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Numerical study of a direct current plasma sheath based on kinetic theory
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A fully kinetic theory model was developed to study plasma properties of the sheath of a direct
current glow discharge. This model includes a direct numerical solution of the Boltzmann equations
for electron and ion distribution functions with a self-consistent electric field obtained from the
Poisson equation. The calculated profiles of density, drift velocity, temperature, and electric
potential were used to show the structure of the plasma sheath. The results of the direct numerical
solution were compared with a particle-in-cell Monte Carlo simulation. It was also demonstrated
that for a small Debye length to the ion mean-free path ratio, results obtained using the continuum
sheath model, which includes two parameters, can be matched to the kinetic theory simulations.
© 2002 American Institute of Physic§DOI: 10.1063/1.143231]6

I. INTRODUCTION determined from the Poisson equation with the ion density
given with conservation of ion density and momenttifilf

Much attention has been given recently to glow dis-7 " . .
charge plasmas of the type used for electronic materia)fD is the Debye length ankj, is the ion mean-free path, then

; : this model is generally considered in the limdt=\p/L;
processing.One of the central problems is to study the non- h —_— ) :
equilibrium transport of electron and ions in the region close_’o_and one _fmds thatig= kTe/_m" that is, the speed of

e ions entering the sheath region has to be greater than or

to the electrode. This region is referred to as the sheath, antH i o .
is not rigorously defined. Plasma properties change dramatf%qual o the ion sound speed. This 'S the us_ual Bohm crite-
cally in the sheath region, and the electric field is not knowr[1on that has been discussed extensn‘}ér)/? This hydrody-
a priori but must be found self-consistently. Although radio "@mi¢ model cannot be rigorously valid in the region near
frequency(rf) discharge plasmas are usually used for matethe wall. The plasmfi sheath pr(_)blem IS a noneqm_llbnum
rial processing, we consider the plasma sheath of a diredystem and the spatial and velocny distribution functions of
current (do) discharge in this study. An analysis of the dc the ions and electrons are not rigorously the Maxwell-
sheath problem should be applicable to an rf sheath in thBoltzmann distributions. , , o
limit that the ion transit time multiplied by the rf frequency is 1€ main objective of this paper is to consider a kinetic
small or large-? theory treatment and determine the plasma properties from
Our current goal is to present a detailed analysis of thdN€ solution of the ion and electron Boltzmann equations
behavior of a partially ionized plasma in contact with anCOUPled to the Poisson equation for the self-consistent elec-
electrode. We consider a one-dimensiofginaj sheath of tr|c. field. This is a formidable muIt|d|menS|on§1I problem for
a dc discharge such that the spatial dependence is only in tihich the solution has been reported only in some cases.
r axis measured from the electrode. We do not attempt t(th_e often_ thls solution is obtained on the con_dmon that the
develop a model for the entire discharge. Instead, we introSPatial variations of plasma parameters are ignored and/for
duce unequal fluxes of electrons and ions at the plasmathe spatial dependence of an electric field is impdSetiin
sheath boundary and focus on the nonequilibrium effects iiF€veral studies hybrid models were reported which combine
the transport of electrons and ion in the sheath region. ~ continuum and kinetic approachesee, for example, Refs.
Historically, sheath structure is described with simple16—23. Here, the electric field is obtained from the hydro-
hydrodynamic models which are based on the following twodynamic model, whereas a kinetic approach is used to calcu-
assumptions. First, the ionization in the sheath can be ndate the nonequilibriunthigh-energy part of ion and/or elec-
glected and, second, electrons are considered to be at equQn velocity distribution functions. A promising convective

librium and their number density is given by the BoltzmannScheme of the direct solution of the Boltzmann equation is
relationn(r) = n(0)exges(r)/KT.], whered(r) is the poten- described in Refs. 24—-26. The authors show that this scheme

tial, e is the charge on an electron afd is the electron is more efficient than the standard explicit finite difference

