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Numerical study of a direct current plasma sheath based on kinetic theory
Aleksey V. Vasenkova) and Bernie D. Shizgalb)

Department of Chemistry, University of British Columbia, 2036 Main Mall, Vancouver,
British Columbia V6T 1Z1, Canada

~Received 20 August 2001; accepted 29 October 2001!

A fully kinetic theory model was developed to study plasma properties of the sheath of a direct
current glow discharge. This model includes a direct numerical solution of the Boltzmann equations
for electron and ion distribution functions with a self-consistent electric field obtained from the
Poisson equation. The calculated profiles of density, drift velocity, temperature, and electric
potential were used to show the structure of the plasma sheath. The results of the direct numerical
solution were compared with a particle-in-cell Monte Carlo simulation. It was also demonstrated
that for a small Debye length to the ion mean-free path ratio, results obtained using the continuum
sheath model, which includes two parameters, can be matched to the kinetic theory simulations.
© 2002 American Institute of Physics.@DOI: 10.1063/1.1432316#
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I. INTRODUCTION

Much attention has been given recently to glow d
charge plasmas of the type used for electronic mate
processing.1 One of the central problems is to study the no
equilibrium transport of electron and ions in the region clo
to the electrode. This region is referred to as the sheath,
is not rigorously defined. Plasma properties change dram
cally in the sheath region, and the electric field is not kno
a priori but must be found self-consistently. Although rad
frequency~rf! discharge plasmas are usually used for ma
rial processing, we consider the plasma sheath of a di
current ~dc! discharge in this study. An analysis of the d
sheath problem should be applicable to an rf sheath in
limit that the ion transit time multiplied by the rf frequency
small or large.1,2

Our current goal is to present a detailed analysis of
behavior of a partially ionized plasma in contact with
electrode. We consider a one-dimensional~planar! sheath of
a dc discharge such that the spatial dependence is only in
r axis measured from the electrode. We do not attemp
develop a model for the entire discharge. Instead, we in
duce unequal fluxes of electrons and ions at the plasm
sheath boundary and focus on the nonequilibrium effect
the transport of electrons and ion in the sheath region.

Historically, sheath structure is described with simp
hydrodynamic models which are based on the following t
assumptions. First, the ionization in the sheath can be
glected and, second, electrons are considered to be at
librium and their number density is given by the Boltzma
relationn(r )5n(0)exp@ef(r)/kTe#, wheref(r ) is the poten-
tial, e is the charge on an electron andTe is the electron
temperature.1 In addition, it is often assumed that monoen
getic ions of massMi and temperatureTi enter the sheath
region with velocityu0 andTi!Te . The electric potential is
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determined from the Poisson equation with the ion den
given with conservation of ion density and momentum.3–6 If
lD is the Debye length andLi is the ion mean-free path, the
this model is generally considered in the limite5lD /Li

→0 and one finds thatu0>AkTe /mi ; that is, the speed o
the ions entering the sheath region has to be greater tha
equal to the ion sound speed. This is the usual Bohm cr
rion that has been discussed extensively.4,6–8 This hydrody-
namic model cannot be rigorously valid in the region ne
the wall. The plasma sheath problem is a nonequilibri
system and the spatial and velocity distribution functions
the ions and electrons are not rigorously the Maxwe
Boltzmann distributions.

The main objective of this paper is to consider a kine
theory treatment and determine the plasma properties f
the solution of the ion and electron Boltzmann equatio
coupled to the Poisson equation for the self-consistent e
tric field. This is a formidable multidimensional problem fo
which the solution has been reported only in some ca
Quite often this solution is obtained on the condition that
spatial variations of plasma parameters are ignored an
the spatial dependence of an electric field is imposed.9–15 In
several studies hybrid models were reported which comb
continuum and kinetic approaches~see, for example, Refs
16–23!. Here, the electric field is obtained from the hydr
dynamic model, whereas a kinetic approach is used to ca
late the nonequilibrium~high-energy! part of ion and/or elec-
tron velocity distribution functions. A promising convectiv
scheme of the direct solution of the Boltzmann equation
described in Refs. 24–26. The authors show that this sch
is more efficient than the standard explicit finite differen
scheme. Dalvieet al.27 reported Monte Carlo~MC! simula-
tions with a self-consistent electric field obtained from t
solution of the Poisson equation. These authors perform
MC simulations with the use of constant collision cross s
tions. The use of this unrealistic collisional model allows f
a very simple MC algorithm. The present paper is a seque
an early paper28 where a detailed study of the spatial depe
dence of the nonequilibrium ion and electron distributi

0,
© 2002 American Institute of Physics
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functions in the sheath region was reported. In this previ
work, the range of validity of the Boltzmann relation for th
spatial distribution of electrons was studied and discussed
the present paper, we focus on the hydrodynamic varia
such as density, drift velocity, and averaged energies
pressed as temperatures derived from the nonequilibrium
tribution functions.

