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The hypersonic expansion of O2 through a nozzle is considered. The steady nonequilibrium
vibrational distribution function of O2, and the nonequilibrium forward reaction rate coefficient for
the dissociation of O2 are calculated theoretically. In the first instance, the vibrational relaxation of
O2 in the absence of reaction is examined in the temperature range 500–2500 K. The master
equation for the vibrational populations, coupled to the steady one-dimensional conservation
equations is solved numerically. The vibrational population obtained in this way, is compared to the
distribution calculated using either a Treanor model or a Boltzmann distribution characterized by a
vibrational temperature. The transition probabilities between O2 vibrational levels employed take
into account the vibrational anharmonicity, and the anisotropic intermolecular potential. For the
temperature range 2500–5000 K, the vibrational relaxation including dissociation and
recombination is studied. The reactive probabilities that are required for this calculation were
obtained from the model of Kiefer and Hajduk@Chem. Phys.38, 329 ~1979!#. © 1996 American
Institute of Physics.@S0021-9606~96!00908-3#

I. INTRODUCTION

The study of the relaxation to a steady state of an ini-
tially nonequilibrium vibrational distribution of some mo-
lecular system, is a fundamental problem in chemical physics
with many applications. Over 30 years ago, Shuler and
co-workers1 pioneered a theoretical description of the relax-
ation of a nonequilibrium vibrational distribution function of
diatomics dilutely dispersed in a large excess of an inert gas
which acts as a constant temperature heat bath. This work
was extended to other systems by subsequent researchers.2

The nonequilibrium vibrational distribution function is given
by a master equation,3 which could include vibration–
vibration (V–V) and translation–vibration (T–V) energy
transfers, as well as the effects of reactive processes. A theo-
retical study of the extent of the departure of the vibrational
distribution from equilibrium, and the concomitant departure
of reactive rate coefficients from their equilibrium values re-
quires accurate microscopic inelastic, and reactive transition
probabilities in the master equation. In addition, the master
equation could be coupled to the flow field, which can take
on different forms depending on the physical situation, such
as for shock waves or nozzle expansions. This requires that
the master equation is coupled to the equations describing
the flow field. The theoretical treatment of such systems has
a very long history. There have been numerous approximate
theories, either for the collisional dynamics or with regard to
the coupling of vibrational disequilibrium and reaction. In
addition, the coupling of the nonequilibrium system to a flow
field may or may not be included.

A rigorous treatment of such systems involves the calcu-
lation of realistic collision cross sections4 derived from ac-
curate potential energy surfaces5 of the colliding molecules,
and/or atoms. If translational and rotational equilibrium are
assumed, the vibrational inelastic rate coefficients in the
master equation are then the averages of the corresponding

vibrational inelastic cross sections over the equilibrium rota-
tional and translational distributions. The main objective of
such studies is to compare measured and calculated vibra-
tional relaxation times, and/or the time evolution of indi-
vidual vibrational states.6 There has also been considerable
interest in the coupling of vibrational relaxation and reactive
processes.7 This is a very broad subject and the references
provided are not meant to be exhaustive of the field but just
representative. There are several texts and review articles
that have summarized advances in this field.8

Interest in this subject has continued to the present. Haug
and Truhlar9 recently considered the nonequilibrium disso-
ciation rate coefficient for the Ar1H2→Ar12H reaction.
They considered the solution of the master equation for the
H2 vibrational–rotational distribution function. The vibra-
tional nonequilibrium dissociation of Br2 in collisions with
Ar and Br atoms was considered by Itohet al.10 Gonzales
and Varghese11 studied the nonequilibrium effects in shock
heated Ar–O2 and Ar–H2 systems. In recent years, there is
an active interest to study the vibrational relaxation coupled
to reactive processes in flowing systems, such that occur in
shock tubes and nozzles.12 This is an important research area
with many applications to a wide variety of subjects involv-
ing nonequilibrium gas flows, gas dynamic lasers,13,14 com-
bustion processes,15 plasma processing of materials,16 atmo-
spheric science, reentry of space vehicles into planetary
atmospheres17 and other applications.

The main objective of this paper is to calculate the vi-
brational distribution function, and the nonequilibrium for-
ward reaction rate coefficients for the dissociation of O2 ex-
panded through a nozzle. This requires that the master
equation be coupled to the equations describing the flow
field. In this paper, we do not consider a time dependent
problem but are only concerned with the steady state situa-
tion. In the present study, the nonequilibrium phenomena are
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generated by a rapid hypersonic expansion. Figure 1 is a
depiction of the physical system considered, consisting
of a reservoir leading to an axisymmetric hyperbolic noz-
zle with cross sectional area distributionA(x,u)/At

511x2@tan~u!/r t#
2 wherer t is the throat radius,At5pr t

2 is
the throat cross-sectional area,u is the semi-angle of the
asymptotic cone and the subscriptt denotes the values at the
throat. Typical dimensions of such nozzles areu510° and
r t53 mm. The gas is initially in equilibrium at the reservoir
temperature and expands in thex direction through the
nozzle. All along the nozzle, the flow velocity increases, and
the temperature drops rapidly. As a result, vibrational relax-
ation and recombination occur through atom–molecule and
molecule–molecule interactions. Since for O2 molecules, the
dissociation processes are negligible at temperatures lower
than 2500 K, we first study vibrational relaxation in the ab-
sence of reaction. For temperatures above 2500 K, dissocia-
tion and recombination are included. In an earlier paper by
one of the present authors,18 the vibrational nonequilibrium
coupled to reaction, and the flow field in a shock tube of
uniform cross sectional area was studied. This paper is an
extension of this earlier effort, and considers the nonequilib-
rium vibrational effects including reaction as determined
from a solution of the master equation, and coupled to the
flow field of an expanding nozzle.

The collisional dynamics of atom–molecule and
molecule–molecule collisions are required for the micro-
scopic inelastic rate coefficients in the master equation. This
is an important aspect of this subject and has received a lot of
attention.4,19 The calculation of the collision cross sections
for these processes requires the intermolecular potential be-
tween the colliding particles, and the solution of the classical
or quantum equations of motion. There have been many ap-
proximate treatments as well as rigorous close-coupled cal-
culations for simple systems. The classic model is the dis-
torted wave Born quantum calculations of Jackson and
Mott20 for the head-on collision of the atom and diatomic.
The diatom vibrational states are given by the harmonic os-
cillator approximation and an exponential interaction poten-
tial between the atom and diatomic is assumed. The vibra-
tional transition probabilities are directly proportional to the
vibrational quantum number and only single quantum transi-
tions occur. For this collisional model, the distribution func-
tion, if initially Boltzmann at the vibrational temperature,
relaxes through a series of Boltzmann distributions.21 The
relaxation of the average vibrational energy takes on a very
simple form as derived by Landau and Teller,22 and the vi-
brational relaxation time was calculated theoretically by
Schwartz, Slawsky, and Herzfeld.23 There have been numer-
ous improvements on this model to include anharmonic ef-

fects, and a three-dimensional model for the atom–diatomic
collision.19,24 Treanoret al.25 considered a master equation
with strong (V–V) pumping mechanism and derived, with a
Chapman–Enskog approach, a quasi-steady distribution
which gives an overpopulation relative to a Boltzmann dis-
tribution referred to as the Treanor distribution.

In this paper, we employ vibrational inelastic rate coef-
ficients for O–O2 and O2–O2 collisions as given by the for-
malism introduced by Me´olans and Chauvin.26 Their model
is based on the distorted wave Born approximation and in-
cludes the effects of the anharmonicity of molecular vibra-
tion, and the anisotropy of the intermolecular potential. They
originally applied the theory to N2–N2 collisions and it was
also previously used by Lordetet al.18 for O–O2 and O2–O2

collisions.
At higher temperatures, the gas is partially dissociated,

and the vibrational relaxation is coupled to dissociation and
recombination. Theab initio calculation of the microscopic
reactive rate coefficients from specific vibrational–rotational
states is a formidable calculation. Alternate semiempirical
models for the dependence of microscopic dissociation rate
coefficients on the vibrational state have been proposed by
numerous researchers27–36 that do provide parametrized
models for macroscopic rates that can be fitted to experimen-
tal data. Another important concern is the way in which the
reaction perturbs the Boltzmann distribution, and in turn the
effect of this nonequilibrium distribution on the macroscopic
rate of reaction. Hammerlinget al.,27 and later Marrone and
Treanor28,29 proposed a microscopic reactive rate coefficient
that depends exponentially on the vibrational energy. Mar-
rone and Treanor also modified the Landau–Teller model by
including the effect of dissociation, and recombination on the
time rate of change of the average vibrational energy. Kiefer
and Hajduk~KH!30 have proposed a microscopic rate coef-
ficient based on the information theoretic arguments by Kafri
and Levine31 and by Rebick and Levine.32 The main concern
is the determination of the dependence of the microscopic
rate coefficient on the vibrational energy; whether it is con-
stant for all vibrational states or if there is preferential dis-
sociation from higher or lower states. The dependence of
these microscopic rate coefficients on the vibrational energy
is controlled by an empirical parameter referred to as the
‘‘vibrational bias parameter.’’ This parameter is determined
by fitting experimental data to the temperature dependence
of macroscopic rate coefficients, obtained by averaging over
vibrational states. In this paper, the model established by KH
is used, but the vibrational bias parameter is determined in a
way different from that proposed by them. It is also shown
that this model is similar to the one developed earlier by
Marrone and Treanor.29 Park37 proposed a model for the
macroscopic rate coefficient that has the usual Arrhenius
form but with the temperature replaced withTa 5 TsTvib

s

whereT andTvib are the translational and vibrational tem-
peratures, respectively, ands is chosen between 0.5 and 0.7.
This model does not specify the form of the microscopic
reactive rate coefficients from specific internal states.