. 27 .
temperaturé.In addition, it is often assumed that monoener-Scheme. Dalvieet al” reported Monte CarlgMC) simula-
getic ions of masd, and temperaturd; enter the sheath tions with a self-consistent electric field obtained from the

region with velocityu, andT;<T,. The electric potential is Solution of the Poisson equation. These authors performed
MC simulations with the use of constant collision cross sec-
tions. The use of this unrealistic collisional model allows for
dPermanent address: Institute of Thermophysics, Novosibirsk, 630090a very simple MC algorithm The present paper isa sequel to
Russia; electronic mail: vasenkov@theory.chem.ubc.ca . .
bElectronic  mail:  shizgal@theory.chem.ubc.ca ~ URL:  httpy/ @n early papéf where a detailed study of the spatial depen-

www.chem.ubc.ca/personnel/faculty/shizgal/ dence of the nonequilibrium ion and electron distribution
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functions in the sheath region was reported. In this previous -

work, the range of validity of the Boltzmann relation for the ni(r):f fi(r,u,m)dv. (6)
spatial distribution of electrons was studied and discussed. In

the present paper, we focus on the hydrodynamic variableé/e have suppressed the time variable as it is the steady
such as density’ drift Ve|ocitY, and averaged energies e)gistribution funCtionS Wh|Ch are SOUghE The |ineal’ CO||iSi0n
pressed as temperatures derived from the nonequilibrium disperator for electron—neutral interactiods, is given by the

tribution functions. Lorentz—Fokker—Planck forfit*°

In Sec. Il, we present our kinetic theory model of the
sheath. The direct numerical solutiébNS) of the Boltz- ~ (7 1_ Me 1 i[ (v)0? 1+ﬂi) }7 (r )]
mann equations for electron and ion distribution functions I My2 v Iml0JY mev dv /| € le

with a self-consistent electric field obtained from the Poisson

equation is described in detail. Only a brief summary of our n Tim(0)V i{ (1—,U«2)i[7e(hv,,u)]}, @)
particle-in-cell Monte CarldPIC-MC) method is presented, 2 du I

as it was described previously in Ref. 28. Section Il present
the results of calculations for the sheath region in a dc glo
discharge in Ar.

Kslvherecrm(u) is the momentum transfer cross sectivhand

Wl'l are the atom mass and the temperature of the background
medium, respectively. The first term in brace brackets in Eq.
(7) is the isotropic portion of the operator whereas the second

Il. SELF-CONSISTENT KINETIC THEORY OF A term is the anisotropic part which describes pitch-angle scat-
PLASMA SHEATH tering,
A. Direct numerical solution We assume that the major process for ion—neutral colli-

, ) sion is the charge-exchange process, for which the collision
The self-consistent model of electron and ion transport ~ .
erator,J;, is of the form

in a boundary layer between the plasma and an electrod®’

requires the solution of the Boltzmann equations for the dis- . _ M - ) .
tribution functions of electrong(r,v,t), and ionsf;(r,v,t), Jlti(ro,w]=1; (U)J fir.o",n)oe(9)g AV

and coupled to the Poisson equation for the self-consistent

field. We consider a one-dimensional discharge such that the —?i(r,v,u)f7{\A(v’)aex(g)gdv’, @)
spatial dependence is only in theaxis. We consider a sys-

tem of electrons and ions dilutely dispersed in a backgroungyhere o.(v) is the charge exchange cross sectign,
of atoms considered at equilibrium. The Boltzmann equa—|y—y/| is the relative velocity. In(8), the Maxwellian

tions for the electron and ion distribution functions are givendistribution is defined by Ti'v'(u) = (Mi/27kT ) %2

by X exp(—Mjp%/2KT,). In the present paper, we have chosen a
fe Jfe  €Edfe  ~ - simple collisional operator based only on charge-exchange
— +uv o Mmoo NgJdel fel, (1) collisions within the linear trajectory approximatioh®>The
Jt € result is the collisional operator given by E®&). For elastic
7, 7, eE 4f, o collision_s, the differential cross section, which is prese_ntly
Pl rmhy Svirm ngJil fil, (2)  not available, should be calculated quantum mechanically

I

from ab initio potentials®® The collision operator for these
where = cos6, and# is the angle relative to theaxis;m,  €lastic c_ollision_s introduces ad(_jitio_nal complexit_ies that will
andM, are the electron and ion masses, respectively;rgnd pe gonS|dered ina fgture publ_|cat|on. When written explic-
is the neutral gas density. We have written the time-tly in terms of spherical .vglocny components, the operator
dependent forms of the Boltzmann equations, although it ifor charge-exchange collisions of ions with neutrals is given