In Sec. II, we present our kinetic theory model of t
sheath. The direct numerical solution~DNS! of the Boltz-
mann equations for electron and ion distribution functio
with a self-consistent electric field obtained from the Poiss
equation is described in detail. Only a brief summary of o
particle-in-cell Monte Carlo~PIC-MC! method is presented
as it was described previously in Ref. 28. Section III prese
the results of calculations for the sheath region in a dc g
discharge in Ar.

II. SELF-CONSISTENT KINETIC THEORY OF A
PLASMA SHEATH

A. Direct numerical solution

The self-consistent model of electron and ion transp
in a boundary layer between the plasma and an elect
requires the solution of the Boltzmann equations for the d
tribution functions of electrons,f̃ e(r ,v,t), and ionsf̃ i(r ,v,t),
and coupled to the Poisson equation for the self-consis
field. We consider a one-dimensional discharge such tha
spatial dependence is only in ther axis. We consider a sys
tem of electrons and ions dilutely dispersed in a backgro
of atoms considered at equilibrium. The Boltzmann eq
tions for the electron and ion distribution functions are giv
by

] f̃ e

] t̃
1mv

] f̃ e

]r
2m

eẼ

me

] f̃ e

]v
5ngJ̃e@ f̃ e#, ~1!

] f̃ i

] t̃
1mv

] f̃ i

]r
1m

eẼ

Mi

] f̃ i

]v
5ngJ̃i@ f̃ i #, ~2!

wherem5cosu, andu is the angle relative to ther axis; me

andMi are the electron and ion masses, respectively; andng

is the neutral gas density. We have written the tim
dependent forms of the Boltzmann equations, although
the steady distributions that are desired. The electric fieldẼ,
in ~1! is determined from the Poisson equation

]Ẽ

]r
5

e

«0
~ ñi2ñe!, ~3!

wheree is the electron charge ande0 is the vacuum permit-
tivity. The electric field is derivable from the scalar potenti
w, that is

Ẽ52
]w̃

]r
, ~4!

where the steady electron and ion densities,ne(r ) and ions
ni(r ), respectively, are determined by

nẽ~r !5E f̃ e~r ,v,m!dv, ~5!
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nĩ~r !5E f̃ i~r ,v,m!dv. ~6!

We have suppressed the time variable as it is the ste
distribution functions which are sought. The linear collisio
operator for electron–neutral interactions,J̃e , is given by the
Lorentz–Fokker–Planck form29,30

J̃e@ f̃ e#5
me

M

1

v2

]

]v H Fsm~v !v4S 11
kT1

mev
]

]v D G f̃ e~r ,v,m!J
1

sm~v !v
2

]

]m H ~12m2!
]

]m
@ f̃ e~r ,v,m!#J , ~7!

wheresm(v) is the momentum transfer cross section,M and
T1 are the atom mass and the temperature of the backgro
medium, respectively. The first term in brace brackets in
~7! is the isotropic portion of the operator whereas the sec
term is the anisotropic part which describes pitch-angle s
tering.

We assume that the major process for ion–neutral co
sion is the charge-exchange process, for which the collis
operator,J̃i , is of the form

J̃i@ f̃ i~r ,v,m!#5 f̃ i
M~v !E f̃ i~r ,v8,m!sex~g!g dv8

2 f̃ i~r ,v,m!E f̃ i
M~v8!sex~g!gdv8, ~8!

where sex(v) is the charge exchange cross section,g
5uv2v8u is the relative velocity. In~8!, the Maxwellian
distribution is defined by f̃ i

M(v)5(Mi /2pkT1)3/2

3exp(2Miv
2/2KT1). In the present paper, we have chose

simple collisional operator based only on charge-excha
collisions within the linear trajectory approximation.31,32The
result is the collisional operator given by Eq.~8!. For elastic
collisions, the differential cross section, which is presen
not available, should be calculated quantum mechanic
from ab initio potentials.33 The collision operator for these
elastic collisions introduces additional complexities that w
be considered in a future publication. When written expl
itly in terms of spherical velocity components, the opera
for charge-exchange collisions of ions with neutrals is giv
by

J̃i@ f̃ i #5~Mi /2pkT1!3/2exp~2Miv
2/2kT1!