Given the set of microscopic inelastic26 and reactive rate
coefficients,30 the vibrational distribution function is deter-

FIG. 1. The one-dimensional nozzle.
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mined from a numerical solution of the master equation,
which is coupled to the steady one-dimensional conservation
equations for the physical situation shown in Fig. 1. The
vibrational distribution function, gas density, temperature,
pressure, and reactive rate coefficients are determined nu-
merically as a function of the cross sectional area of the
nozzle. In this paper, the vibrational distribution calculated
from the master equation is compared to the vibrational dis-
tribution of Treanoret al.,25 as well as with a Boltzmann
distribution function characterized by a vibrational tempera-
tureTvib . Previous efforts have either considered vibrational
relaxation in a flow field without coupling to reactive
processes17,38 or the coupled relaxation, and dissociation in
the absence of a flow field.7 Studies of the coupled vibration
and reaction in a flow field were also considered39 but with
the model of Marrone and Treanor.28,29

The main objectives of this paper are to study vibrational
relaxation without reaction, and then to consider the coupling
between vibrational relaxation and reactive processes of O2
and O expanding through a nozzle. The influence of the (V–
V) exchanges and anharmonicity effects on the vibrational
distribution are studied. The kinetic and the conservation
equations are presented in Sec. II. In Sec. III, we describe the
details of the calculation of the inelastic~bound–bound! and
reactive~bound–free! transitions for O2–O2 and O2–O col-
lisions. The details of the calculation of the population dis-
tribution obtained from the master equation is presented in
Sec. IV. In Sec. V, we present the calculation of the vibra-
tional distribution function in the absence of reaction ob-
tained from a Treanoret al.25 and a Landau–Teller model.22

The results and their discussion are presented in Sec. VI.

II. KINETIC AND CONSERVATION EQUATIONS

The relaxation of diatomic molecules is characterized by
different time scales,ttrans,trot ,tvib , for the translational, ro-
tational, and vibrational degrees of freedom, respectively.
Stupochenkoet al.13 have shown that if in addition dissocia-
tion occurs, with a characteristic timetdiss, then one gener-
ally finds thatttrans,trot!tvib,tdiss. In this paper, we assume
that an equilibrium translational–rotational distribution ex-
ists during vibrational relaxation and dissociation. We are
primarily interested in the nonequilibrium vibrational distri-
bution and the coupling to reaction. The physical situation of
interest is shown in Fig. 1. The gaseous O2 and O mixture is
at equilibrium in the reservoir on the left-hand side and al-
lowed to expand in the positivex direction through a nozzle
with a cross sectional area specified byA(x). The main pur-
pose of this paper is to study the nonequilibrium behavior for
this system expanding through such a nozzle. The gas flow
satisfies the set of fluid dynamic equations expressing con-
servation of mass, momentum, and energy. It is assumed that
the lateral variations normal to thex direction are negligible
and the steady flow variables depend only onx.

For steady flow, the quasi-one-dimensional conservation
equations are of the form,13

]rAu

]x
50, ~1!

]P

]x
52ru

]u

]x
, ~2!

h1u2/25hr , ~3!

where r(x)5rO2(x)1rO(x)5n(x)MO2
1nO(x)MO is the

mass density,rO2 andrO are the mass density,MO2
andMO

are the molecular masses andn andnO are the number den-
sities of O2 and O, respectively. The flow velocity is
u(x), P(x) is the pressure,h(x) is the enthalpy of the gas
mixture per unit mass, andhr is the reservoir enthalpy. These
macroscopic equations are coupled to the vibrational distri-
bution through the enthalpy. If the vibrational distribution
function nv(x) is normalized to the number densityn(x),
that is,

(
v

nv~x!5n~x!, ~4!

then we have

h~x!5YO2
@CO2

T1Ēvib#1YO@COT1h0#, ~5!

whereYO2
5rO2 /r and YO5rO/r are the O2 and O mass

fractions, respectively. The O2 translation–rotation specific
heat at constant pressure per unit mass isCO2

57R̂/(2M̂O2
)

and CO55R̂/~2M̂O! is the O translational specific heat at
constant pressure per unit mass.M̂O2

5NAMO2
and M̂O

5NAMO are the molar masses of O2 and of O, respectively.
R̂5kNA58.3143 J K21 mol21 is the universal gas constant,
k is the Boltzmann constant andNA is the Avogadro number.
Ēvib is the vibrational energy per unit mass that is,Ēvib

5Evib /MO2
, where

Evib5
1

n (
v

nvev ~6!

is the average vibrational energy andh0 is the standard en-
thalpy of formation of O.

With the definitionR5R̂/M̂O2
and the relationsYO2

1YO51 andM̂O2
52M̂O, the enthalpy given by Eq.~5! can

be expressed as

h~x!5~ 7
21

3
2YO!RT1~12YO!Ēvib1YOh

0. ~7!

In this way, the macroscopic fluid equations are coupled to
the microscopic vibrational distribution function through
Ēvib . Similarly, the ideal gas equation of state
P5~nO1n!kT, used to close the system of conservation
equations, can be written as

P5rRT~11YO!. ~8!

In this study, the vibrational relaxation and dissociation
of molecular oxygen is considered. We include molecule–
molecule collisions

O2~v1!1O2~v2!
O2~v18!1O2~v28!, ~9!
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wherev1 is a vibrational quantum number, involvingT–V
andV–V energy exchanges characterized by a cross section,

s
v1→v18

v2→v28, for the forward collision process. Atom–molecule

collisions

O1O2~v !
O1O2~v8!, ~10!

involving T–V energy exchanges, characterized by cross
sectionssv→v8, are also included. The cross sections for the
reverse processes are given by microscopic reversibility.40

We also include molecule–molecule collisions

O2~v1!1O2~v2!
2O~d!1O2~v28!, ~11!

involving reactive transitions producing two oxygen atoms

characterized by the cross sectionsv1→d
v2→v28, for the forward

collision process, whered denotes the electronic ground state
of an O atom. Reactive atom–molecule collisions

O2~v !1O~d!
2O~d!1O~d! ~12!

are characterized by the cross sectionsv→d . The spatial
variation of the vibrational population in a hypersonic flow
for which collisional processes Eqs.~9!–~12! are assumed, is
governed by a master equation for the moving fluid of the
form

]nv1uA

]x
5
AZ11
n F (

v2 ,v18 ,v28
~2nv1nv2Pv1→v18

v2→v281nv18nv28Pv18→v1

v28→v2!

1 (
v2 ,v28

~2nv1nv2Pv1→d
v2→v281nO

2nv28Pd→v1

v28→v2!G
1AZ12F(

v18
~2nv1Pv1→v18

1nv18Pv18→v1
!

1~2nv1Pv1→d1nO
2Pd→v1

!G , ~13!

whereZ11 and Z12 are the O2–O2 and O–O2 collision fre-
quencies, respectively, given by

Z115nS 8kT

pm11D 1/2S (
v1 ,v18 ,v2 ,v28

s
v1→v18

v2→v281 (
v1 ,v2 ,v28

sv1→d
v2→v28

1se,11D , ~14!

Z125nOS 8kT

pm12D 1/2S (
v1 ,v18

sv1→v18
1(

v1
sv1→d1se,12D .

~15!

In Eqs.~14! and~15!, m11 andm12 are the reduced masses of
the pair O2–O2 and O–O2, respectively,se,11 andse,12 are
the elastic hard sphere cross sections. The overbars on the
cross sections signify the average over an equilibrium
translational–rotational distribution function at the tempera-
tureT. In Eq. ~13!, the first summation representsT–V and

V–V energy exchanges involving collisions given by Eq.
~9!. The second summation represents reactive transitions in-
volving collisions given by Eq.~11!, the third summation
T–V energy exchanges given by Eq.~10!, and the fourth
summation reactive transitions given by Eq.~12!. The prob-

ability for forward transitions,P
v1→v18

v2→v28 andPv1→v18
that occur

in the master equation, Eqs.~13! are given by

P
v1→v18

v2→v285s
v1→v18

v2→v28 YS (
v1 ,v18 ,v2 ,v28

s
v1→v18

v2→v28

1 (
v1 ,v2 ,v28

sv1→d
v2→v281se,11D , ~16!

Pv1→v18
5sv1→v18 YS (

v1 ,v18
sv1→v18

1(
v1

sv1→d1se,12D .
~17!

