
8KT | 12 '
Z1=Ng P E (fvﬁv 2 0y, —~dt Oe12]- where [d(nguA)/ox]=—2[d(nuA)/9x] arises from the sto-
IRCH 1 chiometry of Egs(11) and(12). Equation(20) can be rewrit-
(15 ten in terms of the macroscopic rate equation
In Egs.(14) and(15), uq; and u,, are the reduced masses of INUA
the pair Q—0, and O—Q, respectively,g, 1; and o, 1, are —=Al- K¢ 102+ Kp 15nN3— K¢ 120 No+ Kp 12081,

the elastic hard sphere cross sections. The overbars on the 21)
cross sections signify the average over an equilibrium

translational—rotational distribution function at the tempera-wherek; ,; andk; 1, are the macroscopic forward rate coef-
tureT. In Eq. (13), the first summation represerifs-V and ficients for Q—0, and Q-0 collisions, respectively, and
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kp11 and ky, 1, are the corresponding macroscopic reversaates of reaction requires the microscopic forward probabili-

rate coefficients. With Eq€20) and(21), one obtains

k _ﬂ- nvlnv2 vz*»vé (22)
= 7 P
U1 02,U2
Z12 U1
K¢ 10=— — P, 4, 23
f,12 No o n vq d ( )
Zy Moj vy—v
kopi=—" 2 PR (24
vl,vz,vz
Zp
Koa2=1— 24 Pao- (25
O v

In the master equation, the probabilities of the vibra-
tional transitions are related by the principle of detailed bal
ance at equilibrium. For the bound—bound transitions, de

tailed balancin®f is expressed by

r r
Uop—0U Uoyr—U
—nInSIP 2 24 n®n®ptz 2 g, (26)

V1 V2 vy—ug Uy Yy vg—ug
The equilibrium distribution functiom:?is given by

eq_ n®exp(— €, /kT)
=3 exp—e, /kT)’

(27)

wheree, is the vibrational energy of Qin the vibrational

ties of transition, and the nonequilibrium vibrational
distribution function. If the processes of vibrational relax-
ation, dissociation, and recombination did not perturb
the vibrational distribution, then,/n would be the equilib-
rium Boltzmann distribution Eq(27). For the case of a
Boltzmann distribution function, Eq21) is written as

JdnuA
X

=A(— k?,qllnz +kpdn no— kfinno+ kg?lzn?(’)) .
(33

In Eq. (33), the equilibrium rate constant&fd; kg%,
f12.kpd, have the form given by Eq$22)—(25) with the
equilibrium distribution given by Eq27), and depend only
on the temperature. When the gas is in motion, the vibra-
tional distribution function is not in equilibrium. The vibra-
tional relaxation and the reactive processes perturb the vibra-
tional distribution function, and the equilibrium reaction
rates do not correspond to the equilibrium value. The ratios

kf,ll
i %
and
k]‘,12
2= Ked (39

f,12
are the quantities calculated and provide a measure of the

level v. The equality of forward and reverse rates for inelas-departure from equilibrium.

tic collisions at equilibrium, Eq(26), gives the reverse tran-
sition probability as a function of the forward transition

probability, that is,

P2 2=exd(—e

! v
VU 1

_ , , Ué—ﬂ}z
€v2+evl+evz)/kT]Pvi—>ul' (28
Similarly, for the bound—free transitions, we have
 n®9€apY2 Y2y (q€2nSdpU2 2
nvanzPUﬁd +(ngh nUéPdﬂ1 =0. (29

Equation(29) may be rewritten as

eq,eq
, nvlnvz ,
e e S e Pvz_’vz (30)
s .
d—vq (ng(I)vaZ vyi—d

We replace the ratin&)?/n®%in term of the equilibrium rate

constant, that is,
K®%= (n&)2/n®q, (31)

Thus, with Eqs(27) and (31), Eq. (30) is rewritten as
) exl(— €, ~ €, 1 €,)/KT]

U2*>U2:

= P (32

vy—d

lll. RATES FOR THE BOUND-BOUND AND
BOUND—-FREE TRANSITIONS

The methodology for the study of nonequilibrium effects
discussed in Sec. Il requires as input the thermally averaged
microscopic vibrationally inelastic, and reactive rate coeffi-
cients in the master equation given by Efj3). In this sec-

tion, we provide the details of the vibrationally inelastic

cross sections for £-0, and Q-0 collisions that are used.

A similar discussion is presented in Sec. Il B for the reactive

rate coefficients. We assume that the molecules are repre-
sented by a Morse oscillator model and the vibrational en-
ergy of O, in the vibrational levelv is given by

€,= 0 [(v+1/2)—Xo(v+1/2)%] with w,=1580 cm* and

Xe=7.64x10 34

A. Vibrationally inelastic transition probabilities

Theoretical calculations of th&—V and V-V energy
exchanges in molecule—molecule and atom—molecule colli-
sions have a very long history. The rigorous solution of this
problem requires an accurate potential energy surface be-

tween the colliding species, and the calculation of the quan-

The transition probabilities in the master equation haveum mechanical collision cross sections. For the systems of
thus been defined and a numerical solution of the mastdnterest in this study, this is not presently amenable to an

equation can be considered. Equatid®g)—(25) show that

exact treatment and approximation is necessary. A good re-

the macroscopic forward and backward reaction rates corredew of the subject up to about 1976 has been presented by
spond to an average over the vibrational states of the indiClarke and McChesndéyWe do not repeat here a detailed
vidual rate coefficients. The calculation of the macroscopidistorical account of the developments in this field.
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The model adopted in this work is the one used in the 1E+0 , .
recent paper by Lordet al® This model represents an im-
provement in the Jackson and Mott apprdddh that the
anharmonicity and the anisotropic effects are taken into ac- 1E-1
count. In this paper, the calculation of the quantum mechani-
cal cross sections for inelastic,©0, and G—0O collisions
are based offi) a distorted wave Born approximatiofii,) a
Morse potential for the diatomic molecules, afiid) an ex-
ponential intermolecular interaction between the colliding
pair, that is,

V(r)=Vgy exp—rll). (36

1E-2

\I\HII T IIIIIIII T TTTT

T
1 IIIIIII'

1E-3

Siso !/ Oz

] I|IIIII|

In Eq. (36), r is the intermolecular separatidnandV, mea- 1E-4

sure the range and strength of the interaction, respectively. In
this work, the value of is determined by fitting the vibra- 1E-5 , i ) | , ! .
tional relaxation time to published experimental values. The 1000 2000 3000 4000 5000
thermally averaged inelastic cross sections that appear in T(K)
Egs.(16) and(17) are calculated with Eq$19)—(34) of Ref. o
18. The inelastic collision cross sections depend sensitivelg_'f?- 2-tC“IJSS SegtiomlffofiggiobC?Tf)iirés ;Orm?ﬂzggs}%zi f‘ér
on the range parametér,in the interaction potential E¢36) Ilzglrze:wv;.u(i? rc()es-ul(ta?rom " oi)iai)ne 4 from E'q(g37) and (39, @
(Ref. 8, but are independent &f,.

