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Self-consistent kinetic theory of a plasma sheath
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A funly kineuc theory model of the sheath of a d. glow discharge 1s presented This model includes a direct
numerical solution of Boltzmann equations for the spatial and velocity dependence of the electron and Ar*
distribution funcuons with a self-consistent elecine field calculated from the Poisson equation The solution 1s
obtained usmg a collocation method that employs Legendre quadrature pomts for both angular and spatial
variaples, and nonclassical speed quadrature poim. for s elocvty The results of the steady state direct numencal
solution are compared with a pariicle-in-cell Monte-Carlo simulation As anticipated, it 1s found that the space-
and energy-dependent 10n distribution function van.s «rongly with a decrease 1n the ratio of the Debye length

to the 1on mean free path
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L. INTRODUCTION

In the study of electron and 10n transport in discharge
devices, an important consideration 15 the nonequilibrium be-
havior of 10ns and electrons close to an electrode This re-
gion 15 referred to as the sheath, and 15 not ngorously de-
fined The motion of electrons n the sheath region s
strongly coupled with that of 1ons The plasma sheath poten-
tal 15 not known a priori but must be found self-consistentis
Understanding the basic properties of plasma sheath s o s1g-
nificant problem n discharge physics, plasma chemistry, gas-
eous laser physics, and especially in plasma processing In
this paper we treat an ideahized system consisting of a col-
lecton of Ar™, Ar. and ¢, bounded at the spatial ongin (¢
=() by an absorbing electrode The physical situation 15
depicted 1n Fig | of [{] In adduion, fluxes of electron and
10ns are specified at r— 0, and there 15 no 10mzation consid-
ered

Far from the electrode 1n the bulk plasma, a macroscopic
flmd description based on the differential fluid dynamic
equations for the flud vanables such as the density, flow
velocity, and temperature 1s valid This fimd descniption can
be dernived from the kinetic desenption, and 15 a sumpler ap-
proach 1n that there 15 a reduction m the dimensionahty of
the variables mmvolved Close to the surface, the hydrody-
namuc approach 1s no longer vahd and a microscopic descrip-
tion based on kinetic theory that involves a determnation of
the system distrabution functions from the Boltzmann equa-
tion must be used An understanding of nonequilibrium phe-
nomena m plasma sheaths ts a fundamental problem The
problem overlaps many other problems 1n science and engi-
neering, which include boundary layers that occur n laser
physics. fusion devices, aeronaulics, space science, astro-
physics, chemically reactive systems, radiation physics, etc
This paper addresses a fundamental problem 1nvelving the
development of kinetic theory methods for the description of

*Mailing address Institute of Thermophysics, Novosibmsh,
630090, Russia Email address vasenkov@theory chem ubc ca
1Email address shizgal@theory chem ubc ca, URL
hitp //www chem ube ca/personnel/faculty/shizgal/

1063-651 X/2002/65(2)0264XX(9)/$20 00

65 0264XX-1

PACS number(s) 52 40 Hf, 52 65 Rr, 5225 Dg, 52 80 -5

plasma sheaths and the assessment of the vahdity of flmd
dynamic models

The study of plasma sheaths has a very long history The
first important studies are the classic works by Tonks and
Langmuir [2] and by Self [3.,4] Recent papers [5-9] have
provided brief histoncal accounts of the previous theorencal
work Recent (analytic) models have been presented by Ruley
[10.11], by Metze ez al [12], and by Lieberman [13] Rue-
mann [14,15] has given a very detailed and comprehensive
review of sheath formation and the Bohm criterion The gen-
eralized Bohm cntenion 1s used as a boundary condition at
the plasma-sheath mterface Shendan and Goree [16] have
studied the effects of collisionality on the plasma sheath with
a two-flwd model Procassim et af [8] have considered a
particle-in-cell {PIC) model of a collisionless plasma that
contacts a floating absorbing boundary They studied the ef-
fect of different source distnbutions and therr model does not
mvolve the usual assumption of the Boltzmann relanon for
clectrons Schever and Emmert [9] reported on a kinetic ap-
proach based on the Boltzmann equation but with a simple
Bhatnagar-Gross-Krook (BGK) model of the collision opera-
tor This 1s a poor model for 1on-ton colhsions for which a
Fokker-Planck collision term should be used Koch and
Hitchen [17] considered a computer stmulation of the effects
of collisions on the plasma presheath with a Green's function
approach They studied the effect of charge exchange colh-
sions and different sonrce functions as did Scheuer and
Emmert [9] Hong and Emmert [18] employed a two-
chmensional find theory for cold collisionless 10ns coupled
to the Poisson equation They considered ume dependent
sheaths, which has important applications to plasma source
10n implantatien process Van den Berg et al 7] considered
a collistonless Boltzmann equation with a source term Thew
main objective was to study the Bohm crierion and the
sheath edge field singulanty The choice of source term 1s
made to perrst an analytical evaluation of the results