The probabilitiesP
v1→v18

v2→v28 andPv1→v18
were employed in the

previous paper18 and discussed in Sec. III A. The probabili-

ties for the forward dissociation transitions,Pv1→d
v2→v28 and

Pv1→d , that occur in the master equation, Eqs.~13!, are
taken from the model of KH30 and are given by

Pv1→d
v2→v285sv1→d

v2→v28 YS (
v1 ,v18 ,v2 ,v28

s
v1→v18

v2→v28

1 (
v1 ,v2 ,v28

sv1→d
v2→v281se,11D , ~18!

Pv1→d5sv1→d YS (
v1 ,v18

sv1→v18
1(

v1
sv1→d1se,12D .

~19!

The macroscopic rate of reaction is obtained by summing
Eq. ~13! over all statesv1. The terms involving vibrational
energy exchanges vanish owing to mass conservation for
these collision processes. The result is the following macro-
scopic rate equation:

]nuA

]x
5
AZ11
n (

v1 ,v2 ,v28
~2nv1nv2Pv1→d

v2→v281nO
2vv28Pd→v1

v28→v2!

1AZ12(
v1

~2nv1Pv1→d1nO
2Pd→v1

!, ~20!

where @]~nOuA!/]x#522@](nuA)/]x# arises from the sto-
chiometry of Eqs.~11! and~12!. Equation~20! can be rewrit-
ten in terms of the macroscopic rate equation

]nuA

]x
5A@2kf ,11n

21kb,11nnO
22kf ,12nnO1kb,12nO

3 #,

~21!

wherekf ,11 andkf ,12 are the macroscopic forward rate coef-
ficients for O2–O2 and O2–O collisions, respectively, and
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kb,11 and kb,12 are the corresponding macroscopic reverse
rate coefficients. With Eqs.~20! and ~21!, one obtains

kf ,115
Z11
n (

v1 ,v2 ,v28

nv1nv2
n2

Pv1→d
v2→v28, ~22!

kf ,125
Z12
nO

(
v1

nv1
n

Pv1→d , ~23!

kb,115
Z11
n (

v1 ,v2 ,v28

nv28

n
P
d→v1

v28→v2, ~24!

kb,125
Z12
nO

(
v1

Pd→v1
. ~25!

In the master equation, the probabilities of the vibra-
tional transitions are related by the principle of detailed bal-
ance at equilibrium. For the bound–bound transitions, de-
tailed balancing40 is expressed by

2nv1
eqnv2

eqP
v1→v18

v2→v281nv18
eq
nv28
eq
P
v18→v1

v28→v2
50. ~26!

The equilibrium distribution function,nv
eq is given by

nv
eq5

neq exp~2ev /kT!

(v exp~2ev /kT!
, ~27!

where ev is the vibrational energy of O2 in the vibrational
level v. The equality of forward and reverse rates for inelas-
tic collisions at equilibrium, Eq.~26!, gives the reverse tran-
sition probability as a function of the forward transition
probability, that is,

P
v18→v1

v28→v2
5exp@~2ev12ev21ev181ev28!/kT#P

v18→v1

v28→v2. ~28!

Similarly, for the bound–free transitions, we have

2nv1
eqnv2

eqPv1→d
v2→v281~nO

eq!2nv28
eq
P
d→v1

v28→v250. ~29!

Equation~29! may be rewritten as

P
d→v1

v28→v25S nv1
eqnv2

eq

~nO
eq!2nv28

eqD Pv1→d
v28→v2. ~30!

We replace the ratio~nO
eq!2/neq in term of the equilibrium rate

constant, that is,

Keq5~nO
eq!2/neq. ~31!

Thus, with Eqs.~27! and ~31!, Eq. ~30! is rewritten as

P
d→v1

v28→v25S exp@~2ev12ev21ev28!/kT#

Keq D Pv1→d
v28→v2. ~32!

The transition probabilities in the master equation have
thus been defined and a numerical solution of the master
equation can be considered. Equations~22!–~25! show that
the macroscopic forward and backward reaction rates corre-
spond to an average over the vibrational states of the indi-
vidual rate coefficients. The calculation of the macroscopic

rates of reaction requires the microscopic forward probabili-
ties of transition, and the nonequilibrium vibrational
distribution function. If the processes of vibrational relax-
ation, dissociation, and recombination did not perturb
the vibrational distribution, thennv/n would be the equilib-
rium Boltzmann distribution Eq.~27!. For the case of a
Boltzmann distribution function, Eq.~21! is written as

]nuA

]x
5A~2kf ,11

eq n21kb,11
eq nnO

22kf ,12
eq nnO1kb,12

eq nO
3 !.

~33!

In Eq. ~33!, the equilibrium rate constantskf ,11
eq ,kb,11

eq ,
kf ,12
eq ,kb,12

eq have the form given by Eqs.~22!–~25! with the
equilibrium distribution given by Eq.~27!, and depend only
on the temperature. When the gas is in motion, the vibra-
tional distribution function is not in equilibrium. The vibra-
tional relaxation and the reactive processes perturb the vibra-
tional distribution function, and the equilibrium reaction
rates do not correspond to the equilibrium value. The ratios

F15
kf ,11
kf ,11
eq ~34!

and

F25
kf ,12
kf ,12
eq ~35!

are the quantities calculated and provide a measure of the
departure from equilibrium.

III. RATES FOR THE BOUND-BOUND AND
BOUND–FREE TRANSITIONS

The methodology for the study of nonequilibrium effects
discussed in Sec. II requires as input the thermally averaged
microscopic vibrationally inelastic, and reactive rate coeffi-
cients in the master equation given by Eq.~13!. In this sec-
tion, we provide the details of the vibrationally inelastic
cross sections for O2–O2 and O2–O collisions that are used.
A similar discussion is presented in Sec. III B for the reactive
rate coefficients. We assume that the molecules are repre-
sented by a Morse oscillator model and the vibrational en-
ergy of O2 in the vibrational level v is given by
ev5ve[(v11/2)2xe(v11/2)2] with ve51580 cm21 and
xe57.6431023.41

A. Vibrationally inelastic transition probabilities

Theoretical calculations of theT–V and V–V energy
exchanges in molecule–molecule and atom–molecule colli-
sions have a very long history. The rigorous solution of this
problem requires an accurate potential energy surface be-
tween the colliding species, and the calculation of the quan-
tum mechanical collision cross sections. For the systems of
interest in this study, this is not presently amenable to an
exact treatment and approximation is necessary. A good re-
view of the subject up to about 1976 has been presented by
Clarke and McChesney.8 We do not repeat here a detailed
historical account of the developments in this field.
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The model adopted in this work is the one used in the
recent paper by Lordetet al.18 This model represents an im-
provement in the Jackson and Mott approach20 in that the
anharmonicity and the anisotropic effects are taken into ac-
count. In this paper, the calculation of the quantum mechani-
cal cross sections for inelastic O2–O2 and O2–O collisions
are based on~i! a distorted wave Born approximation,~ii ! a
Morse potential for the diatomic molecules, and~iii ! an ex-
ponential intermolecular interaction between the colliding
pair, that is,

V~r !5V0 exp~2r / l !. ~36!

In Eq. ~36!, r is the intermolecular separation,l andV0 mea-
sure the range and strength of the interaction, respectively. In
this work, the value ofl is determined by fitting the vibra-
tional relaxation time to published experimental values. The
thermally averaged inelastic cross sections that appear in
Eqs.~16! and~17! are calculated with Eqs.~19!–~34! of Ref.
18. The inelastic collision cross sections depend sensitively
on the range parameter,l , in the interaction potential Eq.~36!
~Ref. 8!, but are independent ofV0.

For O–O2, we determine the value ofl by fitting the
calculated value ofs1→0 with experimental measurements
of the vibrational relaxation time. With the assumption that
the Landau–Teller theory22 is applicable, the vibrational re-
laxation timet12, is given by,

t12
215nO~8kT/pm12!

1/2s1→0@12exp~2\v/kT!#, ~37!

wherev is the vibrational frequency and\ is Planck’s con-
stant. With the ideal gas equation of state, we have that,

s1→05
kT

t12P@12exp~2\v/kT!#
~pm12/8kT!1/2. ~38!

We use the vibrational relaxation time determined by
Park42 and expressed in terms of the fitted expression,

t12P5exp@47.7~T21/320.059!218.42# atm s, ~39!

whereT is in degrees Kelvin. In Fig. 2, we compare the
calculated and experimental thermally averaged cross sec-
tions normalized to the hard sphere elastic cross section
s12,e5p(dO1dO2)

2/4, for several different values ofl
@curves ~a!–~c!#, where dO53 Å and dO253.5 Å are the
collision diameters of O and O2,

43 respectively. We show the
cross sections forl50.155 Å @curve ~a!#. The least-squares
fit to the expression of Park, Eq.~38!, gives the value of
l50.16 Å @curve ~b!# over the temperature range 1000
K–5000 K. The results obtained by Park predict high effi-
ciencies for O2 relaxation by atomic oxygen. The efficiency
for vibrational relaxation increases with increasingT, and for
O2–O relaxation,s1→0/s12,e50.3 at T'5000 K. We also
show the cross sections forl50.2336 Å@curve~c!# reported
by Radzig and Smirnov44 determined from scattering experi-
ments andl50.2487 Å @curve ~d!# given by Cubbley and
Mason45 obtained by studies of viscosity coefficients. For
O2–O collisions, these are the same order of magnitude but
are not in agreement with those obtained from relaxation
experiments.