For O-Q, we determine the value df by fitting the
calculated value ofr;_,, with experimental measurements There is a wealth of experimental data available for the
of the vibrational relaxation time. With the assumption thatvibrational relaxation time of pure molecular oxygen. We use
the Landau—Teller theof$is applicable, the vibrational re- the experimental vibrational relaxation time given by

IIIHI[
| IIIHI]

laxation timer,, is given by, Camaé® in the form
Tt =ng(8K T/ m1n) Yoy o[ 1—exp(—hiw/kT)], (37) (711P) "t ={kT"%x 10" "[1 - exp(2228)]
wherew is the vibrational frequency antlis Planck’s con- Xexf (—10.4<10°/T)*]} atm s,
stant. With the ideal gas equation of state, we have that, (40)
kT with T in degrees Kelvin, and the results provided by Milli-

_ 172 J
10 L PTI—exp —hwkT)] ("H1EKDTE (38 kan and whiteMw),

I . . . _ -3, 12 - 1/4
We use the vibrational relaxation time determined by — TuP=ex{ 1.16x 10 3uif(hw/k)*(T~ 13- 0.015:17)
Park? and expressed in terms of the fitted expression, ~18.47 atms, (41)

_ -1/
T P=exg47.qT *-0.059-18.42 atms, (39  \hereu,, is in kg. We follow a similar procedure for
M11 g p

where T is in degrees Kelvin. In Fig. 2, we compare the collisions and employ the calculated cross sections for
calculated and experimental thermally averaged cross sesingle-quantum changes in one of the j=o0%"5 as
tions normalized to the hard sphere elastic cross sectionr;_ o in Egs.(37) and(38) with the corresponding reduced
o1pe=m(dot d02)2/4, for several different values of mass,uq, and the number density. In Fig. 3, the inelastic

[curves (a)—(c)], wheredo,=3 A and dy =3.5 A are the cross sections normalized to a hard sphere elastic cross sec-
2

collision diameters of O and {f® respectively. We show the 10N 011= mdg, is plotted against the temperature for dif-
cross sections for=0.155 A[curve (a)]. The least-squares ferent values of. Fig. 3 shows that the cross section derived
fit to the expression of Park, E¢38), gives the value of from the relaxation times given by MW and Caméc)
1=0.16 A [curve (b)] over the temperature range 1000 (dashed linesare in very good agreement for low tempera-
K—5000 K. The results obtained by Park predict high effi-tures. However, the discrepancy increases with the tempera-
ciencies for Q relaxation by atomic oxygen. The efficiency ture and at 5000 Kgy_,o(C)/o1_o(MW) ~7. In Fig. 3, we

for vibrational relaxation increases with increasihgand for  also show the calculated cross sections for several values of
O,—0 relaxation,o; o/ 012,=0.3 at T~5000 K. We also | [curve (a)—(e)]. We have includedr; ., calculated with
show the cross sections fbr0.2336 A[curve(c)] reported  1=0.3144 A[curve (d)] given by Cubley and Mason and
by Radzig and Smirnd¥ determined from scattering experi- with | =0.3508 A[curve (e)] given by Radzig and Smirnov.
ments and =0.2487 A[curve (d)] given by Cubbley and An optimum value ofl=0.256 A [curve (c)] was found to
Masorf® obtained by studies of viscosity coefficients. For give the best least-squares fit to the expression of Camac, Eq.
0,-0 caollisions, these are the same order of magnitude bu@0). Moreover, this value of gives vibrational cross sec-
are not in agreement with those obtained from relaxatiortions for high vibrational states which are in good agreement
experiments. with those determined by Kurfé.There is a lack of data

J. Chem. Phys., Vol. 104, No. 10, 8 March 1996



B. D. Shizgal and F. Lordet: Supersonic expansion with reaction 3585

1E-1 . | . . : — The second factor, expg,€,/D), which is the vibrational
E bias, is consistent with surprisal analysis of collision induced
1E-2 (a) = dissociation as discussed by Kafri and Levihe=or large

values of the vibrational bias, the enhancement of the disso-
ciation rate from the higher vibrational levels is significantly
greater than that from the lower levels. Fo~@, collisions,

we assume that there is no change in vibrational quantum
number for one of the two molecules in a collision so that we

1E-3
% 1E-4
b

~ 1ES
T

setP’? "2=p'2 ¥2=P,_,. The probability for dissocia-

v—d

I IIIIIIII L IIIIIIII 1 IIIIIII| L |IIIIII| 1 IlIIIIII 1110 IIII| 1

o~ 1E-6 tion is defined consistent with the macroscopic reactive rate
coefficient so that we write
1E-7
le
1E-8 Kru(v—d,T)=—=P,_q, (44)
1E_9 1 | ] | 1 l 1
1000 2000 3000 4000 5000 and a similar expression fd¢ 1 (v —d,T).
T(K) The value ok ;,(v—d,T) is completely specified once

the pre-exponential factor&(T) or E(T), and the vibra-

FIG. 3. Cross sectiowr;_, for O,—O, interactions normalized toy;, for  tional bias parameted,;, are defined. The pre-exponential
different!. (a) 1=0.205 A, (b) 1=0.25 A, () 1=0.256 A, (d) 1=0.3144 A, factors,C(T) andE(T), are determined by setting the value
(&)1=0.3508 A. Millikan and WhitMW) (Ref. 43, Camac(C) (Ref. 28. ¢ 4o jissociation rate from the topmost vibrational level,
denoted by “top,” to some known value which is generally
the hard sphere collision rate given b@,,=(8kT/
7y Y2011 We employ two different normalizations of
K¢ 12(v—d,T) in Eq. (42) referred to as normalizations A
B. Microscopic reactive rate coefficients and B, and one normalization in E@?3) referred as normal-

] . ization C.
The numerical study of hypersonic flow coupled to reac- £ case A, we set the rate coefficient for dissociation for

tion studied in this paper requires simple analytical expresz fictitious vibrational energyo,=D, equal toQ,y, so that
sions for the dependence of the microscopic reaction rate

coefficients on the vibrational state of the diatomic and the  C,(T)=Qq; exp(—\19). (45
temperature. A complete treatment of these bound—free tran-

sitions requires a three body potential energy surface anghis is similar to the normalization chosen by RMA sec-
intensive numerical calculations of the state-dependent rea@nd choice involves setting the dissociation rate from the
tive cross sections. Instead, we choose to model the dissociiePmost level equal to the Arrhenius value without vibra-
tion with simplc:?asrlalytical expressions that have been useHional bias, that is,

by other workers™>“to account for nonequilibrium dissocia- _

tion coupled with vibrational relaxation. In this paper, for Ca(T)=Qu1 XA~ Néop/D). (46)

both O-Q and G—0, collisions, the models suggested by The final choice stems from the model used by*RBhich

concerning the/—V energy exchanges for,00, collisions
and our results obtained with the different value$ oannot
be compared with other results.