the steady distributions that are desired. The electric field, by

in (1) is determined from the Poisson equation 3i[7i]:(Mi/2wkT1)3’2exq— M;v2/2kT;)
ﬁ’E e . o (1 27 -
ar oM e ® xf f f el Q)GT(r,v" v’ dv’ dus
0 oJ-1Jo
wheree is the electron charge arg is the vacuum permit- 3%
tivity. The electric field is derivable from the scalar potential, Xdp—(Mif2akTy) " fi(r,v, p)
@, that is © (1 (27
: [T [Fowtos
~ Jde 0oJ-1Jo
E=——r 4
' Xexp(—Mv'2/2kTy)v 2 dv’ du deb. (9)

where the steady electron and ion densitiegy) and ions

ni(r), respectively, are determined by We introduce the ion mean free path,=1/ng4o;, and

the reference density given Iy =j,/Dngo with the flux
~ [~ jo=1 cm ?s L Here,o0=1 A, D, is the ambipolar diffu-
ne(r)—f fe(r.v,m)dv, ©) sion coefficient, andr; is the charge-exchange cross section
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calculated at the energy corresponding to the ion temperdzgs.(18) and(19) are replaced with their matrix representa-
ture, T;, chosen far from the electrode. We also introduce aives as discussed by Shizg4l,and Blackmore and
dimensionless spatial variable definedkasr/L; and dimen-  Shizgal®® The discretization is based on a discrete matrix
sionless velocity variables for electrons=v/v., and ions, derivative operator, defined such that

P=vlv;, whereve=(2kT./mc)¥? and v;=(2kT;/M;)*2.

Similarly, we define dimensionless times for electrons and  dF(X)
ions, te=tuv/L;, t;=tv;/L;, respectively. The distribution dx
functions, densities, collision operators and fields can thus

be written in dimensionless form and we have thatThis algorithm permits the reduction to algebraic form of
fe=Toing, fi=TFwdn, ne=nJny, ni=ni/ny, JJf]  differential operators, as occurs explicitly in Eq48) and
:je[?]/(o'ive)y Ji[f]:ji[?]/(o'ivi)v E=e~ELi/kTe, © (19?. The electron collision operator in the form of a Qiﬁer—
—e3/kT,. With the transformation to these dimensionless€Ntial Fokker—Planck operator in E@) can also be written

variables, Eqs(1)—(3) can be rewritten as the system of IN terms of first- and second-order derivative operatbrs.
’ Equation(18) is thus written in discrete form, as given by

N

X=X:

equations

dfe dfe uE &fe_ Be(Xk,Pnat1)
I;rﬂpﬁ_?%_‘]e[f]’ (10) N
of; of;  uE Tg of; g " :pnﬂljzl Dijfe(Xj,Pnsaer)
’9_ti+lu W*”Tfﬁ— i1, (11) s Ny o1 (D)

o Z Dyife(Xc.Pj ,M)_ﬁe—z Z Dy m(r ]
000 = [ felpox.)a, 12 E o o

4 1 %": S

X7l fe(Xe,Pi i) + 5— D fe(Xg,Pi s

ni(X):J £.(P.x,10)dP, (13 Pj| fe(Xk.Pj m1) 2p, = O (X, Pi s 1)
N N
JE _O'm(pn) o Liqg_ .2 X L '
&:Siz(ni_ne)7 (14) 20, jZl D|J(l MJ)|=21 D“fe(Xk,pn,,LLl),
d (21

E=- (9—;’: (15  where D[;j and Dﬁj are the derivative matrix operators for

Legendre and speed quadratures, respectively. The quantities
wheree=\p/L; and\p, is the Debye length given byp ~ N,, N,, and N, are the number of discrete quadrature
= (eokTe/noe?) ¥ The ratio of the electron temperature to points in thex, p, and variables. The first two terms in Eq.
ion temperature appears (1) becauseT; is used to intro-  (21) correspond to the derivative terms in Ef8). The third
duce the dimensionless ion velocity, whereas the electrigerm involving the square brackets is the isotropic portion of
field is divided byT,.. The parametes controls the spatial the electron—atom collision operator, whereas the last term
variation of the electric field indirectly, owing to the coupling involving the derivatives in arise from the anisotropic part
of the Poisson equation with the Boltzmann equations.  of the collision operator. The ion—neutral charge-exchange