There is a wealth of experimental data available for the
vibrational relaxation time of pure molecular oxygen. We use
the experimental vibrational relaxation time given by
Camac46 in the form

~t11P!215$kT7/6631027@12exp~2228T!#

3exp@~210.43106/T!1/3#% atm21 s21,

~40!

with T in degrees Kelvin, and the results provided by Milli-
kan and White~MW!,47

t11P5exp@1.1631023m11
1/2~\v/k!4/3~T21/320.015m11

1/4!

218.42# atm s, ~41!

wherem11 is in kg. We follow a similar procedure for O2–O2
collisions and employ the calculated cross sections for
single-quantum changes in one of thes1→0

1→15s1→0
2→2 as

s1→0 in Eqs.~37! and ~38! with the corresponding reduced
mass,m11 and the number densityn. In Fig. 3, the inelastic
cross sections normalized to a hard sphere elastic cross sec-
tion s11,e5pdO2

2 is plotted against the temperature for dif-

ferent values ofl . Fig. 3 shows that the cross section derived
from the relaxation times given by MW and Camac~C!
~dashed lines! are in very good agreement for low tempera-
tures. However, the discrepancy increases with the tempera-
ture and at 5000 K,s1→0(C)/s1→0(MW)'7. In Fig. 3, we
also show the calculated cross sections for several values of
l @curve ~a!–~e!#. We have includeds1→0 calculated with
l50.3144 Å @curve ~d!# given by Cubley and Mason and
with l50.3508 Å@curve ~e!# given by Radzig and Smirnov.
An optimum value ofl50.256 Å @curve ~c!# was found to
give the best least-squares fit to the expression of Camac, Eq.
~40!. Moreover, this value ofl gives vibrational cross sec-
tions for high vibrational states which are in good agreement
with those determined by Kunc.48 There is a lack of data

FIG. 2. Cross sections1→0 for O2–O collisions normalized tos12,e for
different values ofl . ~a! l50.155 Å, ~b! l50.16 Å, ~c! l50.2336 Å. ~d!
l50.2487 Å.~P! result from Park12 obtained from Eqs.~37! and ~38!.
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concerning theV–V energy exchanges for O2–O2 collisions
and our results obtained with the different values ofl cannot
be compared with other results.

B. Microscopic reactive rate coefficients

The numerical study of hypersonic flow coupled to reac-
tion studied in this paper requires simple analytical expres-
sions for the dependence of the microscopic reaction rate
coefficients on the vibrational state of the diatomic and the
temperature. A complete treatment of these bound–free tran-
sitions requires a three body potential energy surface and
intensive numerical calculations of the state-dependent reac-
tive cross sections. Instead, we choose to model the dissocia-
tion with simple analytical expressions that have been used
by other workers33,34 to account for nonequilibrium dissocia-
tion coupled with vibrational relaxation. In this paper, for
both O–O2 and O2–O2 collisions, the models suggested by
Kiefer and co-workers33,30 of the form

kf ,11~v→d,T!5C~T!exp~l11ev /D !

3exp@2~D2ev!/kT#, ~42!

and that of Ramakrishna and Babu~RB!,35

kf ,11~v→d,T!5E~T!@11~D2ev!/kT#

3exp~l11ev /D !exp@2~D2ev!/kT#,

~43!

are employed. In Eq.~42! and ~43!, D is the dissociation
energy and the parameterl11, referred to as the ‘‘vibrational
bias’’,30 controls the preferential dissociation versus vibra-
tional quantum number. Although we employ Eq.~42! as an
empirical model, it can be theoretically justified. This can be
considered as the product of two factors, an Arrhenius rate
constantC(T)exp[2(D2ev)/kT], referred to as the prior
rate constant that can be derived from the statistical approach
of Rebick and Levine32 based on prior distribution functions.

The second factor, exp(l11ev/D), which is the vibrational
bias, is consistent with surprisal analysis of collision induced
dissociation as discussed by Kafri and Levine.31 For large
values of the vibrational bias, the enhancement of the disso-
ciation rate from the higher vibrational levels is significantly
greater than that from the lower levels. For O2–O2 collisions,
we assume that there is no change in vibrational quantum
number for one of the two molecules in a collision so that we

set Pv→d
v2→v285Pv→d

v2→v25Pv→d . The probability for dissocia-
tion is defined consistent with the macroscopic reactive rate
coefficient so that we write

kf ,11~v→d,T!5
Z11
n

Pv→d , ~44!

and a similar expression forkf ,12(v→d,T).
The value ofkf ,11(v→d,T) is completely specified once

the pre-exponential factors,C(T) or E(T), and the vibra-
tional bias parameter,l11, are defined. The pre-exponential
factors,C(T) andE(T), are determined by setting the value
of the dissociation rate from the topmost vibrational level,
denoted by ‘‘top,’’ to some known value which is generally
the hard sphere collision rate given byQ115(8kT/
pm11)

1/2se,11. We employ two different normalizations of
kf ,11(v→d,T) in Eq. ~42! referred to as normalizations A
and B, and one normalization in Eq.~43! referred as normal-
ization C.

For case A, we set the rate coefficient for dissociation for
a fictitious vibrational energy,etop5D, equal toQ11, so that

CA~T!5Q11 exp~2l11!. ~45!

This is similar to the normalization chosen by KH.30 A sec-
ond choice involves setting the dissociation rate from the
topmost level equal to the Arrhenius value without vibra-
tional bias, that is,

CB~T!5Q11 exp~2le top/D !. ~46!

The final choice stems from the model used by RB35 which
has a different dependence on vibrational energy, and we
have

EC~T!5Q11 exp~2l11!. ~47!

It is important to mention that for O2, we have that
~D2etop!/k5775 K or equivalentlyD/etop51.015 for a
Morse oscillator and~D2etop!/k51302 K andD/etop51.022
for an harmonic oscillator. It is the departure of this last ratio
from unity that distinguishes the normalizations A and B.
The value of the vibrational bias is now determined by fitting
the equilibrium macroscopic rate coefficient to the experi-
mental value, that is,

kf ,11
eq 5(

v

nv
eq

neq
kf ,11~v→d,T!5ATm exp~2D/kT!,

~48!

where A53.3231029 m3 mol21 s21, m521.5, and D/k
559 500 K.37 The normalization ofkf ,12(v→d,T) is carried

FIG. 3. Cross sections1→0 for O2–O2 interactions normalized tos11,e for
different l . ~a! l50.205 Å, ~b! l50.25 Å, ~c! l50.256 Å, ~d! l50.3144 Å,
~e! l50.3508 Å. Millikan and White~MW! ~Ref. 45!, Camac~C! ~Ref. 28!.
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out in a similar fashion. In this case,l12 characterizes O2-O
interactions andA51.660431028 m3 mol21 s21 and m5
21.5.

It is important to recognize that the model of KH in Eq.
~42! is the same as that proposed by Marrone and Treanor29

@see Eq.~71! and also Eq.~50! of Ref. 18#, where instead of
the vibrational bias parameter they introduce a temperature,
U11, wherel115D/kU11 andC(T) is normalized with Eq.
~48!.

The temperature dependence of the vibrational bias pa-
rametersl12 andl11 for O2 dissociation by O2–O and O2–O2
collisions is shown in Figs. 4 and 5, respectively. The three

models predict an increase of the parametersl11 andl12 with
increasing temperature. Consequently, for a given vibrational
level v, the effect ofl11 and l12 is to reduce the reactive
cross section with increasing temperature. Nevertheless,l11
andl12 are weak functions of temperature.

In Figs. 4 and 5, the solid curve and the dashed curve are
for the harmonic and anharmonic oscillator, respectively. At
a given temperature, the vibrational bias parameter calcu-
lated with normalizations A@curve~A!#, B @curve~B!# and C
@curve~C!# is bigger for the anharmonic model than with the
harmonic one. Moreover, the vibrational bias parameter cal-
culated with normalization~A! and~B! are very close what-
ever is the temperature.

In Figs. 6 and 7, the normalized reactive cross sections
sv→d/s12,e andsv→d/s22,e are plotted at 4500 K for O2–O
and O2–O2 collisions, respectively. The reactive cross sec-
tions obtained with the model of KH and normalizations A
@curve ~A!# and B @curve ~B!# are very close to each other
whatever is the vibrational level, whereas the reactive cross
sections calculated with the model of RB and normalization
C are smaller forv&10 compared to those of the model of
KH. All the reactive cross sections are of the same order of
magnitude among the vibrational levels withv'10. Con-
cerning the vibrational states withv*10, the model of RB
predicts larger reactive cross sections than those calculated
with the model of KH. In addition,C(T) andE(T) are cal-
culated in such a way that near the dissociation limit, for
v537, the different reactive cross sections are close to the
hard sphere cross sections.

IV. NUMERICAL SOLUTION OF THE COUPLED FLUID
AND MASTER EQUATION

A. Without reaction

In the absence of reaction, the master equation given by
Eq. ~13! may be rewritten as

FIG. 4. Vibrational bias parameterl12 for O2–O collisions vs temperature.
~—! harmonic oscillator model and~---! anharmonic model. Normalization
A and model of KH, normalizationB and model of KH, normalizationC
and model of RB.