Kiefer and co-workerS*° of the form has a different dependence on vibrational energy, and we
K 12(v—d,T)=C(T)exp(\1z€, /D) have
xexd —(D—¢€,)/kT], (42) Ec(T)=Quz exp(—Ayy). (47)
and that of Ramakrishna and BatRB),* It is important to mention that for £ we have that
K 15(v—d, T)=E(T)[1+(D —¢,)/KT] (D—etop)/k.:775 K or equivalently D/,,=1.015 for a
’ Morse oscillator andD — €;,,)/k=1302 K andD/¢;,p=1.022
X exp(hq:€,/D)exd — (D —¢€,)/KT], for an harmonic oscillator. It is the departure of this last ratio

(43) from unity that distinguishes the normalizations A and B.

] ) o The value of the vibrational bias is now determined by fitting
are employed. In Eq(42) and (43), D is the dissociation 1o equilibrium macroscopic rate coefficient to the experi-

energy and the parametey,, referred to as the “vibrational ,antal value. that is

bias”,%° controls the preferential dissociation versus vibra-

tional quantum number. Although we employ E42) as an . ngd -
empirical model, it can be theoretically justified. This can be kfd,= > e k(v —d, T)=AT" exp(—D/KT),
considered as the product of two factors, an Arrhenius rate ’ (48)

constantC(T)exp[— (D —¢€,)/kT], referred to as the prior
rate constant that can be derived from the statistical approashihere A=3.32<10"° m®*mol 's ™!, m=-1.5, and D/k
of Rebick and Levin& based on prior distribution functions. =59 500 K2’ The normalization ok¢ 1(v—d,T) is carried
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T(K)

FIG. 4. Vibrational bias parametay, for O,—O collisions vs temperature.
(—) harmonic oscillator model and--) anharmonic model. Normalization
A and model of KH, normalizatioB and model of KH, normalizatio©
and model of RB.

out in a similar fashion. In this cask,, characterizes O
interactions andA=1.6604x10"8 m®*mol 's™! and m=
—15.

It is important to recognize that the model of KH in Eq.

(42) is the same as that proposed by Marrone and Tré&nor

[see Eq(71) and also Eq(50) of Ref. 1§, where instead of

the vibrational bias parameter they introduce a temperatur

U,;, where;;=D/kUy; and C(T) is normalized with Eg.
(48).

rameters\;, andi; for O, dissociation by @-O and Q-0,
collisions is shown in Figs. 4 and 5, respectively. The thre

A'll

4000 5000 6000

T(K)

FIG. 5. Vibrational bias parametay, for O,—0, collisions vs temperature.
(—) harmonic oscillator model an@--) anharmonic model. Normalization
A and model of KH, normalizatio® and model of KH, normalizatiol©
and model of RB.

The temperature dependence of the vibrational bias p%
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FIG. 6. Microscopic reactive cross sectiot)_.4 for O,—O collisions nor-
malized too,, vs vibrational level for anharmonic oscillator B&=4500 K.
Normalization A and model of KH, normalizatio8 and model of KH,
normalizationC and model of RB.

models predict an increase of the parametgrgndX\, with
increasing temperature. Consequently, for a given vibrational
level v, the effect ofAy; and N\, is to reduce the reactive
cross section with increasing temperature. Neverthelgss,
and\, are weak functions of temperature.

In Figs. 4 and 5, the solid curve and the dashed curve are
for the harmonic and anharmonic oscillator, respectively. At

% given temperature, the vibrational bias parameter calcu-

lated with normalizations Acurve(A)], B [curve(B)] and C
curve(C)] is bigger for the anharmonic model than with the
armonic one. Moreover, the vibrational bias parameter cal-
culated with normalizatiofA) and(B) are very close what-
ever is the temperature.

In Figs. 6 and 7, the normalized reactive cross sections
0, .4l 012 @aNd o, 4/ 055, are plotted at 4500 K for 8-O
and G-0, collisions, respectively. The reactive cross sec-
tions obtained with the model of KH and normalizations A
[curve (A)] and B[curve (B)] are very close to each other
whatever is the vibrational level, whereas the reactive cross
sections calculated with the model of RB and normalization
C are smaller fow <10 compared to those of the model of
KH. All the reactive cross sections are of the same order of
magnitude among the vibrational levels witt=10. Con-
cerning the vibrational states with=10, the model of RB
predicts larger reactive cross sections than those calculated
with the model of KH. In additionC(T) andE(T) are cal-
culated in such a way that near the dissociation limit, for
v =37, the different reactive cross sections are close to the
hard sphere cross sections.

IV. NUMERICAL SOLUTION OF THE COUPLED FLUID
AND MASTER EQUATION

A. Without reaction

In the absence of reaction, the master equation given by
Eqg. (13) may be rewritten as
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FIG. 7. Microscopic reactive cross sectioy)_,4 for O,—0, collisions nor-
malized too;, Vs v at T=4500 K. NormalizationA and model of KH,
normalizationB and model of KH, normalizatio@ and model of RB.

n, n
V1 Vp _vp—v

1 I, UA 7.,
nAu dx

n Ulaui

vz,ui,ué (
nvinvé Pvé*’UZ
n2 v/ —v ’

1 1
The equation of mass conservation, Et), is obtained by
summing Eq.13) over all statew ,,

JNUA
ax

(49

(50

From Eg.(50), since fiAu) is independent ok, the left-
hand side of Eq(49) may be rearranged to give

1 anvluA:&(nvl/n)
nAu X ox

Thus, the master equation, E49), may be rewritten in the
form

(51)

an,, In) z,,
oax U

2 n”ln”2 uzﬂué

— P
’ ! n Ulﬂvl
V2.V Uy

nvinvé vy—vy
2 P '

n Lt ] ’

+ (52

The rate of change of the vibrational energy equation is ob

tained by multiplying Eq(52) by €, and summing ovep ;.
The variation of the vibrational energy withis given by