The steady distributions for both electrons and ions aréntegral operator can be evaluated using the quadrature for-
determined from the time-dependent EGED) and (11), re-  mula for the speed weight functif® The discrete form of
spectively. The time derivatives in EqEl0) and (11) are  Eq. (19) follows similarly, except that the ion—neutral
reduced to algebraic form with an explicit finite difference charge-exchange collision operator is an integral operator

method, that is and evaluated with the speed quadrature formula, that is
1_
fo t=fa—BeAte, 18 Bi(xy Py, )
1= f1—BAt;, (17) N wE T
I S - =Pot >, ijfi(xjvpnaﬂl)_l'__'e
wheren+ 1 andn denote successive times separated\by j=1 2 T
The quantitieB, andB; are evaluated at time denoted iy Np >
and are defined by ijl Dﬁjfi(xk,pj L) — 77_3/29)(p(_|3ﬁ)
ofe  wE of a
Bezpﬂa—;—T&—;—Je[fe], (18 Lo o
XZ W] exp(Pj)Z 2 Wi W,
Bopy i METeN o 19 o o
=Pt T T P iLfil. (19 Vinim TexV) 2
X ——— (X, Py i) + —5 Fi(X . Pry)
Equations(18) and (19) are discretized with a collocation (I—pp) i o
method which employs Legendre quadrature points for both Np N, N, Vi T V)
the u andx variables, and the nonclassical speed quadrature DD W]S\NILer}lezl =, (22)
points forp andP. The derivative operators ix p, andP in j=1i1=1m=1 (I-pm i
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where ani|m=Pj2+ Pﬁ—ZPnPj,ui,m, wim=mpi—[(1  according to the distribution represented by E2¢). The
—,LLF)(l—;LiZ)]llz,LLm. The electric field at thgth colloca- algorithm includes cycles, each of which involves the direct
tion position was found from a solution of the Poisson equafnumerical solution of the Boltzmann equations for electron

tion, given by and ion distribution functions, subject to the Marshak bound-
ary conditions® and the Poisson equation for the self-
E(Xj):E Dl:jls_z[ni(xj)_ne(xj)]- (23 consistent electric field. The electron and ion distribution

k

functions, at the time,, are given by Eqs(18) and (19),

The electric field ag— o is calculated from the requirement "espectively. The electric field, used in E¢s8) and(19), is
that the motion of electrons and ions is described by th&alculated by solving Eq23), which employs the electron

ambipolar diffusiod® and ion densities obtained &}_,. This procedure is re-
peated until the steady-state solution of E4®) and(19) is
E(x)| :Di_Dal obtained.
X— 0 Di X ’

where the ambipolar diffusion coefficient is given®py

' Dopsi+Dipte B. The stochastic simulation

a_w- A PIC simulation is a widely used alternative approach

) o to the direct solution of the system of equatida$—(3). In

Here,De,D; and e, u; are the electron and ion coefficients e pic method, a group of electrofw ions is represented

of diffusion and mob|||ty,. respectively. . by a single simulation particle. It is usually assumed that this
The methogi?gg ?E?IUI'O” follows earlier treatm(gnts of the yarticle has only short-range interactions with a gas atom

Milne problem="""=* The d|s(;cr|but|on function,fi’, ‘and  \yhich correspond to collisions. The statistical Monte Carlo

electron distribution functionf,, far from the boundary at qjjision technique is used to simulate these collisions. In the

x=0 are given by PIC-MC method, each particle moves in the electric field
90Xk Pr o) = F2(Xi Py o) according to Newto_n’s law. The gelf—consistgnt fie_ld is calcu-
_ " lated from the solution of the Poisson equation with the den-
== jo/Daf " (Pn)[datXk—mU(pn)], sity of electrons and ions obtained from the particle simula-
(24) tion.

) . . In this study, we use the PIC-MC algorithm to study the
serve as asymptotic boundary conditions. The coeffi@ignt gieaqy space- and energy-dependent ion and electron distri-

is the extrapolation lengt!:** These distribution functions ) tions in the sheath region. Our algorithm is previously

are the asymptotic forms consistent with the Chapman— ined in Ref. 28; hence, only a brief outline is given. The
Enskog-type solution of the diffusion of ions or electrons

o > algorithm includes a Monte Carlo simulation of charged par-
through the background neutral gas at equilibrium. The disgcje transport in a self-consistent electric field calculated us-

tribution functions are close to Maxwellian with a small per- ing the Poisson equation. In the simulation, ensembles of