FIG. 5. Vibrational bias parameterl11 for O2–O2 collisions vs temperature.
~—! harmonic oscillator model and~---! anharmonic model. Normalization
A and model of KH, normalizationB and model of KH, normalizationC
and model of RB.

FIG. 6. Microscopic reactive cross sectionsv→d for O2–O collisions nor-
malized tos12,e vs vibrational level for anharmonic oscillator atT54500 K.
NormalizationA and model of KH, normalizationB and model of KH,
normalizationC and model of RB.
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1

nAu

]nv1uA

]x
5
Z11
u (

v2 ,v18 ,v28
S 2

nv1nv2
n2

P
v1→v18

v2→v28

1
nv18nv28

n2
P
v18→v1

v28→v2D . ~49!

The equation of mass conservation, Eq.~1!, is obtained by
summing Eq.~13! over all statesv1,

]nuA

]x
50. ~50!

From Eq. ~50!, since (nAu) is independent ofx, the left-
hand side of Eq.~49! may be rearranged to give

1

nAu

]nv1uA

]x
5

]~nv1 /n!

]x
. ~51!

Thus, the master equation, Eq.~49!, may be rewritten in the
form

]~nv1 /n!

]x
5
Z11
u (

v2 ,v18 ,v28
S 2

nv1nv2
n2

P
v1→v18

v2→v28

1
nv18nv28

n2
P
v18→v1

v28→v2D . ~52!

The rate of change of the vibrational energy equation is ob-
tained by multiplying Eq.~52! by ev1 and summing overv1.
The variation of the vibrational energy withx is given by

]Evib

]x
5
Z11
u (

v1 ,v2 ,v18v28
S 2

nv1nv2
n2

P
v1→v18

v2→v28

1
nv18nv28

n2
P
v18→v1

v28→v2D ev1. ~53!

Equation~52! for the master equation is convenient be-
cause it is now written in terms of the fractional population.

If all the parameters appearing in the right-hand side@Eq.
~52!# are defined for a specified position denoted byxi ~see
Appendix!, then Eq.~52! may be integrated numerically and
the vibrational energy may be calculated. This set of equa-
tions is coupled to the macroscopic fluid equations since the
right-hand side of Eq.~52! is a function ofu, n, andT. If
Eqs. ~3! and ~8! are differentiated with respect tox, and
combined with Eqs.~1!, ~2!, and~7!, one can show

]u

]x
52

u

~12M2!
S 1A dA

dx
1

2

7RT

]Ēvib

]x D , ~54!

whereM is the frozen Mach number given by

M5u/A7RT/5. ~55!

The system of differential equations given, respectively, by
Eqs.~52!–~54! may be integrated if the flow parameters are
specified atxi . In this paper, in order to avoid both the cal-
culation of the nonequilibrium mass flow, and the singularity
occurring atM51 in Eq. ~54!, we assume that the gas is in
equilibrium from the reservoir to the cross sectional area for
whichM'1. This approximation may be justified, since the
vibrational relaxation time is very fast in comparison with
the rate of expansion until the singularityM51. The calcu-
lation of the equilibrium mass flow and of the flow param-
eters atxi whereM'1 is presented in the Appendix. Equa-
tions ~52!–~54! are integrated numerically. Thus the
vibrational energy and the velocity are defined at each step.
The temperature and the mass density are, respectively, cal-
culated from the enthalpy and mass conservation. The pres-
sure is deduced from the equation of state. The numerical
integration is performed by using the semi-implicit extrapo-
lation method of Bader and Deuflhard49 which is for stiff
differential equations.50 The Jacobi matrix of derivatives,
which is required for the numerical integration, is calculated
numerically with the Ridders method.50,51

B. With reaction

The master equation in Eq.~13! is transformed to calcu-
late the spatial evolution of the fractional population of each
vibrational level. The fractional population is expressed as a
function of the vibrational distribution function,

Yv1
5

2nv1
2n1nO

, ~56!

whereMO2
52MO has been used. The fractional population

Yv is normalized toYO2
. The continuity equation is obtained

by summing Eq.~13! over v1, and we have

]~2n1nO!uA

]x
50. ~57!

With Eqs.~56! and ~57!, one can show

]Yv1

]x
5

2

~2n1nO!Au

]nv1uA

]x
. ~58!

Since @~2n1nO!Au# is independent ofx, we can write the
master equation analoguous to Eq.~52! in the following
form:

FIG. 7. Microscopic reactive cross sectionsv→d for O2–O2 collisions nor-
malized tos11,e vs v at T54500 K. NormalizationA and model of KH,
normalizationB and model of KH, normalizationC and model of RB.
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u
]Yv1

]x
5
Z11
YO2

F (
v2 ,v18 ,v28

2Yv1
Yv2

P
v1→v18

v2→v281Yv18
Yv28

P
v18→v1

v28→v2
1 (

v2 ,v28
2Yv1

Yv2
Pv1→d
v2→v2812YO

2Yv28
~2n1nO!Pd→v1

v28→v2G
1Z12F(

v18
2Yv1

Pv1→v18
1Yv18

Pv18→v1
2Yv1

Pv1→d12YO
2 ~2n1nO!Pd→v1G . ~59!

If Eqs. ~3! and ~8! are differentiated with respect tox, and
combined with Eqs.~1!, ~2!, and~8!, one can show

]u

]x
52

u

P~12M2! H PA dA

dx
1
2r~11YO!

~713YO!
F S 32 RT

2Ēvib1h0D ]YO

]x
1~12YO!

]Ēvib

]x G2rRT
]YO

]x J ,
~60!

whereM is the frozen Mach number given by

M5uA51YO/A~713YO!~11YO!RT. ~61!

The vibrational energy given by Eq.~6! is rewritten as a
function of the fractional population,

Ēvib5
1

MO2
YO2

(
v

Yv«v . ~62!

Equation~62! is differentiated so that]Ēvib/]x given by

]Ēvib

]x
5

1

YO2
MO2

](Yvev
]x

2
Ēvib

YO2

]YO2

]x
, ~63!

can be substituted into Eq.~60!. The numerical integration of
Eqs. ~59! and ~60! requires initial conditions. As in Sec.
IV A, we avoid the calculation of the nonequilibrium mass
flow and the singularity occurring atM51 by assuming that
the gas is in equilibrium from the reservoir to the cross sec-
tional area whereM'1. The calculation of the initial condi-
tions atxi where the frozen Mach number is close to unity
are presented in the Appendix. The numerical integration is
performed similarly to Sec. IV A.

V. COMPARISON WITH TREANOR AND
LANDAU–TELLER MODELS FOR VIBRATIONAL
RELAXATION

The vibrational distribution obtained from the master
equation is compared with the distribution calculated with
the model of Treanoret al.25 In this model, theT–V and
V–V energy exchanges governing the vibrational distribu-
tions are assumed to proceed with two different time scales,
that is tV–V!tT–V . As a result, a quasisteady distribution
function is maintained by theV–V energy exchanges and the
vibrational distribution is assumed to be of the form,25

nv /n5expS 2
ev
kT

1vK~x! D Y

(
v

expF2
ev
kT

1vK~x!G , ~64!

parametrized by the parameterK(x) which describes the ex-
tent of the nonequilibrium. WhenK50, the gas is in equilib-
rium. This model is completely specified whenK(x) is
known. We provide here a brief outline of the procedure to
calculateK(x). The derivative]K(x)/]x can be obtained by
differentiating the averaged quantum numberV̄ given by

nV̄5(
v

nvv. ~65!

The relaxation equation for this model is given by

]Ṽ

]x
5

$exp@2K~x!#21%

u
Z11 (

v1 ,v2
Pv1→v121
v2→v2 nv1 /n. ~66!

Equations ~64! and ~65! are used to calculated (]V̄/]x)
5(]V̄/]T)(]T/]x)1(]V̄/]K)(]K/]x). This differential
equation is combined appropriately with the conservation
equations and the equation of state to give a set of seven
equations of the form]Mn/]x5 f n~u,T,Ēvib ,P,r,K,A!
whereMn is, respectively, equal tou,T,Ēvib ,P,r,K,A. This
system is numerically integrated. In this way, the vibrational
distribution function may be calculated as a function ofx.

The separation of time scales betweentT–V and tV–V
was also utilized to show that for a harmonic oscillator
model, the population distribution is a Boltzmann distribu-
tion function1 characterized by a vibrational temperature
~Tvib!,

nv /n5expS 2
ev
kTvib

D Y(
v

expS 2
ev
kTvib

D . ~67!

In this model, the de-excitation probabilities are proportional
to the vibrational quantum number of the molecule,

Pv1→v111
v2→v2 5~v111!P1→0

v2→v2, ~68!

and

Pv1→v111
v2→v221

5v2~v111!P0→1
1→0. ~69!

Equations~53!, ~67!–~69! are combined to give the well-
known Landau–Teller equation,

]Evib

]x
5~Evib

eq ~T!2Evib!Z11P1→0
v2→v2F12expS 2

\v

kT D G Yu,

~70!
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whereEvib
eq (T) is the equilibrium value ofEvib . Equations

~70! and ~54! are solved numerically. At each step, the cal-
culation ofEvib enables one to calculateTvib and to deter-
minenv/n from Eq. ~67!.