IEyip _ ﬁ. 2 B Ny Mo, Pvz—wé
X u ror n Ul—’Ui
vl,v2,0102

n
+

m,.r
vy, Ué—'vz
U1

2 (53

’
Ul—*Ul
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If all the parameters appearing in the right-hand difg.
(52)] are defined for a specified position denotedxbysee
Appendix, then Eq.(52) may be integrated numerically and
the vibrational energy may be calculated. This set of equa-
tions is coupled to the macroscopic fluid equations since the
right-hand side of Eq(52) is a function ofu, n, andT. If
Egs. (3) and (8) are differentiated with respect o, and
combined with Egs(1), (2), and(7), one can show

u u 1dA 2 9Ey o

X (A-MH |\Adx T7RT ax |’ (54
whereM is the frozen Mach number given by

M =u/\7RT/5. (55

The system of differential equations given, respectively, by
Egs.(52)—(54) may be integrated if the flow parameters are
specified ak; . In this paper, in order to avoid both the cal-
culation of the nonequilibrium mass flow, and the singularity
occurring atM =1 in Eq. (54), we assume that the gas is in
equilibrium from the reservoir to the cross sectional area for
which M~1. This approximation may be justified, since the
vibrational relaxation time is very fast in comparison with
the rate of expansion until the singulari®y=1. The calcu-
lation of the equilibrium mass flow and of the flow param-
eters atx; whereM~1 is presented in the Appendix. Equa-
tions (52—(54) are integrated numerically. Thus the
vibrational energy and the velocity are defined at each step.
The temperature and the mass density are, respectively, cal-
culated from the enthalpy and mass conservation. The pres-
sure is deduced from the equation of state. The numerical
integration is performed by using the semi-implicit extrapo-
lation method of Bader and Deuflh&fdwhich is for stiff
differential equations® The Jacobi matrix of derivatives,
which is required for the numerical integration, is calculated
numerically with the Ridders methcd>!

B. With reaction

The master equation in E@L3) is transformed to calcu-
late the spatial evolution of the fractional population of each
vibrational level. The fractional population is expressed as a
function of the vibrational distribution function,

v, ot (56)
1. 2n+ng’

whereMo,=2Mg has been used. The fractional population
Y, is normalized to¥o,. The continuity equation is obtained

by summing Eq(13) overv,, and we have

J(2n+ no)uA_0
X e

With Egs.(56) and (57), one can show
Yy, 2 an, UA
ax (2n+ng)Au X

(57)

(58)

Since[(2n+np)Au] is independent ok, we can write the

Equation(52) for the master equation is convenient be- master equation analoguous to H&2) in the following
cause it is now written in terms of the fractional population.form:
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(9Y Z ’
u—>=2 3 -v,y, P 2y, Y, P"2 ”2+ 2 -V, P'2="242v2y, J(2n+ng)Py
X Yo ; 1 v—ug 2 vy d—uv,
2 UZ’UJ_’UZ vy, 1)2
219 2 = Yo,Poyupt YorPur o, = Yo Py et 2YE(20+N0)Py 1 (59)
U1
|
If Egs. (3) and (8) are differentiated with respect tq and
combined with Eqs(1), (2), and(8), one can show > ex kT+vK(X) (64)
a_u: _ LZ [ P dA+ M ( T parametrized by the paramete(x) which describes the ex-
Ix P(1-M%) [ A dx (7+3Y0) tent of the nonequilibrium. WheK =0, the gas is in equilib-
No aY rium. This model is completely specified whef(x) is
—Eypt+h®| —24+(1- YO) B —O], known. We provide here a brief outline of the procedure to
X X calculateK (x). The derivativedK(x)/dx can be obtained by

(600 differentiating the averaged quantum numbegiven by

whereM is the frozen Mach number given by —
nv=_>, n,v. (65)

M=u\5+Yo/V(7+3Yo)(1+Yo)RT. (62)

The vibrational energy given by Ed6) is rewritten as a The relaxation equation for this model is given by
function of the fractional population,

1

N _ {exd —K(x)]—1}

2,2 P22 n, In. (66)

E . _ X u Ly, V1T -1N
Evib T E Y,e,. (62 102 )
_ o _ — _ Equations (64) and (65) are used to calculatedd¥/dx)
Equation(62) is differentiated so thatE,;,/dx given by =(VIaT)(aTIx) + (V1K) (9K/ax). This differential

- = equation is combined appropriately with the conservation
aE"ib: 1 2Yee, Ewp Mo, (63  equations and the equation of state to give a set of seven
X  YoMqg, X Yo, dx ' equations of the formaoM /dx="T,(u,T,Eyp.P,p,K,A)
whereM,, is, respectively, equal to,T,E,;, ,P,p,K,A. This
system is numerically integrated. In this way, the vibrational
distribution function may be calculated as a functiorxof

The separation of time scales between, and r,_y

the gas is in equilibrium from the reservoir to the cross secWas also utilized to show that for a harmonic oscillator
9 q model, the population distribution is a Boltzmann distribu-

t!onal area wheré1~1. The calculation of the initial cond|. tion functloriL characterized by a vibrational temperature
tions atx; where the frozen Mach number is close to unltyé )
vib.

are presented in the Appendix. The numerical integration i

can be substituted into E¢G0). The numerical integration of
Egs. (59) and (60) requires initial conditions. As in Sec.
IV A, we avoid the calculation of the nonequilibrium mass
flow and the singularity occurring &l =1 by assuming that

performed similarly to Sec. IV A. €, > €,
n,/n=exp — exp — . (67)
v kTvib kTvib
V. COMPARISON WITH TREANOR AND In this model, the de-excitation probabilities are proportional
LANDAU-TELLER MODELS FOR VIBRATIONAL to the vibrational quantum number of the molecule,
RELAXATION S S
Pv1—>U1+l:(v1+1)Pl—>0 ! (68)

The vibrational distribution obtained from the master
equation is compared with the distribution calculated withand
the model of Treanoet al?® In this model, theT-V and
V-V energy exchanges governing the vibrational distribu- PZi:zi;izvz(Uﬁ 1)P3. (69)
tions are assumed to proceed with two different time scales,
that is 7y_y<7r_y. As a result, a quasisteady distribution Equations(53), (67)—(69) are combined to give the well-
function is maintained by th€—V energy exchanges and the known Landau-Teller equation,
vibrational distribution is assumed to be of the foftn, 5
w
1—exp< - ﬁ) / u,
(70)

JEip .
= (ES(T) —Eup)Z1aPy?
n,/n=ex ——+vK()

kT
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where EZ}(T) is the equilibrium value of,;,. Equations tion function calculated with the model of Maroret al.
(70) and (54) are solved numerically. At each step, the cal-[curve(c)] is very close to the one determined from the mas-
culation of E,;, enables one to calculafg,;, and to deter- ter equatior{curve(a)]. When the effect of th& -V energy

minen,/n from Eq. (67). exchanges is neglectgdurve (b)], the vibrational distribu-
tion function is close to those determined from the Boltz-
VI. RESULTS AND DISCUSSION mann diStribUtion[CUrve (d)] characterized byTvib' The

comparison between curvéa) and(b) shows that thé/—V
energy exchanges create a distortion of the vibrational distri-