3E
0

`E
21

1 E
0

2p

sex~g!g f̃ i~r ,v8,m!v82 dv8 dm

3df2~Mi /2pkT1!3/2f̃ i~r ,v,m!

3E
0

`E
21

1 E
0

2p

sex~g!g

3exp~2Miv82/2kT1!v82 dv8 dm df. ~9!

We introduce the ion mean free path,Li51/ngs i , and
the reference density given byn05 j 0 /Dangs0 with the flux
j 051 cm22 s21. Here,s051 Å, Da is the ambipolar diffu-
sion coefficient, ands i is the charge-exchange cross secti
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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calculated at the energy corresponding to the ion temp
ture,Ti , chosen far from the electrode. We also introduc
dimensionless spatial variable defined asx5r /Li and dimen-
sionless velocity variables for electrons,p5v/ve , and ions,
P5v/v i , where ve5(2kTe /me)

1/2 and v i5(2kTi /Mi)
1/2.

Similarly, we define dimensionless times for electrons a
ions, te5 t̃ve /Li , t i5 t̃v i /Li , respectively. The distribution
functions, densities, collision operators and fields can t
be written in dimensionless form and we have th
f e5 f̃ eve

3/n0 , f i5 f̃ iv i
3/n0 , ne5nẽ/n0 , ni5nĩ /n0 , Je@ f #

5 J̃e@ f̃ #/(s ive), Ji@ f #5 J̃i@ f̃ #/(s iv i), E5eẼLi /kTe , w
5ew̃/kTe . With the transformation to these dimensionle
variables, Eqs.~1!–~3! can be rewritten as the system
equations

] f e

]te
1mp

] f e

]x
2

mE

2

] f e

]p
5Je@ f #, ~10!

] f i

]t i
1mP

] f i

]x
1

mE

2

Te

Ti

] f i

]P
5Ji@ f #, ~11!

ne~x!5E f e~p,x,m!dp, ~12!

ni~x!5E f i~P,x,m!dP, ~13!

]E

]x
5«22~ni2ne!, ~14!

E52
]w

]x
, ~15!

where«5lD /Li and lD is the Debye length given bylD

5(«0kTe /n0e2)1/2. The ratio of the electron temperature
ion temperature appears in~11! becauseTi is used to intro-
duce the dimensionless ion velocity, whereas the elec
field is divided byTe . The parameter« controls the spatia
variation of the electric field indirectly, owing to the couplin
of the Poisson equation with the Boltzmann equations.

The steady distributions for both electrons and ions
determined from the time-dependent Eqs.~10! and ~11!, re-
spectively. The time derivatives in Eqs.~10! and ~11! are
reduced to algebraic form with an explicit finite differen
method, that is

f e
n115 f e

n2BeDte , ~16!

f i
n115 f i

n2BiDt i , ~17!

wheren11 andn denote successive times separated byDt.
The quantitiesBe andBi are evaluated at time denoted byn,
and are defined by

Be5pm
] f e

]x
2

mE

2

] f e

]p
2Je@ f e#, ~18!

Bi5Pm
] f i

]x
1

mE

2

Te

Ti

] f i

]P
2Ji@ f i #. ~19!

Equations~18! and ~19! are discretized with a collocatio
method which employs Legendre quadrature points for b
the m andx variables, and the nonclassical speed quadra
points forp andP. The derivative operators inx, p, andP in
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Eqs.~18! and~19! are replaced with their matrix represent
tives as discussed by Shizgal,34 and Blackmore and
Shizgal.35 The discretization is based on a discrete mat
derivative operator, defined such that

dF~x!

dx U
x5xi

5(
j 51

N

Di j F~xj !. ~20!

This algorithm permits the reduction to algebraic form
differential operators, as occurs explicitly in Eqs.~18! and
~19!. The electron collision operator in the form of a diffe
ential Fokker–Planck operator in Eq.~8! can also be written
in terms of first- and second-order derivative operator30

Equation~18! is thus written in discrete form, as given by

Be~xk ,pn ,m l !

5pnm l (
j 51

Nx

Dk j
L f e~xj ,pn ,m l !

2
m lEk

2 (
j51

Np

Dn j
S f e~xk ,pj ,m l !2

me

M

1

pn
2 (

j51

Np

Dn j
S sm~pj !

s i

3pj
4F f e~xk ,pj ,m l !1

1

2pj
(
i 51

Np

D ji
S f e~xk ,pi ,m l !G

2
sm~pn!