VI. RESULTS AND DISCUSSION

A. No reaction

The computation is performed for a nozzle with cross-
sectional area distribution similar to that defined in the intro-
duction. The reservoir temperature is 2400 K, the pressure is
100 atm, and the atomic mass fraction is smaller than 1024.
As a result, the reactive processes are neglected. In addition,
the fractional populations for the high vibrational levels are
small ~n18/n,1028!. The computation is performed for the
first 18 vibrational levels, since the contribution of the higher
vibrational levels on the vibrational energy and on the mac-
roscopic parameters is negligible.

In Fig. 8, we show the results of the calculations of
vibrational relaxation without reaction, and givenv/n vs
A(x)/At for v50, 1, 5, 10, 17. The four curves in each graph
correspond to~a! T–V andV–V energy exchanges included
in Eq. ~52!, ~b! V–V energy exchanges neglected,~c! the
model by Treanoret al.,25 and~d! the Landau–Teller model.
The relaxation zone may be divided in two regions. The first
one is located just downstream of the throat until the cross
sectional areaA(x)/At'4, where the vibrational relaxation is
dominated by theT–V energy exchanges@Figs. 8~A!–~E!#.
In this zone, the translational–rotational temperature de-
creases quickly with increasingA(x) and, consequently, the
transitions involvingT–V energy decreases strongly with
increasing A(x). The second region is located beyond
A(x)/At'4 where the vibrational relaxation is governed by
theV–V energy exchanges.

In Fig. 8~A!, the fractional populationn0/n for the
ground state increases strongly from the throat until the
cross-sectional areaA(x)'4At . Beyond this cross-sectional
area,n0/n is frozen when it is determined from a Boltzmann
distribution, and when theV–V exchanges are neglected.
For cross sectional areasA(x)/At*4, n0/n increases more
slowly when theV–V exchanges are taken into account in
Eq. ~52!. Also, n0/n increases slightly more quickly with the
model of Marroneet al. then when theV–V exchanges are
included in Eq.~51! because theV–V energy exchanges are
overestimated. In Fig. 8~B!, n1/n decreases monotonically
for the three of the four-cases studied@curves~a!–~c!# for
whichV–V energy exchanges are included, whereasn1/n is
frozen forA(x)/At*4 whenV–V energy exchanges are ne-
glected, curve~d!. A similar behavior is observed forn2/n.

For the remaining vibrational levels~v.2!, the effect of
the V–V energy exchanges is opposite toT–V energy ex-
changes. After a strong de-excitation zone due to theT–V
de-excitation processes~A(x)/At&4!, the vibrational distri-
bution function increases slowly when the cross sectional
area increases. In Figs. 8~A!–~D!, the effect of theV–V
exchanges is stronger when the vibrational level increases. In
Fig. 9, we show the fractional populationnv/n versusv for a
cross sectional areaA(x)/At523.1. The vibrational distribu-

tion function calculated with the model of Maroneet al.
@curve~c!# is very close to the one determined from the mas-
ter equation@curve~a!#. When the effect of theV–V energy
exchanges is neglected@curve ~b!#, the vibrational distribu-
tion function is close to those determined from the Boltz-
mann distribution@curve ~d!# characterized byTvib . The
comparison between curves~a! and ~b! shows that theV–V
energy exchanges create a distortion of the vibrational distri-
bution whenA(x)/At*4 and that the effect of theV–V ex-
changes increases with the vibrational level. However, the
vibrational energy remains frozen in the zone where the
V–V exchanges have a strong influence on the distribution
function, since theV–V exchanges have a strong influence
on vibrational levels for which the populations are small.
Moreover, when the effect of theV–V exchanges is ne-
glected in the master equation, at a given cross sectional
area, the vibrational energy is slightly higher than when the
V–V exchanges are included. This result is confirmed, when
one calculates the vibrational energy with the population dis-
tribution function, obtained with the model of Marroneet al.
where the influence of theV–V exchanges is overestimated.
When the cross sectional area increases, theV–V energy
exchanges reduce the average vibrational energy and in-
crease the translational–rotational temperature~not shown!.

B. With reaction

When the reservoir temperature isTr55000 K and the
pressure isPr590 atm, the gas is partially dissociated and
YO2 ,r

50.6545. Consequently, the reactive processes are in-
cluded in the master equation, and the contribution of all the
vibrational levels on the vibrational energy and on the reac-
tion rate coefficient is significant. For this case, the compu-
tation is performed with 37 vibrational levels.

We first compare the vibrational distribution function
calculated when the reactive processes are accounted for in
the master equation with that obtained when they are ne-
glected. Then, we compare the vibrational distribution func-
tion and the departure of the rate coefficients from their equi-
librium values calculated with the model of KH to those
calculated with the model of RB. The different values ofl
presented in Sec. III A are employed, and the influence ofl
on the deviation of the macroscopic forward rate coefficients
kf ,11 andkf ,12 from their equilibrium values is discussed. The
contribution of each vibrational level to the macroscopic for-
ward rate coefficient is also calculated for different cross-
sectional areas determined from numerical integration of Eq.
~59! as discussed in Sec. IV B.

In Fig. 10, the fractional population for the ground state
Y0 is plotted as a function ofA(x)/At . The calculation is
performed with both the model of KH and by neglecting the
reactive processes in Eq.~59!. The solid curve is with reac-
tion and the dashed curve is without reaction. The fractional
population of the ground stateY0 increases with increasing
x. The temperature drops rapidly with increasing cross-
sectional area of the nozzle, and the reactive processes pro-
ceed mainly through recombination. Consequently, when the
reactive processes are not included in the master equation,
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the factional population distribution function is smaller than
that obtained when the reactive processes are accounted for.
As is clear from Fig. 10, the reactive processes have a strong
influence on the factional populationY0. In Fig. 11, the fac-

tional populationYv for v51,2,3 is shown versusA(x)/At .
Yv increases strongly behind the throat of the nozzle, due to
the reactive processes; but the influence of the reactive pro-
cesses decreases with increasing vibrational levels. Conse-

FIG. 8. Reduced populationsnv/n vs A(x)/At . ~a! T–V and V–V ex-
changes accounted in Eq.~52!, ~b! V–V exchanges are neglected in Eq.
~52!, ~c! model of Treanoret al., ~d! model of Landau-Teller and Eq.~67!. A
v50, B v51, C v55, D v510, Ev517.
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quently, the first vibrational levels have a strong influence on
the profile ofYO2

.
In Fig. 12, we compare the variation ofYv for v51,2,3

calculated with the model of KH~solid curve! to those cal-
culated with the model of RB~dashed curve!. The trend for
the vibrational distribution is the same with both models. As
is clear from Fig. 6 and 7, the reactive cross sections for
v&10 calculated with the model of KH are larger than those
calculated with the model of RB for O2–O and O2–O2 col-
lisions. Consequently, the backward probabilities forv&10
calculated with the model of KH are also larger than those
calculated with the model of RB. As a result,Yv for v51,2,3
calculated with the model of KH are larger than those calcu-
lated, with the model of RB with increasingA(x)/At .

In Fig. 13, we show the variation of the fractional popu-
lations Yv for v530–35 versusA(x)/At . Just behind the
throat, the fractional populations of the high vibrational lev-
els decrease quickly due to vibrational de-excitation. As the
rate of expansion increases, the variation of the fractional
populations becomes very slow.

In Fig. 14, we show the variation of the factional popu-
lation of the topmost vibrational levelY36 versusA(x)/At .
The solid line is with reaction and the dashed line without
reaction. The main variation ofY36 is due to the vibrational
relaxation and not to reactive processes.Y36 decreases with
increasingx to populate the other factional populations when
the reactive processes are included or not in the master equa-
tion.

FIG. 10. Fractional populationY0 vs A(x)/At . ~—! with reaction, ~---!
without reaction.

FIG. 9. Fractional populationsnv/n vsv. A(x)/At523.1.~a! T–V andV–V
exchanges accounted in Eq.~52!, ~b! V–V exchanges are neglected in Eq.
~52!, ~c! Treanoret al., ~d! Landau–Teller and Eq.~67!.

FIG. 11. Fractional populationsY1, Y2, and Y3 vs A(x)/At . ~—! with
reaction,~---! without reaction.

FIG. 12. Fractional populationsY1, Y2, andY3 vs A(x)/At . ~—! with the
model of KH and normalizationA, ~---! with the model of RB and normal-
izationC.
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The mass fractionYO2
in Fig. 15 increases strongly be-

hind the throat because of the strong variation of the fac-
tional populationsY0, Y1, Y2 andY3. The contribution of the
factional population of the other vibrational levels onYO2

is
less significant. According to the factional populations distri-
bution plotted in Fig. 12,YO2

calculated with the model of
KH is larger thanYO2

calculated with the model of RB with
increasingx.