The computation is performed for a nozzle with cross-bution whenA(x)/A;=4 and that the effect of the—V ex-
sectional area distribution similar to that defined in the intro-changes increases with the vibrational level. However, the
duction. The reservoir temperature is 2400 K, the pressure jgbrational energy remains frozen in the zone where the
100 atm, and the atomic mass fraction is smaller tharf.10 V-V exchanges have a strong influence on the distribution
As a result, the reactive processes are neglected. In additiofdnction, since the/—V exchanges have a strong influence
the fractional populations for the high vibrational levels areon vibrational levels for which the populations are small.
small (n;¢/n<1078). The computation is performed for the Moreover, when the effect of th¥—V exchanges is ne-
first 18 vibrational levels, since the contribution of the higherglected in the master equation, at a given cross sectional
vibrational levels on the vibrational energy and on the macarea, the vibrational energy is slightly higher than when the
roscopic parameters is neg||g|b|e V-V exchanges are included. This result is confirmed, when

In Fig. 8, we show the results of the calculations ofone calculates the vibrational energy with the population dis-
vibrational relaxation without reaction, and give/n vs tribution function, obtained with the model of Marroeeal.
A(X)/A, forv=0, 1, 5, 10, 17. The four curves in each graphwhere the influence of the—V exchanges is overestimated.
correspond tda) T-V andV-V energy exchanges included When the cross sectional area increases,\th&/ energy
in Eq. (52), (b) V-V energy exchanges neglected) the exchanges reduce the average vibrational energy and in-
model by Treanoet al,?> and(d) the Landau—Teller model. crease the translational—-rotational temperatacg shown.

The relaxation zone may be divided in two regions. The first

one _is located just downstream of tr_]e throat until th_e CroS$ \with reaction

sectional ared(x)/A;~4, where the vibrational relaxation is

dominated by thél—V energy exchangdsigs. 8A)—(E)]. When the reservoir temperature 1$=5000 K and the

In this zone, the translational—rotational temperature depressure is?,=90 atm, the gas is partially dissociated and
creases quickly with increasing(x) and, consequently, the Yo, r=0.6545. Consequently, the reactive processes are in-
transitions involvingT—V energy decreases strongly with cluded in the master equation, and the contribution of all the
increasing A(x). The second region is located beyond vibrational levels on the vibrational energy and on the reac-
A(x)/A;=~4 where the vibrational relaxation is governed by tion rate coefficient is significant. For this case, the compu-
the V-V energy exchanges. tation is performed with 37 vibrational levels.

In Fig. 8A), the fractional populatiomgy/n for the We first compare the vibrational distribution function
ground state increases strongly from the throat until thecalculated when the reactive processes are accounted for in
cross-sectional are&(x)~4A, . Beyond this cross-sectional the master equation with that obtained when they are ne-
area,ny/n is frozen when it is determined from a Boltzmann glected. Then, we compare the vibrational distribution func-
distribution, and when th&/—V exchanges are neglected. tion and the departure of the rate coefficients from their equi-
For cross sectional areax)/A;=4, ny/n increases more librium values calculated with the model of KH to those
slowly when theV-V exchanges are taken into account in calculated with the model of RB. The different valuesl of
Eq. (52). Also, nyg/n increases slightly more quickly with the presented in Sec. Il A are employed, and the influencke of
model of Marroneet al. then when the/—V exchanges are on the deviation of the macroscopic forward rate coefficients
included in Eq.(51) because th& -V energy exchanges are kg ;; andk; 1, from their equilibrium values is discussed. The
overestimated. In Fig. (8), n;/n decreases monotonically contribution of each vibrational level to the macroscopic for-
for the three of the four-cases studipzlirves(a)—(c)] for  ward rate coefficient is also calculated for different cross-
which V-V energy exchanges are included, wheneds is  sectional areas determined from numerical integration of Eq.
frozen forA(x)/A;=4 whenV-V energy exchanges are ne- (59 as discussed in Sec. IV B.
glected, curved). A similar behavior is observed far,/n. In Fig. 10, the fractional population for the ground state

For the remaining vibrational levels >2), the effect of Y is plotted as a function oA(x)/A;. The calculation is
the V-V energy exchanges is opposite Te-V energy ex- performed with both the model of KH and by neglecting the
changes. After a strong de-excitation zone due toTth&/ reactive processes in E(p9). The solid curve is with reac-
de-excitation processd#\(x)/A;=4), the vibrational distri- tion and the dashed curve is without reaction. The fractional
bution function increases slowly when the cross sectionapopulation of the ground staté, increases with increasing
area increases. In Figs(®—(D), the effect of theV—-V  x. The temperature drops rapidly with increasing cross-
exchanges is stronger when the vibrational level increases. ectional area of the nozzle, and the reactive processes pro-
Fig. 9, we show the fractional populatior)/n versusy fora  ceed mainly through recombination. Consequently, when the
cross sectional area(x)/A;=23.1. The vibrational distribu- reactive processes are not included in the master equation,

A. No reaction

J. Chem. Phys., Vol. 104, No. 10, 8 March 1996



3590 B. D. Shizgal and F. Lordet: Supersonic expansion with reaction

T T I' " T T T I
0.80 | = 3 .
7 1 [
i 1E-5 :4 D =
- © .
0.76 @ © r ]
(@ i i L
£ £
g om A - = 1E6p 3
0.68 — i ®
1E-7 \ E
N R E —tt ]
20 30 0 10 20 30
AX)/A, AX)/A,
T T I T | 1E-7 ; T i T | T g
022 - :
1E-8 £ =N
) 1E-9E =
0.20 E E
o £ C 3
= = 1E-10E =
= S E 3
0.18 - : :
1E-11 & @ 3
1E-12 & \ =
0.16 E \ E
i 1 | L | 1 I .
1E-13
0 10 20 30
AX)/A,
' I ' I ' I
£ 1E3 FIG. 8. Reduced populations,/n vs A(x)/A;. (8 T-V and V-V ex-
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(52), (c) model of Treanoet al, (d) model of Landau-Teller and E¢67). A

v=0,Buv=1, Cv=5 Dv=10, Ev=17.

the factional population distribution function is smaller thantional populationY, for v=1,2,3 is shown versua(x)/A.