2s i
(
j 51

Nm

Dl j
L ~12m j

2!(
i 51

Nm

D ji
L f e~xk ,pn ,m i !,

~21!

where Dk j
L and Dn j

S are the derivative matrix operators fo
Legendre and speed quadratures, respectively. The quan
Nx , Np , and Nm are the number of discrete quadratu
points in thex, p, andm variables. The first two terms in Eq
~21! correspond to the derivative terms in Eq.~18!. The third
term involving the square brackets is the isotropic portion
the electron–atom collision operator, whereas the last t
involving the derivatives inm arise from the anisotropic par
of the collision operator. The ion–neutral charge-exchan
integral operator can be evaluated using the quadrature
mula for the speed weight function.34,35The discrete form of
Eq. ~19! follows similarly, except that the ion–neutra
charge-exchange collision operator is an integral oper
and evaluated with the speed quadrature formula, that is

Bi~xk ,Pn ,m l !

5Pnm l (
j 51

Nx

Dk j
L f i~xj ,Pn ,m l !1

m lEk

2

Te

Ti

3(
j 51

Np

Dn j
S f i~xk ,Pj ,m l !2

2

p3/2
exp~2Pn

2!

3(
j 51

Np

wj
S exp~Pj

2!(
i 51

Nm

(
m51

Nm

wi
Lwm

L

3
Vjnilm

~12mm
2 !

sex~V!

s i
f i~xk ,Pj ,m i !1

2

p3/2
f i~xk ,Pn ,m l !

3(
j 51

NP

(
i 51

Nm

(
m51

Nm

wj
Swi

Lwm
L Vjnilm

~12mm
2 !

sex~V!

s i
, ~22!
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where Vjnilm5Pj
21Pn

222PnPjm i lm , m i lm5m lm i2@(1
2m l

2)(12m i
2)#1/2mm . The electric field at thej th colloca-

tion position was found from a solution of the Poisson eq
tion, given by

E~xj !5(
k

Dk j
21«22@ni~xj !2ne~xj !#. ~23!

The electric field asx→` is calculated from the requiremen
that the motion of electrons and ions is described by
ambipolar diffusion36

E~x!ux→`5
Di2Da

Di

1

x
,

where the ambipolar diffusion coefficient is given by36

Da5
Dem i1Dime

me1m i
.

Here,De ,Di andme ,m i are the electron and ion coefficien
of diffusion and mobility, respectively.

The method of solution follows earlier treatments of t
Milne problem.37,30,35 The distribution function,f i

0 , and
electron distribution function,f e

0 , far from the boundary a
x50 are given by

f e
0~xk ,pn ,m l !5 f i

0~xk ,pn ,m l !

52 j 0 /Daf M~pn!@qa1xk2m lU~pn!#,

~24!

serve as asymptotic boundary conditions. The coefficienqa

is the extrapolation length.37,30 These distribution functions
are the asymptotic forms consistent with the Chapma
Enskog-type solution of the diffusion of ions or electro
through the background neutral gas at equilibrium. The d
tribution functions are close to Maxwellian with a small pe
turbation owing to the finite drift of electrons and ions. T
perturbation is of the form37

m lU~pn!5 (
n50

N

dncn1~pn ,m l !,

where the basis functionscnl(pn ,m l) are the Laguerre-
spherical harmonic basis functions.

The extrapolation lengthqa , and the expansion coeffi
cientsdn ~which describe ambipolar transport electrons a
ions far away from the electrode! are calculated from the
solution of the Boltzmann equation37,30 with the collision
operatorI equal to

I 5
Te

Te1Ti
S Je@ f #1

Ti

Te
Ji@ f # D . ~25!

This choice for the collision operatorI reduces the system o
equations~10!–~15! to one equation. The temperature facto
in ~25! are different becauseTi andTe are used to introduce
the dimensionless velocities in Boltzmann equations for
and electron distribution functions, respectively.

The numerical solution of the system of equations~16!–
~23! is obtained as given by the iterations in Eqs.~16! and
~17!. The initial distribution functions for electrons and ion
in this time-dependent approach to steady state are ch
Downloaded 18 Feb 2002 to 137.82.31.31. Redistribution subject to AI
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according to the distribution represented by Eq.~24!. The
algorithm includes cycles, each of which involves the dire
numerical solution of the Boltzmann equations for electr
and ion distribution functions, subject to the Marshak boun
ary conditions,30 and the Poisson equation for the se
consistent electric field. The electron and ion distributi
functions, at the timetn , are given by Eqs.~18! and ~19!,
respectively. The electric field, used in Eqs.~18! and~19!, is
calculated by solving Eq.~23!, which employs the electron
and ion densities obtained attn21 . This procedure is re-
peated until the steady-state solution of Eqs.~18! and~19! is
obtained.