The different values ofl employed in Sec. III are used in
order to assess the influence of the vibrational relaxation
time on the macroscopic reaction rates and on the deviations
F1 andF2 given in Eqs.~34! and ~35!. In Figs. 2 and 3, the
vibrational cross sectionss1→0 for, respectively, O2–O and
O2–O2 increase whenl decreases. Consequently, from Eq.
~37!, the vibrational relaxation time decreases withl increas-

ing. F1 andF2 decrease with decreasing the vibrational re-
laxation time because both the vibrational distribution func-
tion, and the forward macroscopic rate coefficients are closer
to their equilibrium values. ForA(x)/At530, the deviations
calculated withl50.3508 Å are equal toF158.0731012 and
F251.9731012 whereas those calculated withl50.256 Å are
equal toF157.7131012 and toF251.8831012 for O2–O and
O2–O2 collisions, respectively. The influence ofl on the de-
viation increases with increasing the cross sectional area.
The molecular mass fraction calculated by settingl50.256 Å
is slightly larger than that calculated withl50.3508 Å, be-
cause the macroscopic forward reaction rate decreases with
increasing the vibrational relaxation time, which increases
the rate of recombination. The different values ofl for O2–O
collisions presented in Sec. IV were also employed. How-
ever, the influence ofl on the deviationsF1 andF2 is not
significant. Even thoughs1→0 is of the order ofs12,e at 5000
K, the atomic mass fraction is weak compared to the molecu-
lar one, and O2–O collisions have small effects on the vibra-
tional relaxation time.

In Fig. 16, the deviationsF1 ~dashed line! andF2 ~solid
line! calculated with the model of KH~curves A! and with
the model of RB~curves C! increase with increasing the
cross sectional area.F1 andF2 become of the order of 1013

for A(x)/At530 when they are calculated with the model of
KH and are of the order of 1015 when they are calculated
with the model of RB. The deviationsF1 andF2 are large for
two reasons. First, because the temperature drops rapidly, the
vibrational relaxation times increases considerably and the
vibrational distribution function is far from its equilibrium
value. Second, the velocity increases on a short time scale,
which reduces the spatial variation of the vibrational distri-
bution function. The vibrational relaxation and the reactive
processes affect the vibrational energy, and the molecular
mass fraction for cross section areasA(x)/At&10. Beyond

FIG. 13. Fractional populationsYv for v530–35 vsA(x)/At with the model
of KH and normalizationA.

FIG. 14. Fractional populationY36 vs A(x)/At . ~—! with reaction,~---!
without reaction.

FIG. 15. Mass fractionYO2
vs A(x)/At . ~A! with the model of KH and

normalizationA, ~C! with the model of KH and normalizationC.
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A(x)/At'10, the vibrational energy and the molecular mass
fraction are frozen.

In order to show the influence of the vibrational distri-
bution function onF1, we calculateF1 by assuming a Bolt-
zmann distribution characterized byTvib . If Eqs. ~42! and
~48! are combined, one can show

kf ,11~v→d,T!5kf ,11
eq Q~T!

Q~2U11!
expFevk ~1/U1111/T!G ,

~71!
whereQ(T) is the partition function andl115D/kU11 has
been used. With Eqs.~22!, ~67! and ~71!, one can show

F15
Q~Tf !Q~T!

Q~Tvib!Q~2U11!
, ~72!

where 1/Tf51/Tvib21/U1121/T. In Eq. ~72!, F1 is the same
as that proposed by Marrone and Treanor.29 In Eq. ~71!, we
use the value ofl11 calculated with normalization A in Sec.
III B. We also calculate,F1 by assuming a Treanoret al.
vibrational distribution function given by Eq.~64!. The pa-
rameterK(x) is calculated from the averaged vibrational en-
ergy, andTvib in Eq. ~72! is determined similarly. In Fig. 17,
we showF1 versusA(x)/At calculated with the vibrational
distribution function determined from the master equation
@curve~a!#, which is larger thanF1 calculated by assuming a
Boltzman distribution@Eq. ~72!# @curve ~b!#, and larger than
F1 calculated with a Treanoret al. distribution @Eq. ~64!#.
The deviationF1 are smaller in curves~b! and ~c! than in
curve~a! because the populations of the high vibrational lev-
els calculated from Eqs.~64! and~67!, are smaller than those
calculated from the master equation.

In Fig. 18, we plot the vibrational distribution function
calculated from the master equation@Eq. ~59!# in the form
log@(nv/n)exp(ev/kT)# versusv for different cross-sectional
areas@curves~a!–~e!#. If Eq. ~64! is a good approximation,
we expect a linear variation withv, with slope equal toK(x).

Close to the throat@curve~a!#, the nonequilibrium effects are
weak, the curve is linear, andK(x) is independent ofv. With
increasing the cross sectional area, the nonequilibrium ef-
fects are larger and the parameterK depends onv. Figure 18
shows that forv50–10, there is a linear portion for which a
K(x) can be calculated from the slope of curves~b!–~e!. For
A(x)/At51.18, @curve ~a!# and 27.34@curve ~e!#, we obtain
K50.17931022 and K50.71, respectively. We have also
calculatedK by equating the averaged vibrational energy
determined from the Treanoret al. distribution function to
that determined from the vibrational distribution obtained
with the master equation. We find that forA(x)/At51.18 and
27.34,K50.16331022 and 0.79, respectively.

The macroscopic forward reaction rate is equal to the
sum of all individual dissociative transitions. The contribu-

FIG. 16. FactorFi versusA(x)/At . ~---! i51 for O2–O2 collisions, ~—!
i52 for O2–O collisions.~A! model of KH model and normalizationA. ~C!
model of RB and normalizationC.

FIG. 17. FactorF1 vs A(x)/At . The vibrational distribution function is
determined~a! from Eq. ~59!, ~b! from Eq. ~67!, ~c! from Eq. ~64!.

FIG. 18. log@(nv/n)exp(ev/kT)# vs v. ~a! A(x)/At51.18, ~b!
A(x)/At53.57,~c! A(x)/At58.73,~d! A(x)/At519.06,~e! A(x)/At527.34.
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tion of each individual transition on the forward macroscopic
rate coefficient is shown with the coefficient,

f 11
v 5~nv /n!kf ,11~v→d,T!/kf ,11

5nvsv→d Y(
v

nvsv→d . ~73!

In Fig. 19, the fractionf 11
v is plotted against the vibrational

level v for differentA(x)/At @curves~1!–~5!#. It can be seen
that the contribution tokf ,11 is almost equal, whatever is the
vibrational level when the vibrational distribution function is
closed to equilibrium~A(x)/At'1!. Nevertheless, in Fig. 17,
the contribution of the high vibrational levels@curves~2!–
~5!# increases quickly with increasingA(x)/At for two rea-
sons. First, when the temperature drops, the reactive cross
section of the high vibrational level remains of the order of
magnitude of the hard sphere cross section, whereas those of
the other vibrational levels decreases quickly. Second, for
A(x)/At&5, the vibrational distribution function is almost
frozen and the populations of the high vibrational level are
higher than that calculated when the flow is in equilibrium.
The functionf 12

v which characterizes O2–O collisions has a
similar trend.

In this paper, the nonequilibrium phenomena differ from
those of a previous paper18 where the nonequilibrium effects
are generated by a shock wave. In this study, the gas is ini-
tially in equilibrium, and the nonequilibrium effects are pro-
duced by the expansion. In the reservoir, since the vibrational
distribution function is equal to its equilibrium value, the
forward rate coefficients are equal to their equilibrium val-
ues. As the rate of expansion increases, the vibrational dis-
tribution function is perturbed by both vibrational energy ex-
changes, mainly through de-excitations and reactive
processes, mainly through recombination. Nevertheless, the
vibrational distribution function remains far from its equilib-
rium value, and the forward rate coefficients become much
bigger than their equilibrium values. On the other hand, in

our previous study, just behind the shock wave, the gas is in
nonequilibrium and the forward rate coefficients are negli-
gible compared to their equilibrium values because only the
fractional population for the ground state is significant. How-
ever, as the distance behind the shock wave increases, the
vibrational distribution function is perturbed by both vibra-
tional energy exchanges, mainly through excitations and re-
active processes, mainly through dissociation. As the gas
moves toward an equilibrium value, the forward rate coeffi-
cients approach their equilibrium value.

VII. SUMMARY

In this article, we have calculated the increase in the
forward rates of O2–O2 and O2–O reactions from their equi-
librium values for the hypersonic expansion of O2 through a
nozzle. The increase in the forward rates is due to the per-
turbation of the vibrational distribution function byT–V,
V–V, and reactive processes. The vibrational distribution
function is calculated from a numerical solution of a master
equation, which is coupled to the conservation equations.
The deviations of the reaction rates from their equilibrium
values are strong, and increase, with increasing the cross
sectional area. In addition, our calculations show that the
contribution to the forward reaction rates comes from all the
vibrational levels, when the gas is located close to the throat,
and from the highest vibrational levels when the gas is far
from the throat.
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APPENDIX: DETERMINATION OF THE INITIAL
CONDITIONS FOR THE NUMERICAL INTEGRATION

The equilibrium mass flow is determined at the throat
where the position isxt and (dA/dx)xt50. In order to re-
move the singularities occurring atM51 in Eqs. ~54! or
~60!, and to calculate the initial conditions necessary to inte-
grate Eqs.~52!–~54! or ~59! and ~60!, we assume that the
flow is in equilibrium until the position where the frozen
Mach number is slightly greater than unity.