Valentim and co-workers [ 19,20] have apphed a two-flud
model to a posittve column in cyhndncal geometry They
emphasized the importance of properly treatng boundary
sheaths for several techmcal apphications In particular, they
mention that a proper understanding of sheath phenomena
requires a kinetic theory treatment but they employ a hydro-

©2002 The American Physical Society



ALEKSEY V VASENKOV AND BERNIE D SHIZGAL

dynamic approach They use multiscale theones and special
matching conditions together with the Bohm cnterion to de-
termune the sheath edge Nitschke and Graves [21] have also
considered a matching of a sheath model with a flmd bulk
plasma model They mention that fully resolving the sheath
can be computationally expensive due to the different length
scales of the sheath and the bulk plasma They emphasize the
arbitrariness of these matching procedures Godyak and
Sternberg [22,23] agan emphasize that there 15 an urgent
need to consider the sheath and the bulk plasma together as
one system Dalvie et al [24] reported Monte Carlo (MC)
sunulations with a self-consistent electric field obtained from
the soluon of the Poisson equation These authors per-
formed MC simulations with the use of constant collision
cross sections The use of this unrealistic collisional model
allows for a very sumple MC algonthm The present work
employs realistic cross sections 1n a fully kinetic theory treat-
ment coupled to the Posson equation, whereas many of the
previous models are fully or partially based on hydrodynam-
13

In Sec 11, we present our kunetic model of the sheath The
direct numencal solution (DNS) of the Bolizmann equations
for electron and 1on distribuoon functions with a self-
consistent electnc field obtained from the Possson equation 1s
descnbed mn detail A brief summary of our PIC-MC method
15 also presented m this section In Sec III, the results of
calculations are presented for the sheath region 1 a DC glow
discharge m Ar

II. SELF-CONSISTENT KINETIC THEORY
OF A PLASMA SHEATH

A. Direct numenical solution

The self-consistent modey of electron and 10n transport 1n
a boundary layer between the plasma and an electrode re-
quires the solution of the Boltzmann equations for the distr-
bution functions of electrons, fe(r,v,r), and 1ons f,(r,v,r),
and 1s conpled to the Poisson equation for the self-consistent
field We consider a one-drmensional discharge such thar the
spatal dependence 1s only n the r axis We consider a sys-
tem of electrons and 10ons dilutely dispersed 1n background of
atoms conswdered at equilibrium The Boltzmann equations
for the electron and 1on disttibution functions are given by,

af, aF, eEdf. .
7 T T e
of, af,  eEdf,
a?+lw Ar MMIEJ_%J' 1 @

where w=cos 6, and 6 15 the angle relative to the r axis, m,
and M, are the electron and jon masses, respectively, and n,,
15 the neutral gas demsity We have wrtten the tme-
dependent forms of the Boltzmann equations, although it 15
the steady dustributions that are desired The electric field, E,
m Eq (1) 15 determuned from the Poisson equation,

éJE_e - - 3
5?'_80("’ ne)’ ()

where e 1s the electron charge and €, 1s the vacuum permut-
tivity The electric field 1s dertvable from the scalar potenual,
@, that 1s,
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where the steady elecuron and 1on densities, #,(r) and 10ns
n(r), respectively, are determuned by

H,_,(r)=jﬂ(r,o,u)dv, (5)

5,(r)=ff,(r,v,u)dv (6)

We have suppressed the time vanable as 1t 1s the steady
distnibution funcuons sought The hnear collision operator

for electron-neutral mteracuons, J, , 15 gven by the Lorentz-
Fokker-Planck form [25.26].