B. The stochastic simulation

A PIC simulation is a widely used alternative approa
to the direct solution of the system of equations~1!–~3!. In
the PIC method, a group of electrons~or ions! is represented
by a single simulation particle. It is usually assumed that t
particle has only short-range interactions with a gas at
which correspond to collisions. The statistical Monte Ca
collision technique is used to simulate these collisions. In
PIC-MC method, each particle moves in the electric fie
according to Newton’s law. The self-consistent field is calc
lated from the solution of the Poisson equation with the d
sity of electrons and ions obtained from the particle simu
tion.

In this study, we use the PIC-MC algorithm to study t
steady space- and energy-dependent ion and electron d
butions in the sheath region. Our algorithm is previou
outlined in Ref. 28; hence, only a brief outline is given. T
algorithm includes a Monte Carlo simulation of charged p
ticle transport in a self-consistent electric field calculated
ing the Poisson equation. In the simulation, ensembles
electrons and ions with Maxwellian speed distributions
incident on the gas medium of finite extent in ther direction.
The simulation code follows the drift of electrons and io
through the series of real and null collisions. In the case o
null collision, a particle emerges with an unchanged veloc
Consideration of null collisions is required to provide th
efficient simulation of charged particle transport in the ele
tric field.38–40

The core of our algorithm consists of three primary pr
cedures: the simulation of collisions, indexing and cro
referencing of particles, and the simulation of particle m
tion. At the end of the third procedure, spatial distributions
electrons and ions are obtained using the spatial coordin
and velocity components of simulation particles

ns~r !5
(kns

k~r ,p!

Dr
, ~26!

where the subscripts represents the kind of particles (e for
electrons andi for ions!; ns

k(r ,p) is the space- and velocity
dependent distribution function. The summation in~26! is
over all particles in the spatial intervalDr centered atr. The
Poisson equation is solved with the Quadrature Discret
tion Method,34,35 which permits the reduction of the differ
ential operator to the algebraic form. The details of solut
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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are given in the previous subsection. These procedures
repeated until the steady-state distributions of ions and e
trons are obtained.

The present model is used to determine the space-
energy-dependent ion and electron distribution functions

f s~r ,E!5
(kns

k~r ,p!

DrDE
, ~27!

where the summation is over all particles existing in t
spatial intervalDr centered atr, and also in the energy in
terval DE centered atE.

III. RESULTS AND DISCUSSION

In this section, we present the plasma properties in
sheath region such as the electric potential, the electron
ion densities, the electron and ion drift velocities, and
electron and ion temperatures. In Fig. 1, we show the m
mentum transfer cross section for the electron–Ar ela
collisions taken from Ref. 41, and the charge-exchange c
section for Ar1 – Ar interactions obtained using the resu
from Ref. 42. We see that the charge-exchange cross se
decreases slowly with an increase in energy, whereas
momentum transfer cross section exhibits a large Ramsa
Townsend minima. The electron and ion velocity distributi
functions far from the electrode are chosen to be Maxwel
distributions with temperaturesTe

(0) and Ti
(0) , respectively.

The calculations are performed for ion and background
temperatures equal to 300 K. The electron temperatureTe

(0)

is chosen to be equal to either 300 or 3000 K.
In Sec. III A, we present the results for large and mo

erate«. In this case, one has a relatively small charged p
ticle density and, correspondingly, a relatively large~com-
pare to the ion mean-free path! sheath width. The plasm
parameters in this case are obtained with the PIC-
method and the direct solution. Both these techniques are
common approaches in plasma discharge simulation. In
III B, we present the results of PIC-MC simulation obtain
for small « and compare them with the results of simp
fluid-type simulation. The latter type of simulation is als

FIG. 1. Momentum transfer and charge-exchange cross sections for
Downloaded 18 Feb 2002 to 137.82.31.31. Redistribution subject to AI
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often used to model discharge plasmas. For the«→0 limit,
we do not present the results of direct solution due to a
mathematical difficulties. These difficulties are related to
rapid variations of ion and electron distributions in th
sheath, which has a width of about an ion mean-free path
particular, we found that direct numerical solution require
large number of points in velocity, angular and space va
ables. This implies very small time steps in Eqs.~16! and
~17! and, correspondingly, an enormous number of iteratio

A. Large and moderate ratios of the Debye length to
the ion mean-free path

The primary objectives of this work are the stea
plasma parameters which are obtained with both the PIC-
simulation and the direct solution of the Boltzmann equ
tions. The time-dependent Boltzmann equations for elect
and ion distribution functions Eqs.~16!–~19! are solved it-
eratively to obtain these steady-state plasma parameters
employ typically 12 speed quadrature points for velocity,
and 60 Legendre quadrature points for angular and sp
variables, respectively. We first show the time evolution

.