that obtained when the reactive processes are accounted fof, increases strongly behind the throat of the nozzle, due to
As is clear from Fig. 10, the reactive processes have a strortfpe reactive processes; but the influence of the reactive pro-
influence on the factional populatiofy. In Fig. 11, the fac- cesses decreases with increasing vibrational levels. Conse-
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FIG. 9. Fractional populations,/n vsv. A(x)/A=23.1.(a) T-V andV-V

exchanges accounted in E®2), (b) V-V exchanges are neglected in Eqg. FIG. 11. Fractional population¥,, Y,, and Ys vs A(X)/A,. (—) with
(52), (c) Treanoret al,, (d) Landau—Teller and Eq67). rea(;tion-,(———) without Fe:fction. SR 3 CTA

guently, the first vibrational levels have a strong influence on  In Fig. 13, we show the variation of the fractional popu-
the profile ofYo,. lations Y, for v =30-35 versusA(x)/A;. Just behind the
In Fig. 12, we compare the variation ¥ for v=1,2,3 throat, the fractional populations of the high vibrational lev-

calculated with the model of KHisolid curve to those cal- €ls decrease quickly due to vibrational de-excitation. As the
culated with the model of RBdashed curve The trend for ~rate of expansion increases, the variation of the fractional
the vibrational distribution is the same with both models. AsPopulations becomes very slow.

is clear from Fig. 6 and 7, the reactive cross sections for In Fig. 14, we show the variation of the factional popu-
v=10 calculated with the model of KH are larger than thoselation of the topmost vibrational levefg versusA(x)/A, .
calculated with the model of RB for £0 and G—0, col-  The solid line is with reaction and the dashed line without
lisions. Consequently, the backward probabilities de¢10  reaction. The main variation of 34 is due to the vibrational
calculated with the model of KH are also larger than those'€laxation and not to reactive processeég,; decreases with
calculated with the model of RB. As a result, for v=1,2,3 increasingx to populate the other factional populations when
calculated with the model of KH are larger than those calcuthe reactive processes are included or not in the master equa-

lated, with the model of RB with increasimy(x)/A;. tion.
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FIG. 12. Fractional population$,, Y,, andY3 vs A(x)/A;. (—) with the
FIG. 10. Fractional populatiofy, vs A(x)/A;. (—) with reaction, (---) model of KH and normalizatiod, (---) with the model of RB and normal-
without reaction. ization C.
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FIG. 13. Fractional populations, for v =30-35 vsA(x)/A, with the model

FIG. 15. Mass fractioro, vs A(x)/A;. (A) with the model of KH and
of KH and normalizatiorA.

normalizationA, (C) with the model of KH and normalizatio@.

The mass fractioh(o2 in Fig. 15 increases strongly be-

hind the throat because of the strong variation of the fac- _ ) o
tional populationsY, Y1, Y, andY,. The contribution of the 9. F1 andF, decrease with decreasing the vibrational re-
factional population of the other vibrational levels ¥g is ngatlon time because both the y|brat|onal d_|s_tr|but|on func-
less significant. According to the factional populations distri-1O™ gnd th(.a.forward macroscopic rate coefficients are closer
bution plotted in Fig. 12Y_ calculated with the model of to their eqU|I.|br|um values. FOA(x)/A=30, the deviations

) N . " calculated with =0.3508 A are equal t6,=8.07xX10" and
KH is larger thanY, calculated with the model of RB with £ _; 97,1012 \hereas those calculated witk0.256 A are
increasingx. equal toF ;=7.71x10** and toF ,=1.88x 10" for 0,—O and

The different values of employed in Sec. lll are used in  o,—Q, collisions, respectively. The influence bbn the de-
order to assess the influence of the vibrational relaxatioRyjation increases with increasing the cross sectional area.
time on the macroscopic reaction rates and on the deviationfhe molecular mass fraction calculated by settin®.256 A
F; andF; given in Egs.(34) and(35). In Figs. 2 and 3, the s slightly larger than that calculated with=0.3508 A, be-
vibrational cross sections; ., for, respectively, -O and  cause the macroscopic forward reaction rate decreases with
0,-0, increase when decreases. Consequently, from Eq.increasing the vibrational relaxation time, which increases
(37), the vibrational relaxation time decreases Wiihcreas-  the rate of recombination. The different valued éér O,—O

1E-6

1E-7

LLLLEALL

1E-8

Y36

1E-9

1 IIIIIIII

Il IlIIIIII

1E-10 ' ' '
0 20

ARX)/A,

FIG. 14. Fractional populatiorY g vs A(X)/A;.
without reaction.

(—) with reaction, (---)

collisions presented in Sec. IV were also employed. How-
ever, the influence of on the deviationg=; and F, is not
significant. Even thoughr, , is of the order ofo, at 5000
K, the atomic mass fraction is weak compared to the molecu-
lar one, and -0 collisions have small effects on the vibra-
tional relaxation time.

In Fig. 16, the deviation§; (dashed lineandF, (solid
line) calculated with the model of KHcurves A and with
the model of RB(curves @ increase with increasing the
cross sectional are&.; andF, become of the order of 1®
for A(x)/A;=30 when they are calculated with the model of
KH and are of the order of & when they are calculated
with the model of RB. The deviatiorts; andF, are large for
two reasons. First, because the temperature drops rapidly, the
vibrational relaxation times increases considerably and the
vibrational distribution function is far from its equilibrium
value. Second, the velocity increases on a short time scale,
which reduces the spatial variation of the vibrational distri-
bution function. The vibrational relaxation and the reactive
processes affect the vibrational energy, and the molecular
mass fraction for cross section ared@éx)/A;=10. Beyond
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FIG. 17. FactorF; vs A(x)/A;. The vibrational distribution function is
determineda) from Eq.(59), (b) from Eq.(67), (c) from Eqg. (64).

A(X)/A~10, the vibrational energy and the molecular massClose to the throgtcurve(a)], the nonequilibrium effects are

fraction are frozen.

weak, the curve is linear, arti(x) is independent o . With

In order to show the influence of the vibrational distri- increasing the cross sectional area, the nonequilibrium ef-

bution function onF,, we calculate=; by assuming a Bolt-
zmann distribution characterized By;,. If Egs. (42) and
(48) are combined, one can show

Q(T) €
—Ke9, = 7 il
kfyll(vad,T) f,11 Q(—Ull) eXF{ k (1/U11+1/T):|,
(71)
where Q(T) is the partition function and;=D/kU,; has

been used. With Eq$22), (67) and(71), one can show

 __ QTnQMm
Y Q(Tyin)Q(—Uyy)’
where 1T:=1/T;,—1/U,— UT. In Eq. (72), F, is the same
as that proposed by Marrone and Treaiidn Eq. (71), we
use the value ok, calculated with normalization A in Sec.
[l B. We also calculateF; by assuming a Treancet al.
vibrational distribution function given by Edq64). The pa-

(72

rameterK (x) is calculated from the averaged vibrational en-

ergy, andT ;, in Eq. (72) is determined similarly. In Fig. 17,
we showF; versusA(x)/A, calculated with the vibrational

distribution function determined from the master equation
[curve(a)], which is larger tharr, calculated by assuming a

Boltzman distributior{ Eq. (72)] [curve (b)], and larger than
F, calculated with a Treanoet al. distribution [Eq. (64)].
The deviationF; are smaller in curvegb) and (c) than in

curve(a) because the populations of the high vibrational lev-
els calculated from Eq$64) and(67), are smaller than those

calculated from the master equation.