turbation owing to the finite drift of electrons and ions. The gioctrons and ions with Maxwellian speed distributions are
perturbation is of the forrf incident on the gas medium of finite extent in theirection.
N The simulation code follows the drift of electrons and ions
mU (P =2 dnthni(Pn, i), through the series of real and null collisions. In the case of a
n=0 null collision, a particle emerges with an unchanged velocity.
where the basis functiong,(p,,u;) are the Laguerre- Consideration of null collisions is required to provide the
spherical harmonic basis functions. efficient simulation of charged particle transport in the elec-
The extrapolation lengtly,, and the expansion coeffi- tric field.33~4°
cientsd,, (which describe ambipolar transport electrons and  The core of our algorithm consists of three primary pro-
ions far away from the electroflere calculated from the cedures: the simulation of collisions, indexing and cross-
solution of the Boltzmann equatidft® with the collision  referencing of particles, and the simulation of particle mo-
operatorl equal to tion. At the end of the third procedure, spatial distributions of
electrons and ions are obtained using the spatial coordinates
) (25) and velocity components of simulation particles

N N 2ng(r,p)
This choice for the collision operatbreduces the system of ng(r)= A
equationg10)—(15) to one equation. The temperature factors
in (25) are different becausg; and T, are used to introduce where the subscrip represents the kind of particles for
the dimensionless velocities in Boltzmann equations for iorelectrons and for ions); n'g(r,p) is the space- and velocity-
and electron distribution functions, respectively. dependent distribution function. The summation(26) is

The numerical solution of the system of equatiéh§)—  over all particles in the spatial intervAlr centered at. The
(23) is obtained as given by the iterations in EE6) and  Poisson equation is solved with the Quadrature Discretiza-
(17). The initial distribution functions for electrons and ions tion Method*3® which permits the reduction of the differ-
in this time-dependent approach to steady state are chosential operator to the algebraic form. The details of solution

e

1= Tt T,

Ti
Je[f]+ T—eJi[f]

(26)
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FIG. 1. Momentum transfer and charge-exchange cross sections for Ar.

are given in the previous subsection. These procedures are
repeated until the steady-state distributions of ions and elec-
trons are obtained.

The present model is used to determine the space- and
energy-dependent ion and electron distribution functions

Sn&(r,p)
ArAE "’ 27

where the summation is over all particles existing in the
spatial intervalAr centered at, and also in the energy in-
terval AE centered aE.

f(r,E)=

0.0 ] ]
IIl. RESULTS AND DISCUSSION 0 10 20 30

In this section, we present the plasma properties in the _ _ _ _ .
FIG. 2. Time evolution of the ion density;(X,t), in units ofn, for ¢ equal

sheath region such as the electric potential, the electron angx) 5 3 ang(g) 7.7 for timest; equal to(a) 0; (b) 0.08; (c) 0.23;(d) 0.77.
ion densities, the electron and ion drift velocities, and the

electron and ion temperatures. In Fig. 1, we show the mo-

mentum transfer cross section for the electron—Ar elastigften used to model discharge plasmas. ForetheO limit,
collisions taken from Ref. 41, and the charge-exchange crosge do not present the results of direct solution due to a few
section for AF —Ar interactions obtained using the results mathematical difficulties. These difficulties are related to the
from Ref. 42. We see that the charge-exchange cross sectiggpid variations of ion and electron distributions in the
decreases slowly with an increase in energy, whereas thgheath, which has a width of about an ion mean-free path. In
momentum transfer cross section exhibits a large Ramsauelarticular, we found that direct numerical solution requires a
Townsend minima. The electron and ion Velocity diStI’ibUtiOl’Harge number of points in velocity, angular and space vari-
functions far from the electrode are chosen to be Maxwelliaryples. This implies very small time steps in E¢&6) and
distributions with temperaturesy) and T(*’, respectively. (17) and, correspondingly, an enormous number of iterations.
The calculations are performed for ion and background gas

temperatures equal to 300 K. The electron temperaf{fte

is chosen to be equal to either 300 or 3000 K.

In Sec. Il A, we present the results for large and mod-
eratee. In this case, one has a relatively small charged par- The primary objectives of this work are the steady
ticle density and, correspondingly, a relatively lai@@m-  plasma parameters which are obtained with both the PIC-MC
pare to the ion mean-free patBheath width. The plasma simulation and the direct solution of the Boltzmann equa-
parameters in this case are obtained with the PIC-MQions. The time-dependent Boltzmann equations for electron
method and the direct solution. Both these techniques are thand ion distribution functions Eq$16)—(19) are solved it-
common approaches in plasma discharge simulation. In Seeratively to obtain these steady-state plasma parameters. We
[l B, we present the results of PIC-MC simulation obtainedemploy typically 12 speed quadrature points for velocity, 21
for small ¢ and compare them with the results of simpleand 60 Legendre quadrature points for angular and spatial
fluid-type simulation. The latter type of simulation is also variables, respectively. We first show the time evolution of