FIG. 2. Time evolution of the ion density,ni(x,t), in units ofn0 for « equal
to ~A! 2.3 and~B! 7.7 for timest i equal to~a! 0; ~b! 0.08;~c! 0.23;~d! 0.77.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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the spatial ion density profiles,ni(x,t), to the steady state
profile. These profiles are shown as a function of posit
and time in Fig. 2~A! and Fig. 2~B! for « equal to 2.3 and
7.7, respectively. The results of the direct solution are
tained forTe

(0)53000 K. The initial density profile, shown b
curve a in Fig. 2~A!, is linear in the distance from the elec
trode owing to the choice of initial electron and ion distrib
tions, Eq. ~24!. The density profile, calculated int50.08
~curve b! is essentially nonlinear, especially near the el
trode. The results, obtained fort50.23 ~curve c! and t
50.77~curve d!, show that the difference between the initi
profile andni(x,t) continues to grow with an increase
time. We can also see that curves~b–d! coincide very closely
starting fromx equal to approximately 20. This implies th
ni(x,t) relaxes very fast to the time-independent distribut
some distance away from the electrode. The time evolu
of ni(x,t) for «57.7 is shown in Fig. 2~B!. We see that the
relaxation process in this case is slow in the beginn
~curves a–c!, but it becomes faster in the later part~curves
c–d!.

The spatial profiles of ion and electron densities obtain
for «52.3 are shown in Fig. 3 and Fig. 4 forTe

(0) equal to
300 and 3000 K, respectively. The results of the direct
merical solution are shown by the curves, whereas
PIC-MC simulations are represented by the symbols. The
and electron density are almost the same at the electrode
are different some distance from the electrode. The dif
ence between electron and ion densities forTe

(0)53000 K
~Fig. 4! is bigger than that shown in Fig. 3 in the case
Te

(0)5300 K. We show also in Fig. 4 the density profile
obtained with the Boltzmann relation

ne~x!5n0 exp~f~x!/Te!, ~28!

where the electric potential,f(x), is taken from the direct
numerical solution. The electron density profile, obtain
from Eq. ~28! with Te(x) taken from the direct numerica
solution, is shown by the dashed curve, while the dot-das
curve represents Eq.~28! with the constant electric tempera

FIG. 3. Steady electron-density,ne(x), and ion-density,ni(x), profiles in
units of n0 for « equal to 2.3 andTe

(0) equal to 300 K. Solid lines show the
results of the direct solution, whereas PIC-MC simulations are represe
by the symbols.
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ture equal toTe
(0) . We see some difference between electr

density obtained from the direct numerical solution and t
calculated with the Boltzmann relation. This difference r
sults from the departure of electron distribution functi
from the Maxwellian distribution. The ion and electron sp
tial density profiles obtained for«50.46 andTe

(0)53000 K
are shown in Fig. 5, now forx up to 12. We see that the
boundary between sheath and plasma is closer to the e
trode than it was in previous cases. The ion and elect
density profiles are essentially nonlinear near the electrod
is worth noting that the results of the direct simulation a
not completely converged owing to a lack of the number
Legendre quadrature points for the spatial variable. We sh
also in Fig. 5 the electron density profiles calculated with
Boltzmann relation. The dashed curve represents Eq.~28!

edFIG. 4. Steady electron-density,ne(x), and ion-density,ni(x), profiles in
units of n0 for « equal to 2.3 andTe

(0) equal to 3000 K. The dashed curv
represents Eq.~28! with the calculatedTe(x), while the dashed-dot curve is
used to show the results obtained from Eq.~28! assuming the constan
temperature.

FIG. 5. Steady electron-density,ne(x), and ion-density,ni(x), profiles in
units of n0 for « equal to 7.7 andTe

(0) equal to 3000 K. The dashed curv
represents Eq.~28! with the calculatedTe(x), while the dashed-dot curve is
used to show the results obtained from Eq.~28! assuming the constan
temperature.
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with the calculatedTe(x), while the dashed-dot curve is use
to show the results obtained from Eq.~28! assuming the
constant temperature. We see that the DNS results agree
ter with the dashed-dot curve rather than with the das
curve.