In Fig. 18, we plot the vibrational distribution function

calculated from the master equatipg. (59)] in the form
logl(n,/n)exp(e,/kT)] versusv for different cross-sectional
areas[curves(a)—(e)]. If Eq. (64) is a good approximation,
we expect a linear variation with, with slope equal t&(x).

fects are larger and the parametedepends omw . Figure 18
shows that fow =0-10, there is a linear portion for which a
K(x) can be calculated from the slope of curgbs-(e). For
A(x)/A;=1.18,[curve(a)] and 27.34 curve (e)], we obtain
K=0.179<10"2 and K=0.71, respectively. We have also
calculatedK by equating the averaged vibrational energy
determined from the Treanaat al. distribution function to
that determined from the vibrational distribution obtained
with the master equation. We find that f#a¢x)/A;=1.18 and
27.34,K=0.163x10 2 and 0.79, respectively.

The macroscopic forward reaction rate is equal to the
sum of all individual dissociative transitions. The contribu-

log[(n, /a) exp( £, /KT)]

FIG. 18.

lod(n,/n)exp(e,/kT)] vs wv.
A(X)/A=3.57,(c) A(x)/A,=8.73,(d) A(x)/A,=19.06,(e) A(X)/A=27.34.

(@ A(x)/A=1.18, (b)
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. our previous study, just behind the shock wave, the gas is in
nonequilibrium and the forward rate coefficients are negli-
gible compared to their equilibrium values because only the
fractional population for the ground state is significant. How-
ever, as the distance behind the shock wave increases, the
vibrational distribution function is perturbed by both vibra-
tional energy exchanges, mainly through excitations and re-
- active processes, mainly through dissociation. As the gas
moves toward an equilibrium value, the forward rate coeffi-

. cients approach their equilibrium value.

a2 ]
Vil. SUMMARY
r In this article, we have calculated the increase in the
-16 ' l L ' ' ' L forward rates of @-0, and Q-0 reactions from their equi-
0 10 20 30 librium values for the hypersonic expansion of Brough a

6. 19, logft AA - (D) ACIA 102 (2) ACIA —47 (3 nozzle. The increase in the forward rates is due to the per-
A(Xj/At;18_96}(14)";()()(/’2{:'1'6_(8?(5)(?()();&:'30'_;2)_ ()/A=47.3)  tyrpation of the vibrational distribution function by-V,
V-V, and reactive processes. The vibrational distribution
function is calculated from a numerical solution of a master
equation, which is coupled to the conservation equations.
tion of each individual transition on the forward macroscopicThe deviations of the reaction rates from their equilibrium
rate coefficient is shown with the coefficient, values are strong, and increase, with increasing the cross
v sectional area. In addition, our calculations show that the
1= (Mo /MKy 12(v—=d T/ Kr 11 contribution to the forward reaction rates comes from all the
vibrational levels, when the gas is located close to the throat,
=Ny, /E N,oy_d. (73 and from the highest vibrational levels when the gas is far
v from the throat.
In Fig. 19, the fractiorf}, is plotted against the vibrational
levelv for differentA(x)/A; [curves(1)—(5)]. It can be seen
that the contribution td; 1, is almost equal, whatever is the ACKNOWLEDGMENTS

vibrational level when the vibrational distribution function is This research is supported by a grant from the Natural
closed to.quilibriurT(A(x)./Atw-l). Nevertheless, in Fig. 17, and Engineering Research Council of Canada, and NATO
the contribution of the high vibrational levefsurves(2)—  Grant No. CRG931332. We are grateful to Dr. David Zeitoun
(5] Increases quickly with increasiny(x)/A, for two rea-  for reading the manuscript prior to publication and for sev-
sons. First, when the temperature drops, the reactive crogg, helpful comments.

section of the high vibrational level remains of the order of
magnitude of the hard sphere cross section, whereas those of

the other vibrational levels decreases quickly. Second, foAPPENDIX: DETERMINATION OF THE INITIAL
A(X)/A;=b, the vibrational distribution function is almost CONDITIONS FOR THE NUMERICAL INTEGRATION
frozen and the populations of the high vibrational level are
higher than that calculated when the flow is in equilibrium.

The functionfy, which characterizes £-O collisions has a where the p'osmon. !S(t and (dA/dX)XtIO'. In order to re-
similar trend. move the singularities occurring & =1 in Egs. (54) or

In this paper, the nonequilibrium phenomena differ from (60), and to calculate the initial conditions necessary to inte-
those of a previous pap&where the nonequilibrium effects 9rate Egs(52)—(54) or (59) and (60), we assume that the
are generated by a shock wave. In this study, the gas is inflow is in eqw_hbngm until the position _where the frozen
tially in equilibrium, and the nonequilibrium effects are pro- Mach number is slightly greater than unity.
duced by the expansion. In the reservoir, since the vibrational From the equation of motion, E¢2), we can show
distribution function is equal to its equilibrium value, the AP ap
forward rate coefficients are equal to their equilibrium val- 90 o —udu. (A1)
ues. As the rate of expansion increases, the vibrational dis-
tribution function is perturbed by both vibrational energy ex- The logarithmic derivation of the mass conservation gives
changes, mainly through de-excitations and reactive oA du
processes, mainly through recombination. Nevertheless, the —+ K+ FZO' (A2)
vibrational distribution function remains far from its equilib-
rium value, and the forward rate coefficients become muchf (dp/p) from Eq. (A2) is substitute into/Al), we find the
bigger than their equilibrium values. On the other hand, infundamental relation for one-dimensional compressible flow,

The equilibrium mass flow is determined at the throat
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B. D. Shizgal and F. Lordet: Supersonic expansion with reaction 3595

1dA  14u u2 Eq. (55), the velocity isu?=(7RT,/5)(1+ €)2. Thus, from
Adx  udx ( - m) . (A3)  the ponservation of enthalpy, the temperaﬂ];enay be'nu-
merically calculated. The pressuRg is calculated by inte-
The Subscript §” indicates that the entropy is constant. grating Eq(Ag) from Tt and Pt to Ti . The densitypi is
determined from the ideal gas equation of state, Apnds
1. In the absence of reaction given by Eq.(A10) from which the positiorx; is determined
: from the nozzle profile, Fig. 1.
The final desired result involves explicit evaluation of
the sound speetzhng(&P/ap)s for this molecular gas at

equilibrium. If the ideal equation of state is differentiated

with respect tax, then
The calculation of the equilibrium mass flow is more
M: ( +£M) (A4)  complicated, than in the absence of reaction because the
(dpl9x) T (dplax) )’ atom mass fractiol is an additional unknown appearing in
The temperature is obtained by differentiating the enthalp)_}he conservation equatic_Jns. We fo_IIow the_same proc_edure as
equation, 7/RT+E&+u?/2=h, , Eq. (3), in the absence of reaction. The final desired result involves
explicit evaluation of the sound speaaqz(aP/ap)S in Eq.
(A3) for the gas mixture at equilibrium. If the ideal equation