,_~‘me16{ 4( lea),
Je[f]--ﬁ;i-a—g o(v)v l+_n::t;§; Felr,o,u)

o)y 3 ) J . -
2 5]: (l—,u. )g-lz[fe(r’vuu')] s ()

where () 1s the momentum transfer cross section, M and
T, are the atom mass and the temperature of background
medium, respectively The first term n curly brackets in Eq
(7) 13 the 18otropic portion of the operator whereas the second
term 1s the amsotropic part that descnibes pitch-angle scatter-
1ng

We assume that the major process for 1on-neutral collision
13 the charge exchange process for which the collision opera-

tor, J,, 15 of the form,

T r0 =T ) [ Firw’ mioe(gdy
—F(ro.m) j "0 (g)sdv', (§

where o,{(v) 15 the charge exchange cross
section, g=|v—v'| 15 the relative velocrty In Eq (8), the
Maxwellan  distnbution 15 defined by, F(v)
=(M,12wkT))Pexp(~ M v 2KTF) When written exphc-
1tly 1n terms of spherical velocity components, thus operator

for charge exchange collisions of 1ons with neutrals 1s given
by
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J[F =M 2mhT ) exp(— M w2/2kT))

o 1 2
XJ- J' J Uet(g)gfz(r!vraﬂ')
0 J-1J0

Xov" dv' dud¢
w ] 2
—(M./zwkrl)"zf.(r,v,mfj [ oo
0 J-1J0
Xexp(—~M,v'2/2kT Yo" *dv" dud ¢ (9)

We ntroduce the 1on mean frec path, L,=1/n,0, and the
reference density given by ng=74/D 1,09 with the flux jy
=] cm™? 87! Here og=1 A, D, 1s the ambipolar dif-
fusion coefficient, and &, 15 the charge exchange cross sec-
tion calculated at energy correspond:ng to the 1on tempera-
ture T, chosen far from the electrode We also introduce
dimensionless spatial vanable defined as x =r/L, and dimen-
sionless velocity vanables for electrons, p=uv/v, ., and 10ns,
P=v/v, where v,=(2kT,/m)'* and v,=(2kT,/M)'?
Simularly, we define dimensionless times for electrons and
wons, t,=fv,/L,, t,=fv,/L,, respectively Although the
defimtion of dimensionless variables 15 not unique and other
definitions could be used, thus defimtion 1s conventional The
distribution  functions. densities, collision operators and
fields can thus be wntten m dimensionless form

and we have that, f,=Ff.v3iny, f,=Fvling, n.=n,lng,
n,=5,/n0, Je[f]=7e ]/(alve)! ']z[f]=jr[f]/(0—1”1) E
=eEL /kT,, p=e@/kT, With the transformation to these

dimensionless vanables, Eqs (1)-(3) can be rewritten as the
system of equations

3. af. wnEdf,

c”fe +;.Lp I ——2_5_19[1“]1 (10)

af, df, umET,df,
EZ+“P3;+T?T§F_J'U]’ (1)
ne(x)=jfe(p,x,u)dp, (12)
n,(.x)=ff,(P,x,,u)dP, (13)

oF

E=8“2(n,“ne), (14
EF=— E’ (15)

where e=Ap/L, and Ap 15 the Debye length given by Ap
=(sokT,/nge*)!”? The ratio of the electron temperature to
10on temperature appears 1 Eq (11) because T, 18 used to

PHYSICAL REVIEW E 65 0264XX

mtroduce the dimensionless 1on velocity, whereas electric
field 1s divided by 7, The parameter £ controls the spatial
varation of the electric field and indwectly, owing to the
couphng of the Poisson equation with the Boltzmann equa-
tions, the other vanables distribution function, density, tem-
perature, etc As £ —0, the problem 15 then a two scale prob-
lem with vanation of system properties on an /., length scale
as well as a Ap length scale In the extreme lumut asymptonc
methods are used [15]