The drift velocities of ions and electrons are shown
Figs. 6~A! and 6~B! for « equal to 7.7 and 0.46, respectivel
The electron temperature far from the electrode in both ca
is equal to 3000 K. The results of the direct numerical so
tion are shown by the curves, whereas the PIC-MC simu
tions are represented by symbols. We see that the ion
velocity in both cases does not reach the ion speed. He
Bohm’s criterion is not satisfied in these cases owing to
small value of parameter«. The ion and electron drift ve
locities shown in Fig. 6~B! increase faster with distance tha
in Fig. 6~A!.

The spatial profiles of ion and electron temperatures
tained forTe

(0)53000 K are shown in Figs. 7~A! and 7~B! for
« equal to 7.7 and 0.46, respectively. The ion temperat
shown in Fig. 7~A!, is almost independent ofx some distance
away from the electrode and it decreases withx close to the
electrode. In contrast, the ion temperature shown in Fig. 7~B!
varies withx some distance away from the electrode and i

FIG. 6. Steady drift velocity profiles for ions,wi(x)/cs , and electrons
we(x)/cs , for « equal to~A! 7.7 and~B! 0.46,Te

(0) equal to 3000 K.
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almost constant close to the electrode. A peak in ion temp
ture shown in Fig. 7~B! indicates that ions experience som
heating in the sheath region owing to the drift in the se
consistent field. We will show later that the potential of th
field in the sheath increases significantly with a decreas
«. The electron temperature, shown in Figs. 7~A! and 7~B!,
decreases slowly withx. A similar result was obtained in the
study of the nonequilibrium effects for electron transp
near a boundary in the absence of an electric field.30 The
calculations also show that the electron temperature at
electrode grows slowly with the decrease of«. It is also
worth pointing out that the PIC-MC results are in bett
agreement with results of direct solution in the case o«
equal to 7.7@Fig. 7~A!# rather than for« equal to 0.46@Fig.
7~B!#. This is probably due to the small number of quad
ture points used in the direct numerical solution for moder
«. An increase in the number of quadrature points wo
lead to the significant decrease of time step in Eq.~17!, and,
consequently, to a large number of iterations.

The electric potentials obtained for« equal to 7.7~curve
a!, 2.3 ~curve b!, and 0.46~curve c! are shown in Fig. 8. The
results of the PIC-MC simulations, which are represented

FIG. 7. Steady electron-temperature,Te(x), and ion-temperature,Ti(x),
profiles in units ofTe

(0) for « equal to~A! 7.7 and~B! 0.46, Te
(0) equal to

3000 K.
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the symbols, are in good agreement with the results of di
solution which is shown by the solid curves. We see that
results calculated for different« are rather different close to
the electrode; the value of the potential at the electr
slowly increases with the decrease of«. Some distance awa
from the electrode, the spatial profiles of the potential c
verge to one curve which tends to a logarithmic poten
shape.

B. Small ratios of the Debye length to the ion
mean-free path: Comparison of continuum and
kinetic approaches

In this subsection we present results obtained using
PIC-MC simulation for small, but finite«. In this case, the
ion temperature and the ion drift energy,UD(x)
5Mw2(x)/2, change considerably within the sheath,
shown in Fig. 9. The simulation results are shown in
figure for Te

(0)53000 K, Ti
(0)5300 K, and«50.008. The

FIG. 8. Steady profiles of the potential,ew(r )/kTe
(0) for « equal to~a! 7.7;

~b! 2.3; ~c! 0.46;Te
(0) equal to 3000 K.

FIG. 9. Steady profiles of the ion temperature,Ti(x), the ion drift energy,
UD(x), and the ion potential energyUw(x) obtained using the PIC-MC
method for« equal to 0.008 andTe

(0) equal to 3000 K.
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profile Uw(x) represents the potential energy of the ions. W
can see that bothkTi(x) and UD(x) quickly grow with a
decrease inx. This indicates that the ion motion in the shea
is essentially determined by the electric field. The ion d
energy increases faster than the ion temperature does. A
same time, it is important to point out that the sheath
collisional. Indeed, the decrease of ion potential energy w
x is not compensated by an increase in ion therm
3kTi(x)/2 and drift,UD(x), energies. This implies that ion
lose a considerable amount of energy through char
exchange collisions with neutrals in the sheath.