A. Large and moderate ratios of the Debye length to
the ion mean-free path
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FIG. 3. Steady electron-densitye(x), and ion-densityn;(x), profiles in X

units ofn, for & equal to 2.3 and(®) equal to 300 K. Solid lines show the

results of the direct solution, whereas PIC-MC simulations are representell!C: 4. Steady electron-density,(x), and ion-density;(x), profiles in
by the symbols. units of ny for & equal to 2.3 and®) equal to 3000 K. The dashed curve

represents Eq28) with the calculated ¢(x), while the dashed-dot curve is
used to show the results obtained from EB8) assuming the constant
temperature.

the spatial ion density profilesy(x,t), to the steady state

profile. These profiles are shown as a function of positionyre equal toT® . We see some difference between electron
and time in Fig. 2A) and Fig. 2B) for & equal to 2.3 and gensity obtained from the direct numerical solution and that
7.7, respet(:gl)vely. The results of the direct solution are obggicylated with the Boltzmann relation. This difference re-
tained forT,'=3000 K. The initial density profile, shown by gyits from the departure of electron distribution function

curve a in Fig. 2A), is linear in the distance from the elec- from the Maxwellian distribution. The ion and electron spa-
trode owing to the choice of initial electron and ion distribu- i) density profiles obtained far=0.46 and-rgm:gooo K
tions, Eq.(24). The density profile, calculated it=0.08 416 shown in Fig. 5, now fok up to 12. We see that the

(curve b is essentially nonlinear, especially near the elecy,oyndary between sheath and plasma is closer to the elec-
trode. The results, obtained fdr=0.23 (curve 9 andt  (ode than it was in previous cases. The ion and electron
=0.77(curve 9, show that the difference between the initial yensity profiles are essentially nonlinear near the electrode. It
profile andn;(x,t) continues to grow with an increase in js worth noting that the results of the direct simulation are
time. We can also see that curvs-d coincide very closely ot completely converged owing to a lack of the number of
starting fromx equal to approximately 20. This implies that | egendre quadrature points for the spatial variable. We show
ni(x,t) relaxes very fast to the time-independent distributiony s in Fig. 5 the electron density profiles calculated with the

some distance away from the electrode. The time evolutios|;mann relation. The dashed curve represents (E8).
of n;(x,t) for e=7.7 is shown in Fig. @B). We see that the

relaxation process in this case is slow in the beginning
(curves a— but it becomes faster in the later pacurves
c—0.

The spatial profiles of ion and electron densities obtained
for £=2.3 are shown in Fig. 3 and Fig. 4 fai®) equal to 0.15
300 and 3000 K, respectively. The results of the direct nu-
merical solution are shown by the curves, whereas the
PIC-MC simulations are represented by the symbols. The ion 20.10
and electron density are almost the same at the electrode, and
are different some distance from the electrode. The differ-
ence between electron and ion densities T¢P=3000 K
(Fig. 4) is bigger than that shown in Fig. 3 in the case of
T®=300 K. We show also in Fig. 4 the density profiles
obtained with the Boltzmann relation

0.20

0.05

| ]
0.00
Ne(X)=ngexp d(x)/Te), (28) 0 4 8 12

where the electric potentialp(x), is taken from the direct _ _ _ o

numerical solution. The electron density profile, obtained™'C- 5-f Stiady electzon-f;e;Slw&((Q. andllonédO%nOSI}tgmiT(r:(),dpr%fllzs in
: : : units of ny for & equal to 7.7 and’y” equal to . The dashed curve
from.Eq'.(28) with Te(X) taken from the dl.reCt numerical represents Eq28) with the calculated ¢(x), while the dashed-dot curve is
solution, is shown by the dashed curve, while the dot-dashe ed to show the results obtained from EB8) assuming the constant

curve represents E@28) with the constant electric tempera- temperature.
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FIG. 6. Steady drift velocity profiles for ionsw;(x)/cs, and electrons ~ FIG. 7. Steady electron-temperaturg,(x), and ion-tempef%theTi(X)y
We(x)/cs, for & equal to(A) 7.7 and(B) 0.46, T{) equal to 3000 K. profiles in units of T” for & equal to(A) 7.7 and(B) 0.46, T”) equal to
3000 K.