The steady distributions for both electrons and i1ons are
deterrmned from the time-dependent Eqs (10) and (11), re-
spectively The ume denvatives m Egs (10) and {11) are
reduced to algebraic form with an exphicn fimte difference
method, that 1s,

"tl=fr—B.At,, (16)

[ =fl—BAt, {17

where n+1 and n denote successive tumes separated by At
The quantiies B, and B, are evaluated at ime denoted by n
and are defined by,

ofe uE df,

Be—pﬂz_ ) ‘(;;_Je[.fe]v (18)
af, wmET,df,

Bi=Pust 57 gp I (19)

Equations (18) and (19) are discretized with a collocation
method that employs Legendre quadrature points for both the
i and x varnables, and the nonclassical speed quadrature
pomnts for p and P The derivative operators m x, p, and P 1n
Eqs (18) and (19) are replaced with therr matrix representa-
tives as discussed by Shizgal [27], and Blackmore and Shiz-
gal [28] The discretization 1s based on a discrete matrix
denivative operator defined such that,

N
dFix)
| _; D, F(x,) (20)

This algorthm permuts the reduction to algebraic form of
differential operators as occurs explicitly in Eqs (18) and
{19} The eiectron collision operator 1s 1n the form of a dif-
ferential Fokker-Planck operator in Eq (8) can also be wnit-
ten m terms of first and second order derivative operators
[26] Equation (18} 15 thus written 1n discrete form as given
by,
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where Dﬁj and D} ; are the dertvative matrix operators for
Legendre and speed quadratures, respectively The quanu-
tes, Ny, N, and N, are the number of discrete quadrature
points in the x, p, and px vanables The first two terms in Eq
(21) correspond to the denvative terms 1 Eq (18) The third
term mvolving the square brackers 1s the 1sotropsc port.on of
the electron-atom colhision operator whereas the last term
mvolving the derivatives 1n g arise from the anisotropse part
of the collision operator The 1cn-neutral charge exchange
mtegral operator can be evaluated using the quadrature for-
mula for the speed weight function [27.28] The discrete
form of Eq (19) follows simularly except that the on-neutral
charge exchange collision operator 1s an ntegral operator
and evaluated wath the speed quadrature formula, that 15,

N(
Bt(lkqu ’I’I)=PIM‘§_ZI ijf‘r(x} sPnanu‘])

mE;

p
T E:: S AETN NS
Ny
e _p2 § 2
- exp( .PH)J'Zl w) exp(P))

N, Nu

M V
xS S el 7V

=1 m=1 (l_lu’m) a,

jm!m

2
X.f:(xk ij nu’:)+ ;Téfl(xl\ ’Pn uu'f)

5 J L V]mlm O-c\(V)
"(-p) O
(22)

where ijlm=P3+P?J—2Pr1Perfm y .u'lfm=lufh“‘z_d[(l
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— (1=, The electric field at the jth collocation

positon was found from a solution of the Poisson equation
given by

E(x)=2 Dy'e”n(x)~n,(x)] (23)

The electric field as x— o 15 calculated from the requirement
that the motion of electrons and 10ons 1s descnbed by the
ambipolar diffusion [29],

D,-D

i a

D,

1
E(x)lx-»oo‘: ;

[

where the ambipolar diffusion coefficient 1s given by [29],

_D.ptDop,
et ey

a

Here D, ,D,, and w, ,u, are the electron and 10n coefficients
of diffusion and mobility, respectively

The method of solution follows earlier treatments of the
Milne problem [1,26,28] ‘The distbution function, f? , and
electron distribution function, f5, far from the boundary at
=0 given by

Sy Y= P D)

= =10/ D P gu+ 2= 1, U(p,)],
(24)

serve as asymptotic boundary conditions The coefficient g,
15 the extrapolation length [1,26] These dismbuuon func-
tions are the asymptotic forms consistent with the Chapman-
Enskog type solution of the diffusion of ions or electrons
through the background neutral gas at equulibrum The dis-
tnbuion functions are close to Maxwellians with a small
perturbation owing to the finite drift of electrons and 1ons
The perturbation 1s of the form [1]

N

MIU(pn)= ’ZO dn‘pnl(pn ’Pbl)s

where the basis functions ,,(p,.u;} are the Laguerre-
Sphencal harmonic basis funcbons