From the equation of motion, Eq.~2!, we can show

]P

]r

]r

r
52u]u. ~A1!

The logarithmic derivation of the mass conservation gives

]r

r
1

]A

A
1

]u

u
50. ~A2!

If ~]r/r! from Eq. ~A2! is substitute into~A1!, we find the
fundamental relation for one-dimensional compressible flow,

FIG. 19. logf 11
v vs A(x)/At . ~1! A(x)/At51.02, ~2! A(x)/At54.7, ~3!

A(x)/At510.6, ~4! A(x)/At516.8, ~5! A(x)/At530.72.
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1

A

dA

dx
52

1

u

]u

]x S 12
u2

~]P/]r!s
D . ~A3!

The subscript ‘‘s’’ indicates that the entropy is constant.

1. In the absence of reaction

The final desired result involves explicit evaluation of
the sound speedaeq

2 5(]P/]r)s for this molecular gas at
equilibrium. If the ideal equation of state is differentiated
with respect tox, then

~]P/]x!

~]r/]x!
5RTS 11

r

T

~]T/]x!

~]r/]x! D . ~A4!

The temperature is obtained by differentiating the enthalpy
equation, 7/2RT1Ēvib

eq1u2/25hr , Eq. ~3!,

u
]u

]x
1
7

2
R

]T

]x
1

]Ēvib
eq

]T

]T

]x
50. ~A5!

The term inu(]u/]x) in Eq. ~A5! is replaced by21/r(]P/
]x) with use of Eq.~2!, and the result for (]P/]x) given by
Eq. ~A4! is subsequently used. The resulting equation is
solved for (]T/]x) to give

]T

]x
5

2RT~]r/]x!

r@512Cvib~T!#
, ~A6!

whereCvib(T)5~]Ēvib
eq /]T!. With the substitution of Eq.~A6!

into Eq. ~A4!, we have the final desired result

S ]P

]r D
s

5S 7R12Cvib~T!

5R12Cvib~T! DRT. ~A7!

In order to determine the temperature at the throat, we use
the conservation of enthalphy. At the throat we have that
(dA/dx)50. Consequently, from Eq.~A3!, ut

25(]P/]r)s
and

hr5
7

2
RTt1Ēvib

eq ~Tt!1
ut
2~Tt!

2
, ~A8!

whereTt is the temperature at the throat which is determined
numerically from Eq.~A8!. A supplementary macroscopic
parameter must be defined in order to calculate the other
parameters of the flow. The enthalpy, the momentum and the
equation of state may be rearranged to give

]P

]T
5
P@7R12Cvib~T!#

2RT
. ~A9!

This equation can be numerically integrated with the Runge–
Kutta method from the reservoir conditions as initial values
~Pr andTr! to the throat where the temperature isTt . This
integration enables one to calculatePt and to deduce the
mass flow

ṁeq5r tutAt . ~A10!

In order to avoid the singularity occurring atM51 in Eq.
~54!, the initial conditions necessary to integrate Eq.~52!–
~54! are calculated at a positionxi , where the frozen Mach
number is slightly greater than unity. ForMi5~11e!, from

Eq. ~55!, the velocity isut
25(7RTi /5)(11e)2. Thus, from

the conservation of enthalpy, the temperatureTi may be nu-
merically calculated. The pressurePi is calculated by inte-
grating Eq.~A9! from Tt and Pt to Ti . The densityri is
determined from the ideal gas equation of state, andAi is
given by Eq.~A10! from which the positionxi is determined
from the nozzle profile, Fig. 1.

2. With reaction

The calculation of the equilibrium mass flow is more
complicated, than in the absence of reaction because the
atom mass fractionYO is an additional unknown appearing in
the conservation equations. We follow the same procedure as
in the absence of reaction. The final desired result involves
explicit evaluation of the sound speedaeq

2 5(]P/]r)s in Eq.
~A3! for the gas mixture at equilibrium. If the ideal equation
of state is differentiated with respect tox, then

~]P/]x!

~]r/]x!
5RTS r

T
~11YO!

~]T/]x!

~]r/]x!
1r

~]YO/]x!

~]r/]x!

1~11YO! D . ~A11!

The temperature is obtained by differentiating the enthalpy
equation, Eq.~3!,

u
]u

]x
1F S 721

3

2
YODR1~12YO!Cvib~T!G ]T

]x

2F Ēvib
eq2

3

2
RT2h0G ]YO

]x
50. ~A12!

The term inu(]u/]x) in Eq. ~A12! is replaced by21/r(]P/
]x) with use of Eq.~2!, and the result for (]P/]x) given by
Eq. ~A11! is subsequently used. The resulting equation is
solved for (]T/]x) to give

]T

]x
5

1

@R/2~51YO!1~12YO!Cvib~T!#

3F ~Ēvib
eq2RT/22h0!

]YO

]x
1
RT~11YO!

r

]r

]xG .
~A13!

In order to express~]YO]x! as a function ofT, YO, r, (]T/
]x), ~]r/]x!, we need a further relation. We employ the law
of mass action. The equilibrium constantKc(T) for the reac-
tion

O21M
2O1M, ~A14!

where M is either O2 or O and is given by

Kc~T!5
@O#2

@O2#
5

4rYO
2

M̂O2
~12YO!

5
Keq

NA
5expFA1S TBD1A21A3 lnSBTD
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1A4S B
T
D 1A5S B

T
D 2G , ~A15!

determined by experiment.@O# and@O2# are, respectively, the
equilibrium concentration in moles per unit volume of O and
O2. K

eq is the equilibrium rate constant given by Eq.~31!.
The values ofB,A1 ,A2 ,A3 ,A4 ,A5 are given by Park.8 The
term~]YO/]x! in Eq. ~A13! is obtained by differentiating Eq.
~A15!,

]YO

]x
5
YO~12YO!

~22YO!
S 1

Kc~T!

]Kc~T!

]x
2
1

r

]r

]x
D . ~A16!

We get

1

Kc~T!

]Kc~T!

]x
5f2

]T

]x
, ~A17!

where

f25SA1

B
2
A3

T
2
A4B

T2
2
2A5B

2

T3 D . ~A18!

~]YO/]x! obtained in Eq.~A16! is substitute in Eq.~A13!,
and one obtains,

~]T/]x!

~]r/]x!
5
1

r
F 2YO~12YO!~Ēvib

eq2RT/22h0!1RT~11YO!~22YO!

R/2~51YO!~22YO!1~12YO!Cvib~T!~22YO!2~Ēvib
eq2RT/22h0!YO~12YO!f2

G , ~A19!

and ~]YO/]x!/~]r/]x! is calculated by substituting Eq.~A19! into Eq. ~A16!,

~]YO/]x!

~]r/]x!
5F f2@2YO~12YO!~Ēvib

eq2RT/22h0!1RT~11YO!~22YO!#

R/2~51YO!~22YO!1~12YO!Cvib~T!~22YO!2~Ēvib
eq2RT/22h0!YO~12YO!f2

21G YO~12YO!

r~22YO!
.

~A20!

With the substitution of Eq.~A19! and ~A20! into Eq. ~A11!, we have the final desired result,

S ]P

]r
D
s

5F R~11YO!@2YO~12YO!~Ēvib
eq2RT/22h0!1RT~11YO!~22YO!#

R/2~51YO!~22YO!1~12YO!Cvib~T!~22YO!2~Ēvib
eq2RT/22h0!YO~12YO!f2

G
1F RTf2@2YO~12YO!~Ēvib

eq2RT/22h0!1RT~11YO!~22YO!#

R/2~51YO!~22YO!1~12YO!Cvib~T!~22YO!2~Ēvib
eq2RT/22h0!YO~12YO!f2

2RTG YO~12YO!

~22YO!

1RT~11YO!. ~A21!

At the throat, (dA/dx)50, and from Eq. ~A3!,
ut
25(]P/]r)s , which is a function ofT,YO. Consequently,
the enthalpy given by Eq.~3! may also be written as a func-
tion of T,YO. In order to determine the coupleTt ,YO,t which
verify the conservation of enthalpy, we integrate numerically
with the Runge-Kutta method the ratio,~]YO/]x!/
(]T/]x)5 f ~T,YO! given by Eqs.~A19! and ~A20!. The ini-
tial conditions for the numerical integration areTr and
YO,r . We choose an arbitrary value ofT and calculate the
corresponding value ofYO until the conservation of enthalpy
is verified,

hr5~12YO,t!Ēvib
eq ~Tt!1YO,th

0

1
~713YO,t!

2
RTt1

ut
2~Tt!

2
. ~A22!

From the law of mass action, the mass density can be calcu-
lated, and the equilibrium mass flow is determined.

The singularity in Eq.~60! is removed, assuming that the
flow is in equilibrium until the cross section corresponding to
a frozen Mach number is slightly bigger than unity. For
Mi5~11e!, the velocity isui

25@RTi(11YO,i)(713YO,i)/

(5 1 YO,i)](1 1 e)2. The temperatureTi is calculated by in-
tegrating ~]YO/]x!/(]T/]x) until the coupleTi and YO,i

verify the conservation of enthalpy. The mass densityri is
calculated from the law of mass action, and the positionxi
from the mass conservation.
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