with the calculated ¢(x), while the dashed-dot curve is used
to show the results obtained from E®8) assuming the almost constant close to the electrode. A peak in ion tempera-
constant temperature. We see that the DNS results agree batre shown in Fig. ) indicates that ions experience some
ter with the dashed-dot curve rather than with the dashedieating in the sheath region owing to the drift in the self-
curve. consistent field. We will show later that the potential of this
The drift velocities of ions and electrons are shown infield in the sheath increases significantly with a decrease of
Figs. 6A) and 8B) for ¢ equal to 7.7 and 0.46, respectively. £. The electron temperature, shown in FigéA¥and 1B),
The electron temperature far from the electrode in both casagecreases slowly witk. A similar result was obtained in the
is equal to 3000 K. The results of the direct numerical solustudy of the nonequilibrium effects for electron transport
tion are shown by the curves, whereas the PIC-MC simulanear a boundary in the absence of an electric fitl@he
tions are represented by symbols. We see that the ion driftalculations also show that the electron temperature at the
velocity in both cases does not reach the ion speed. Hencelectrode grows slowly with the decrease af It is also
Bohm’s criterion is not satisfied in these cases owing to thevorth pointing out that the PIC-MC results are in better
small value of parametet. The ion and electron drift ve- agreement with results of direct solution in the casesof
locities shown in Fig. 8B) increase faster with distance than equal to 7.7 Fig. 7(A)] rather than fore equal to 0.44Fig.
in Fig. 6(A). 7(B)]. This is probably due to the small number of quadra-
The spatial profiles of ion and electron temperatures obture points used in the direct numerical solution for moderate
tained forT{¥)=3000 K are shown in Figs.(&) and 1B) for ~ &. An increase in the number of quadrature points would
e equal to 7.7 and 0.46, respectively. The ion temperaturdead to the significant decrease of time step in &g), and,
shown in Fig. TA), is almost independent afsome distance consequently, to a large number of iterations.
away from the electrode and it decreases wittlose to the The electric potentials obtained ferequal to 7.7curve
electrode. In contrast, the ion temperature shown in Ki§) 7 a), 2.3 (curve b, and 0.46(curve g are shown in Fig. 8. The
varies withx some distance away from the electrode and it isresults of the PIC-MC simulations, which are represented by
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profile U ,(x) represents the potential energy of the ions. We
can see that botkT;(x) and Up(x) quickly grow with a
decrease ix. This indicates that the ion motion in the sheath
is essentially determined by the electric field. The ion drift
energy increases faster than the ion temperature does. At the
same time, it is important to point out that the sheath is
collisional. Indeed, the decrease of ion potential energy with
X is not compensated by an increase in ion thermal,
3kT;(x)/2 and drift,Up(x), energies. This implies that ions
lose a considerable amount of energy through charge-
exchange collisions with neutrals in the sheath.

Fluid-type simulations are computationally less intensive
than kinetic theory models and are widely used to determine
plasma properties in the shedit?:** These fluid-type simu-
lations are criticized because the ion distribution function in
the sheath is not close to the equilibrium Maxwellian distri-
FIG. 8. Steady profiles of the potentiak(r)/kT() for & equal to(a) 7.7; bution. This casts Some. doubts on the validity Qf p"'."sma
(b) 2.3: (¢) 0.46; T equal to 3000 K. models based on .th'e fluid-type equations, efspec.:lally.m the

case of small but finite. In an attempt to clarify this point,

we present a comparison of the PIC-MC simulations for
the symbols, are in good agreement with the results of direcgmall & with results obtained using a simple continuum
solution which is shown by the solid curves. We see that thénodel.
results calculated for different are rather different close to The structure of static plasma sheath can be described
the electrode; the value of the potential at the electrodé!sing the system of equations which includes continuity and
slowly increases with the decreasesofSome distance away momentum transfer equations for the ions, Boltzmann rela-
from the electrode, the spatial profiles of the potential contion for the electrons, and the Poisson equatiGtThis sys-
verge to one curve which tends to a logarithmic potentiatem of equations can be reduced to the system of two
shape. coupled equations for the ion density and electric potential

by neglecting the electron density in the Poisson equation
B. Small ratios of the Debye length to the ion WhICh. can be d_one fpr many pl_asma—s_heat.h systems. The
mean-free path: Comparison of continuum and most |mporta_nt issue in the solution of this fIU|d-typ_e_ system
kinetic approaches of e_quat|ons is the plasma—shea_th boundar)_/ conditions. The