The extrapolation length g,, and the expansion coeffi-
cients d, (which describe ambipolar transport electrons and
1ons far away from the electrode) are calculated from the
solution of the Boltzmann equation [1,26] wath the collision
operator { equal to

T,
1= T+T(Jﬂ+ Jwﬂ 25)

This choice for the collision operator I reduces the system of
equattons (10)—(15) to one equation The temperature factors
m Eq (25) are because T, and T, are used to introduce the
dimensionless veloctties 1n Boltzmann equations for son and
electron distribution functions, respectively
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The nvmerical solution of system of equations (16)—(23)
15 obtained as given by the iterations m Eqs (16) and (17)
The 1mubial distnbution functions for electrons and 10ns 1n this
time-dependent approach te steady state are chosen accord-
ing to the distribution represented by Eq (24) The algonthm
includes cycles, each of whach mvolves the direct numerical
solution of the Boltzmann equations for electron and 1on
distribution functions, subject to the Marshak boundary con-
ditions [26], and the Poisson equaton for the self-consistent
electric field The electron and 1on distribution functions at
the time £, are given by Eqs (18) and (19), respectively The
electric field, used 1n Eqs (18) and (19), 1s calculated by
solving Eq (23) that employs the electron and 1on densities
obtained at £, This procedure 1s repeated unts the steady
state solution of Eqs (18) and (19) 13 obtained

B. The stochastic simulation

A PIC simulation 1s a wadely vsed alternative approach to
the direct solution of the system of equations (1)—(3) In the
PIC method, a group of electrons (or 10ns) 1s represented by
a single simulation particle It 15 usvally assumed that this
particle has only short-range mteractions with a gas atom
that correspond to collisions The statistical Monte Carlo cel-
Lision techmque 15 used to simulate these collisions In the
PIC-MC method, each particle moves 1n the electric field
according to Newton's law The self-consistent field 1s calcu-
iated from the solution of the Poisson equation with the den-
sity of electrons and 1ons obtamned from the particle simula-
tion

In this study, we use the PIC-MC algonthm to study the
steady space- and energy-dependent 1on and electron distr-
butions 1n the sheath region  The algornthm mcludes a Monte
Carlo simulation of charged particle transport m a seif-
consistent electric field calculated using the Poisson equa-
tion Ensembles of electrons and 1ons with Maxwelhan speed
distnbutions are incident on the gas medium of fimte extent
in the r direction The Monte Carlo simulanon of particle
colhisions, neglecting Coulomb collisions, with a velocity de-
pendent colhision cross section 1s made tractable by the null-
collisson techmque This s accomplished by adding an addi-
tional fictrtious process referved to as null collisions such that
the total collision frequency 1s constant at the value vfﬂ
=ngg[0'fm“{g)+ a'(g)], where [ 1s either e for electrons or
1 for 1ons and g 1s the relative velocity The real cross section
15 0'(g) 15 and ¥(g)=n,ga'(g) 1s the total colision fre-
quency for real collisions This techmique was developed by
Skullerud [30] and discussed by others [31,32] The prob-
abilhites of real and null collisions are then given by,

Pieai‘(g) = V(g)lvin > (26)
Pl lgy=[v, — ()1, (27)

The sumulation domain 15 divided nto cells sufficiently
small, so that there no appreciable change wn the electric field
within a cell The trajectory of a charged particle in free
fught m a cell 1s described with the Newton's equation of
motion and energy conservation With the null collision tech-

nique, the tme between colhisions, 7, 1s calculated wath 7

= —In(R)Y/ vfﬂ, where R 1s a random number In contrast to
the usnal PIC-MC simulation, we have that 7,>>7,, so that
10ons usually do not traverse more than one cell n tme 7,
while electrons often cross several cells in ime 7, The tra-
Jectory of each particle 15 charactenzed by a succession of
free fhights interrupted by collistons In the case of null col-
hisions, a particle emerges with no change i velocity