2. With reaction

ou 7 T OES T

U Ta R T o O (AS)  of state is differentiated with respect %o then
The term inu(du/dx) in Eq. (A5) is replaced by—1/p(dP/ (9P/ax) p (dT/9x) (Yol ox)
x) with use of Eq.(2), and the result for{P/ax) given by W:RT 7 (1+Yo) plax) P (aplan)

Eq. (A4) is subsequently used. The resulting equation is
solved for @T/dx) to give

aT 2R T(dpl Ix

oT_ _2RT9plox) (A6)
ax  p[5+2C,in(T)]

whereC,;,(T) =(JES3/dT). With the substitution of Eq(A6)

+(1+Yo) | (A11)

The temperature is obtained by differentiating the enthalpy
equation, Eq(3),

into Eq. (A4), we have the final desired result du 3 Yol Rt (1= Yo Cun(T)
u—+|llz+2 +(1- i —
(&P) (TR+ 2Cvib(T)) ) ox 127279 O] ox
dp |, \BR+2Cp(T) | - 3 No
, —-|ESl— 5 RT-h°| —=0. (A12)
In order to determine the temperature at the throat, we use 2 Ix

the conservation of enthalphy. At the throat we have thal

fThe term inu(au/dx) in Eq. (A12) is replaced by-1/p(dP/
(dA/dx)=0. Consequently, from Eq(A3), uZ=(dP/dp)s e term inu(9u/ox) in Eq. (A12) is replaced by-1/p(

dx) with use of Eq.(2), and the result fordP/dx) given by

and Eq. (All) is subsequently used. The resulting equation is
7 —, u(Ty) solved for @T/dx) to give
hy=5 RTi+ Evi(Ty) + 5 (A8) T )

whereT, is the temperature at the throat which is determined ax [RI2(5+Yo)+(1—Yo)Cyin(T)]
numerically from Eq.(A8). A supplementary macroscopic 3 No RT(1+Ye) dp

parameter must be defined in order to calculate the other x| (E®—RT/2—h%) — + )

parameters of the flow. The enthalpy, the momentum and the IX p IxX

equation of state may be rearranged to give (A13)
P P[7TR+2C(T)] In order to expreséJY odx) as a function off, Yq, p, (9T/

aT 2RT ' (A9) dx), (dplox), we need a further relation. We employ the law
This equation can be numerically integrated with the Runge—?i;:]ass action. The equilibrium constaty(T) for the reac-
Kutta method from the reservoir conditions as initial values

(P, andT,) to the throat where the temperatureTis. This O,+M=20+M, (A14)

integration enables one to calcula® and to deduce the L L

mass flow where M is either Qor O and is given by
o | | Ke(T)= = e

In order to avoid the singularity occurring =1 in Eq. [O2] Mo, (1=Yo)

(54), the initial conditions necessary to integrate Esp)— .

(54) are calculated at a position, where the frozen Mach _ K—qzex Al L) A4 A 0l B

number is slightly greater than unity. Fdt;=(1+e¢), from Na B 2T T
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B\?2 We get
+A, = +A| = |, (A15)
T 1 KT _ T (A17
determined by experimertO] and[O,] are, respectively, the Ko(T)  ox 2 9x’
equilibrium concentration in moles per unit volume of O and
O,. K®*%is the equilibrium rate constant given by E§1).  where
The values oB,A;,A,,A;,A,,As are given by Park.The
term (9Y o/9x) in Eq. (A13) is obtained by differentiating Eq. (A1 Az AB 2AsB? A18
(A15), =\ T T ) (AL8)
%: Yo(1=Yo) 1 aKC(T)_ Ea_p _ (A16) (9Yo/dx) obtained in Eq.(AL6) is substitute in Eq(A13),
X (2—=Yqo) \K(T) oax p X and one obtains,
|
(aTIox) 1 —Yo(1-Yo)(ES—RT2—h%) + RT(1+Yo) (2— Yo) A9
(dplax)  p | RI2(5+Y0)(2=Yo)+(1—Yo)Cyp(T)(2—Yo) = (ESE—RTI2—h) Y (1~ Yo) 5’
and (aY o/dx)/(dpldx) is calculated by substituting EA19) into Eq. (A16),
(dYolox) bol —Yo(1-Yo) (ESY—RT2—h%) + RT(1+Yo)(2— Yo)] Yo(1—-Yo)
(plax) | RI2(5+Yo)(2—Yo)+(1—Yo) Cun(T)(2— Yo) — (ES—RTI2—h%) Yo(1— Yo) ¢, p(2=Yo) -
(A20)
With the substitution of Eq(A19) and (A20) into Eq. (A1l), we have the final desired result,
(ap R(1+Yo)[— Yo(1—Yo) (ES—RT/2—h%) + RT(1+ Yo)(2— Yo)] l
dp ), [RI25+Y0)(2=Y0)+(1=Yo)Cuip(T)(2—Yo) — (Egh—RT2—h%) Yo(1-Yo) ¢,
RTdo[ —Yo(1—Yo)( Esi%— RT/2-h%)+RT(1+ Yo)(2—Yo)] Yo(1—Yyp)
RI2(5+Y0)(2—Yo) +(1=Yo)Cuin(T)(2— Yo) — (Es—RT/2—h%) Yo(1-Yo) b2 (2=Yo)
+RT(1+Yo). (A21)
|
At the throat, @A/dx)=0, and from Eg. (A3), (5+ Yq;)](1 + €)% The temperaturg; is calculated by in-

Utzz(ﬁp/ﬁp)s,_WhiCh is a function ofT,Yo. Consequently,  tegrating (9Yo/ax)/(dT/dx) until the coupleT; and Yo,
the enthalpy given by Edq3) may also be written as a func- verify the conservation of enthalpy. The mass dengitys

tion of T, Y. In order to determine the couplg, Yo, Which  calculated from the law of mass action, and the positipn
verify the conservation of enthalpy, we integrate numericallyfrom the mass conservation.

with the Runge-Kutta method the ratio(dYq/dx)/
(0T/9x)=f(T,Yo) given by Egs(A19) and (A20). The ini-
tial conditions for the numerical integration afg and
Yo,. We choose an arbitrary value &f and calculate the
corresponding value of 5 until the conservation of enthalpy
is verified,
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