choice of these boundary conditions remains a matter of

In this subsection we present results obtained using th@ontentiorﬁ'e*“We chose a p|asma model proposed recenﬂy
PIC-MC simulation for Sma”, but finite. In this case, the by Godyak and Sternbe%to perform a Comparison be-
ion temperature and the ion drift energWp(X)  tween kinetic and continuum approaches. The model re-
=Mw?(x)/2, change considerably within the sheath, asported in Ref. 43 is easy to use since it does not require the
shown in Fig. 9. The simulation results are shown in theintroduction of the bulk plasma, presheath, and sheath re-
figure for T{=3000K, T{¥’=300K, andz=0.008. The gions but provides a smooth transition from the plasma to the
sheath. These authors obtained the following system of equa-
tions for the plasma sheath in the case of a weakly ionized

10

Up I I plasma:
5
do 2lm 5N a _a
0 &_§+ 2/77'-i-cvni 8_§+ 2/71'-i-czni =0, (29
7 e
T2 10 (9—§=ni(§), (30)
4
ORY where é=x/a, a=\ps/L;, and \ps is the Debye length
2 0 which is determined by plasma density and electron tempera-
ture at the plasma—sheath boundary.
-25 The plasma model, presented by Godyak and Sternberg,
230 includes two parameters: the electric potential at the elec-
| | trode, ¢, and collision parametery. Whereas the param-
330 03 o s eter ¢, is strictly defined, the definition of parameteris

X rather ambiguous owing to the uncertainty in the definition

FIG. 9. Steady profiles of the ion temperatufg(x), the ion drift energy, of plas_ma_Sheath boundary' We solved E(Qﬂ) and (30)
Up(x), and the ion potential energy (x) obtained using the PIC-MC numerically fora=0 anda=20.8&. The latter parameter
method fors equal to 0.008 an@(® equal to 3000 K. a was chosen to fit the shape of potential determined by Egs.
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(1) and(2) is compared with the PIC-MC calculations in Fig.
10 for e=0.008, (curve g; £=0.014 (curve b; £=0.024
(curve 9. Solid lines represent PIC-MC calculations,
whereas dashed and dot-dashed lines show the results of con-
tinuum sheath model for=20.8& and «=0, respectively.
As one can see from Fig. 10, the results obtained with the
continuum sheath model are not affected very much by the
collisional parametetr.
The ion densities calculated with a PIC-MC simulation
are compared with the results obtained using the continuum
sheath model in Fig. 1A) and Fig. 11B) for £=0.008, &
=0.024, respectively. Solid lines represent PIC-MC calcula-
tions, whereas dashed and dot-dashed lines show the results
| of continuum sheath model fer=20.8& anda =0, respec-
0.0 0.5 1.0 L5 tively. We see that the ion density profile obtained using a
X fluid-type approach depends weakly on the collisional pa-

FIG. 10. Electric potential profilese(r)/k TS vs x for £ =0.008(curve 3, rametera. Results obtained fotx=0 underestimate the ion
£=0.014(curve b, £=0.024(curve 9. Solid lines represent PIC-MC cal- density profile calculated using the kinetic simulation,

culations, whereas dashed and dot-dashed lines show the results of Ch : _ :
; . ereas results obtained far=20.8& are in agreement
tinuum sheath modeéRef. 43 for «=20.8& and a=0, respectively. . .

. fore “ P y with the PIC-MC calculations.

(29) and(30) to that obtained from the PIC-MC simulation ,, SUMMARY
for £=0.008. The value of the electric potential at the elec-
trode was also taken from our PIC-MC calculations. The A direct numerical solution of the time-dependent Bolt-

electric potential obtained as the result of the solution of Eqgszmann equations for the distribution functions of electrons
and ions, coupled to the Poisson equation for the self-

consistent electric field, was developed to study the plasma
properties in the sheath of a dc glow discharge.

The steady profiles for electric potential, ion and elec-
tron densities, ion and electron temperatures, and ion and
electron drift velocities were obtained with the direct nu-
merical solution and compared with particle-in-cell Monte
— Carlo results for large and moderate It was also demon-
strated that for smal¢, results obtained using a continuum
sheath model can be matched to the kinetic theory simula-
T tions choosing appropriate values for the potential at the
electrode and a collisional parameter. Both these parameters
are not knowna priori, but can be obtained using other re-
sults such as kinetic simulations or experimental data.
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