Electron-neutral collisions are treated in with an 1sotropic
momentum transfer cross section with no energy transfer oc-
curnng owing to the small electron mass The approach used
for 10n-neutral charge exchange collisions mvolves sampling
the velocaty of the neutrals from a Maxwellian distribution
The probability of a charge exchange collision 1s then deter-
muned with Eg (26) If an 1on expenences a charge exchange
collisaion then 1t 15 replaced by a newly created 1on The
velocity of the new 1on 1s determuned by treating a charge-
transfer collision as a head-on collision with a scattering
angle of 7

The core of our algonthm consists of three primary pro-
cedures the simulation of collisions, indexing, and cross ref-
erencing of particles, and the simulation of particle motion
At the end of thurd procedure, spatial distnbutions of elec-
trons and 10ns are obtained using the spatial coordinates and
velocity components of stmulation particles,

2 ni(rp)
nATY= i s (28)

where subscrpt s represents the kind of particles (e for elec-
trons and 1 for 1oms), nﬁ(r,p) 1s the space- and velocity-
dependent distribution funcuon The summation 1n Eq (28)
15 over all particles 1n the spatial interval Ar centered at r
The Poisson equation 1s solved with the quadrarure discret-
zaton method, which permuts the reduction of the differen-
tial operator to the algebraic form The details of solution are
given 1n the preceding subsection These procedures are re-
peated until the steady state disimbutions of 1ons and elec-
trons are obtained

The present model 1s used 1o detenune the space and
energy dependent 1on and electron distribution funciions,

> nf(rp)

forEy=—

ArAE (29)

where the sumimation ts over all particles exisung m the
spaual imerval Ar centered at r, and also, in the energy
mterval AE centered at E

III RESULTS AND DISCUSSION

The main objective of this paper 1s to deterrune space-
and velocity-dependent distmbution functions of electrons
and 1ons near an electrode Both direct numencal solutions
of Egs (16}—(23) and PIC-MC simulaiton were considered
The momentum transfer cross section for the electron-Ar
elasuc collisions was taken from Ref [33], whereas charge-
exchange cross secuon for Ar™ - Ar mteractions was obtained
usmg the results from Ref [34] The electron and ion
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FIG 1 Ton distnbunon functon f,(x,P,.P|) m umts of
1072n, J‘v,3 15 shown as function of dimensionless perpendicular,
P . and parallel, Py, velocies, x=77 35

velocity distnbution functions far from the electrode were
chosen to be Maxwelhan distributions for electrons and 10ns
with T,=3000 X and T,=300 K The background gas tem-
perature was equal 0 300 K

The dismbution function of 10ns (or electrons) far from
the electrode, given by Eq (24), 15 presented m Fig 1 The
distribution function, f(x,p, 1), denoted by f,(x, P, PP s
shown as funcuon of dimensionless perpendicular, P,
=P\1—u%, and parallel, P=Pu, velocities We see that
the distribuoion shown in Fig 1 15 shghtly anssotropic The
position of the maximum 1s also shghtly shifted from the
orgin cile to the dnft of 1ons towards to the electrede

We obtain the steady ion and electron distribution func-
tions, whiuch are the primary objectives, by solving the time-
dependent Boltzmann equanions, Eqs (16)-(19) The disin-
bution functions 1 Eq (24), shown in Fig 1, are the same as
the 1on and electron mutial distibutions for the time-
dependent calculations The time evolution of the ton distri-
bution, f,(x,P ,P).1) , n the region close to the elecirode,
obtained using the direct numencal solution described 1n
Sec II, 1s shown m Figs 2(A) and 2(B) for x=0 124 and
x=0 681, respectively. at reduced times ¢, equal to 0 08 (a),
023 (b), 077 (¢c) We see n Fig 2(A) that the angular dis-
tribution of 10ns calculated at £,=0 08 15 rather amisotropic,
and this distnibution 1ncludes a few 1ons with negative Py
This 1s because of the absorbing boundary condition at the
electrode used n the solution of the Boltzmann equation
The angular distnibutions calculated at ¢, =023 and ¢,
=077, show that degree of amsotropy decays with an in-
crease 1n time, owing to 1on-neutral charge exchange colli-
sions The time evolution of the 1on angular distribution at
x=0 681 15 show 1n Fig 2(B) In this case, the angular dis-
tnbution of 10ns relaxes to an almost 1setropic steady distri-
bution 1n ¢