Fluid-type simulations are computationally less intens
than kinetic theory models and are widely used to determ
plasma properties in the sheath.3–6,43These fluid-type simu-
lations are criticized because the ion distribution function
the sheath is not close to the equilibrium Maxwellian dist
bution. This casts some doubts on the validity of plas
models based on the fluid-type equations, especially in
case of small but finite«. In an attempt to clarify this point
we present a comparison of the PIC-MC simulations
small « with results obtained using a simple continuu
model.

The structure of static plasma sheath can be descr
using the system of equations which includes continuity a
momentum transfer equations for the ions, Boltzmann re
tion for the electrons, and the Poisson equation.3,43 This sys-
tem of equations can be reduced to the system of
coupled equations for the ion density and electric poten
by neglecting the electron density in the Poisson equa
which can be done for many plasma–sheath systems.
most important issue in the solution of this fluid-type syste
of equations is the plasma–sheath boundary conditions.
choice of these boundary conditions remains a matter
contention.3,6,43We chose a plasma model proposed recen
by Godyak and Sternberg43 to perform a comparison be
tween kinetic and continuum approaches. The model
ported in Ref. 43 is easy to use since it does not require
introduction of the bulk plasma, presheath, and sheath
gions but provides a smooth transition from the plasma to
sheath. These authors obtained the following system of eq
tions for the plasma sheath in the case of a weakly ioni
plasma:

]w

]j
1

2/p

2/p1a
ni

23 ]ni

]j
1

a

2/p1a
ni

2250, ~29!

]2w

]j
5ni~j!, ~30!

where j5x/a, a5lDs /Li , and lDs is the Debye length
which is determined by plasma density and electron temp
ture at the plasma–sheath boundary.

The plasma model, presented by Godyak and Sternb
includes two parameters: the electric potential at the e
trode,we , and collision parameter,a. Whereas the param
eter we is strictly defined, the definition of parametera is
rather ambiguous owing to the uncertainty in the definiti
of plasma–sheath boundary. We solved Eqs.~29! and ~30!
numerically fora50 anda520.88«. The latter paramete
a was chosen to fit the shape of potential determined by E
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~29! and ~30! to that obtained from the PIC-MC simulatio
for «50.008. The value of the electric potential at the ele
trode was also taken from our PIC-MC calculations. T
electric potential obtained as the result of the solution of E

FIG. 10. Electric potential profile,ew(r )/kTe
(0) vs x for «50.008~curve a!,

«50.014~curve b!, «50.024~curve c!. Solid lines represent PIC-MC cal
culations, whereas dashed and dot-dashed lines show the results of
tinuum sheath model~Ref. 43! for a520.88« anda50, respectively.

FIG. 11. Steady profiles of electron and ion densities vsx for ~A! «
50.008 and~B! «50.024. Designations are the same as in Fig. 10.
Downloaded 18 Feb 2002 to 137.82.31.31. Redistribution subject to AI
-
e
s.

~1! and~2! is compared with the PIC-MC calculations in Fig
10 for «50.008, ~curve a!; «50.014 ~curve b!; «50.024
~curve c!. Solid lines represent PIC-MC calculation
whereas dashed and dot-dashed lines show the results of
tinuum sheath model fora520.88« anda50, respectively.
As one can see from Fig. 10, the results obtained with
continuum sheath model are not affected very much by
collisional parametera.

The ion densities calculated with a PIC-MC simulatio
are compared with the results obtained using the continu
sheath model in Fig. 11~A! and Fig. 11~B! for «50.008,«
50.024, respectively. Solid lines represent PIC-MC calcu
tions, whereas dashed and dot-dashed lines show the re
of continuum sheath model fora520.88« anda50, respec-
tively. We see that the ion density profile obtained using
fluid-type approach depends weakly on the collisional
rametera. Results obtained fora50 underestimate the ion
density profile calculated using the kinetic simulatio
whereas results obtained fora520.88« are in agreemen
with the PIC-MC calculations.

IV. SUMMARY

A direct numerical solution of the time-dependent Bo
zmann equations for the distribution functions of electro
and ions, coupled to the Poisson equation for the s
consistent electric field, was developed to study the plas
properties in the sheath of a dc glow discharge.

The steady profiles for electric potential, ion and ele
tron densities, ion and electron temperatures, and ion
electron drift velocities were obtained with the direct n
merical solution and compared with particle-in-cell Mon
Carlo results for large and moderate«. It was also demon-
strated that for small«, results obtained using a continuu
sheath model can be matched to the kinetic theory sim
tions choosing appropriate values for the potential at
electrode and a collisional parameter. Both these parame
are not knowna priori, but can be obtained using other r
sults such as kinetic simulations or experimental data.
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