The steady distnbutons f(x,P, ,Py) and f,(x,p, ,py)
calculated at different positions from the electrode, are com-
pared in Figs 3(A)} and 3(B), respectively, at reduced dis-
tances from the electrode, x equal to 0 (a), 0 124 (b), and
0681 (¢c) The angular distribution of electrons 1s shghtly
more anisotropic than that for 1ons for x=0 The differences
between the 1on and electron angular distnbutions become
considerable away from the electrode (b} The degree of an-
sotropy m both fi(x,P,Py) and f.(x,p, .p)) decreases
with an increase of distance In the region close to the elec-
trode, the amsotropy in f,(x,P, .P|) decays because of
charge-exchange collisions, winle the degree of amsotropy 1n

(2]

P
~

s
AT
P

7 o \\\\\ ]
Uf@ B

K]

[ 3]

FIG 2 evolunon of 10n disinbution function

Time
F4x, Py Py.t) noumts of 107 %rg /o] for two distances from the
elecirode [(A), x=0 124, (B), =0 681], :s shown for times t, equal
0 {a) 003, () 023, (c) 077, 6=232

folx,p ,p)) decreases basically due to the influence of self-
consistent electric field Distributions obtamed for electrons
and 10ns at x=0 681 are rather 1sotropic and relatively simi-
lar This suggests that the amsotropy 1n f.(x,p, ,p|) decays
faster than the anssotropy m f{(x,P, .P))
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FIG 3 Steady angular distnbutions of tons (A) m uniuts of
1072y /} and electrons (B) m umits of 1073r,/v} are shown at
different distances from the electrede, x, (a) 0, (b) 0 124, (¢} 0 681,
£=2132

The 1sotropic 10n energy distnbution function, f,(x.E),
averaged over u, calculated at different distances from the
electrode 1s shown 1n Fig 4(A) Sehd curves show the DNS
calculations. dashed curves represent the PIC-MC results,
and dot-dashed curves display Maxwelhan distributions The

log,,(f,{x, E}

L 1 L 1 1
000 005 010 015 020 025
A E (eV)

tog,glf,(x. E)

1 S | i S §
00 03 06 09 12 15 18
B E (eV)

FIG 4 Steady space- and energy-dependent dismbutions of
10ns (A) m umts of ry/v? and electrons (B) m umts of ng /v’ are
shown at different distances from the electrode, x, (a) 23 21, (b)
774, {c) 0, £=2732 Solud and dashed curves show resulis of the
dyrect numenical solution and the PIC-MC simulantion, respectively
The Maxwellian distnbution 1s shown by dot-dashed curve

different curves a—c are for decreasmg distance to the elec-
trode The departure of f (x,E) from a Maxwellhian disttibu-
ton 1s rather small This suggests that 10ns do not expenence
significant heating at large &

The corresponding electron energy distribution function
FAx.E) 1s shown mn Fig 4(B) The results of the direct nu-
merical solution shown by solid curves are in agreement with

[} 1 ] k] 12 15

FIG 5 Electron densuy #,(1) and ion density »n, (x), in units of
np versus A for =232 Sobd limes show the DNS results, while
dashed line represent Eq (29)
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FIG ¢ Space- and energy-dependent 1on distibution function
Fi{x,E) normahzed to the maximum f,, The positions x are equal
to(b) 11,(c) 08, () 05 for e=8x10"" Maxwelhan distribution
15 shown by curve a

the PIC-MC simulations represented by dashed curves We
see that there 15 a shght departure of f,(x,E), obtained usmg
both PIC-MC and DNS approaches, from the Maxwellhan
distiibution for x=0 We checked that this departure does
not play significant role n the calculation of electron density

All plasma sheath models based on the solution of the
hydrodynamic equations use the assumption that the electron
density follows the Boltzmann relation This relation can be
obtained from the continmty equation for the electron flux
neglecting frictional and 1nertial forces of electrons [22] The
same relation can be denived from the Boltzmann equation
for the electron distribution function as follows The electron
Boltzmann equation (10) can be rewniten in the case of
steady state electron distnbution function f,(x,p) as,

af (x,p) + 1 d¢tx) of lx.p)
P x "2 ax  ap

0, (30

where we have neglected the first collisional term 1n Eq (28)
because m,/M <1 and the second colhisional term owing to

N

o
T

E (V)
.
I

FIG 7 The dependence of 1on energy versus distance from the
electrode for £=8%10"% Solid Line represents free-fall model,
while symbols corresponds to the energies of the second peaks of
the curves m Fig 6

=
T
|

ajib [ d [

| l | 1

00 03 06 [ 12 15
B E{eV)

FIG 8 Space- and energy-dependent 1on distribution function
fi/(x,E) normalized to the maximum f,, for two distances to the
electrode [(A). x=035, (B), x=11], 15 shown for & equal to (b)
O 773, (¢) 0024, (d) 0014, {e) 0 008 Maxwellian source distribu-
tion 15 shown by the curve a

., /o<1 Let us average (28) over u and also assume that
Folx.p)=[f(x,p)du 18 a local Maxwellian distribution, so
that f,(x.p)=n,(x)exp(—p?) Then, one can obtain using
Eq {(28) the Boltzmann relauon for the electron density,

n.(x)=ngexplo(x)], 31

where r;, 15 the electron density at ¢(x)=0

We compare 1n Fig 5 the electron density obtained using
the Boltzmann relaton [Eq (29)] with the electron density
obtained from the solution of Egs (18)—(23) Solid lines
show the results of the direct soluton, while dashed line
represents Eq (29) We can see a small difference between
electron density, obtamned using the direct numencal solutton
and that calculated from the Boltzmann relahon This daffer-
ence arises because of the departure of electron distiburion
funcuon from the local Maxwelban distmbution Additional
PIC-MC calculations show that the difference petween the
calculated electron density and that obtained using the Bolt-
zmann relation quickly decreases as £ drops It suggests that
at sufficiently small &, a large number of low-energy elec-
trons could not overcome a sheath potential barner, and, con-
sequently, they are repelled to the bulk plasma It 1s also

0264XX-8
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important to note that ton density does not foliow the Bolt-
zmann relatton The reason for thus 1s that the self-consistent
electric field acts differently on electron mofion and 10n mo-
ton This field forces electrons out of the sheath to the bulk
plasma, and, consequently, thermahizes them Whereas, 1ons
are dragged by the ¢lectric field from the bulk plasma to the
electrode Hence, 1ons are never i thermal equlibrum with
the self-consistent electric field

The distribution function of tons 1s shown m Fig 6 for
several distances from the electrode The low-energy peak
corresponds to the coninbution from the thermal 1ons,
whereas the ngh-energy peak anses because 1ons are heated
as they move 1n the self-consistent electric field The motion
of high-energy 10ns mn the sheath region 1s almost colhsion-
less This was verified by calculating the dependence of 10n
energy versus distance This dependence was obtained using
the 10n energy conservanon equation (collisionless free-fail
model) The resuls of this calculation are shown in Fig 7 by
the sold hine, and the symbols correspond to the energies at

PHYSICAL REVIEW E U5 Uzoror——

whuch the second peaks of curves occur in Fig 6

The dependence of 1on energy distnbution function on &
1s shown 1 Figs &{A) and 8(B) for x=05 and x=1 1, re-
spectively The different curves a—e are for decreasing &
The distribution f,(x,p, &) calculated for e=0773 {curve b)
13 close to the Maxwellian distribution {curve a) This inch-
cates that in this case 10ns do not expenence significant heat-
ing m the sheath region We can see two peaks in the 1on
energy distnbution function for £ =0 024 (curve ¢) Results,
obtained for smaller & (curves d and ¢) show that the position
of the second peak moves further from the ongin as £ drops
This 15 because the electric field in the sheath increases with
a decrease of ¢ Hence, 1ons are more strongly heated at
smaller & The distribution f,(x,p.&), calculated at x=1 1.1s
shown in Fig 8(B) In this case f,(x,p,&) changes less dra-
matcally with the decrease of & This 15 because 1ons are
unable to gan sigmficant energy at this distance from the
electrode
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