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Abstract

The rates of gas phase reactions can be calculated from the averages of the appropriate reactive
cross sections with the velocity distribution functions of the reacting species. The reactive process,
especially for reactions with activation energy, removes translationally energetic species and the
velocity distribution functions depart from Maxwellian. The rate coefficients can differ from the
equilibrium rate calculated with the Maxwell-Boltzmann distribution. The extent of the departure
of the distribution function from Maxwellian can be estimated from solutions of the Boltzmann
equation with appropriate choices for the elastic and reactive collision cross sections. If there
is a good separation in the elastic and reactive collision time scales, a steady solution of the
Boltzmann equation can be obtained with a procedure analogous to the Chapman-Enskog method
for transport coefficients. In the present paper, the nonequilibrium effects for model reactive
systems of the type A + A = B + B, with and without the reverse reaction, and the reaction
A + C — products are examined with both a Chapman~Enskog method along with an explicitly
time-dependent solution for the irreversible reaction A + A — B + B. The main objectives are
to study the effect of the inclusion of the products with and without a reverse reaction as well as
the range of validity of the Chapman-Enskog method.

PACS: 05.20.Dd; 82.30.M; 51.10.4+y; 47.70.Nd

1. Introduction

Nonequilibrium effects associated with reactive systems have received considerable
attention in the literature for a long time [ 1-23]. A complete bibliography can be found
in the references cited in these papers. Many calculations have been carried out for
model reactive systems of the type

A + C — products, (N
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with the complete neglect of the products. The main objective is the calculation of the
extent of the departure of the translational distribution functions from Maxwellian and
the fractional decrease of the nonequilibrium rate coefficient, &, from the equilibrium
value, k(9 that is,

n =k — k] /&,

The approach employed by most workers involve the application of the Chapman-
Enskog (CE) method of solution of the Boltzmann equation [24]. This method has
been shown to be valid only if there is a good separation of reactive and elastic time
scales [9,10]. The reactive process must be a small perturbation on the system. The
CE approach yields a very special solution of the Boltzmann equation referred to as a
“normal solution” [24], for which the time dependence of the distribution function is
implicit through the time dependence of the density, n(¢), and the time variation of the
temperature, T(¢), that is, f(c,1) = f(c;n(2),T(1)).

The CE method is known to be invalid for strongly nonequilibrium systems for which
the required separation of length and time scales is not obtained [25-29]. Several groups
have considered the description of transport for such systems far from equilibrium; in
particular nonlocal heat transport in plasmas [25], hypersonic flows [26], diffusive
flows [27,28] as well as astrophysical applications [29]. For spatially inhomogenous
systems, the CE method is valid when the mean free path of the constituents is much less
than the typical length scale [24,30]. For reactive systems, a CE method is applicable
when the elastic time scale is much less than the reactive time scale [9]. Kogan [31]
and Alexeev et al. [32-34] have considered extensions of the CE method to chemically
reactive systems far removed from equilibrium. Aleexev has referred to this method as
the generalized CE method. A study of the range of validity of the CE method is an
important endevour and one of the major objectives of the present paper. A comparison
of the CE method and Grad’s moment method was reported by Eu and Li [11].

An alternate and complementary approach to the study of nonequilibrium effects
in reactive systems is a Monte Carlo simulation of reaction and relaxation dynamics.
This has been carried out principally by Baras and Malek-Mansour [13,18] as well as
by Popielawski and co-workers [15,16,21-23]. Since direct experimental verification
of these nonequilibrium effects have not been reported to date, these Monte Carlo
simulations can be viewed as providing the experimental results with which direct
solution methods of the Boltzmann equation can be compared [13,18,19].

Cukrowski et al. [16] recently carried out an approximate study of the nonequilibrium
effects for the reaction

A+A —-B+B. (2)

Cukrowski et al. assumed that the distribution functions of the two species were local
Maxwellians at different temperatures and the reaction was treated as an adiabatic pro-
cess. The Boltzmann equations are then approximated by the time-dependent equations
for the number densities and the species temperatures. This approach is similar to the
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time dependent theory of hot atom reactions [35] and temperature relaxation [36].
The results of their calculations were compared with estimates of 1 obtained with the
CE analysis by Cukrowski, Fritzsche and Popielawski {15] and from computer sim-
ulations. The main objective of the work by Cukrowski et al. [16] was to compare
the nonequilibrium effects of A + A — B + B with those of A + C — products. A
second objective of the present paper is to re-examine the nonequilibrium effects of the
reactions above with particular attention to the effect of the reverse reaction and the
density dependence of the products. Shizgal and Karplus demonstrated long ago [7,8]
that the nonequilibrium effects in reactive systems are particularly sensitive to whether
the system is adiabatic (dT/dt # 0) or isothermal (dT/dt = 0). If dT/dt # O, the
nonequilibrium effects have an explicit dependence on the heat of reaction [2,21]. Also,
in the time-dependent studies of the reaction with products, A + A — B + B, the value
of dT/dt in the limit of vanishing products requires some careful analysis [15,17].

The limit of vanishing products, studied previously by Pyun and Ross [5], and Fitz-
patrick and Desloge [14], is of particular interest to the present paper. We study the
difference between results obtained from a CE analysis of the model reaction A + C
— products, where the product species are completely ignored, and results obtained for
the model reaction A + A — B + B with the products taken into account. We also
consider the reversible reaction A + A = B + B in comparison with the other systems.
Shizgal and Karplus [8] conducted a CE analysis of the general reversible reaction A
+ B = C + D, which includes the effect of the reverse reaction.

Section 2.1 describes the CE method of solution of the Boltzmann equations for the
distribution functions of the two species involved in the reaction A + C — products.
The extent of nonequilibrium effects in terms of the quantity n is determined. The
usefulness of the Shizgal-Karplus temperature, introduced by Cukrowski and coworkers
[15] is evaluated.

The irreversible reaction A + A — B + B and the reversible reaction A + A
= B + B are considered in like manner in Sections 2.2 and 2.3, respectively. An
important aspect of the analysis is the use of microscopic reversibility in the case of
the reversible reaction and the lack thereof for the irreversible reaction. Although these
three reactive systems are very similar, the kinetic theory treatment of the nonequilibrium
effects involves several important subtle aspects that are discussed in detail. In Section
3, we present the results of a time-dependent solution of the Boltzmann equation and
determine the range of validity of the CE approach. In the appendix, we show that the
CE procedure by Cukrowski et al. [15] is deficient in several ways.

2. The Chapman-Enskog solution of the Boltzmann equation

We consider detailed calculations for the hard sphere elastic and line-of-centers reac-
tive model system used previously [6~8]. The differential elastic cross sections are taken
to be hard spheres (og = d%/4) and the total reactive cross section is the line-of-centers
cross section given by
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0" =mogr(1 — E*/E), E>E*,
=0, E<E*. (3)
where E* is the threshold energy and o = d%/4. The hard sphere elastic and reactive
diameters are dg and dg, respectively.

2.1. The reaction A + C — products

The distribution functions for the two species are denoted by y and 7 equal to 1 for
species A and 2 for species C. For this reaction, the distribution functions are assumed
to be given by two coupled Boltzmann equations of the form

%fti=//[f;f’_flf]‘r”gdndc"'//[f{fé—flfz]lfngdﬁdcg
“//f1f20'*gd.(ld02, (4)
%sz[féf/_f2f]022gd”dc+//[fffﬁ—f1f2]012gd.(2dc1

_//flfza*gdndcl, ()

where 0, and o™ are the elastic and reactive cross sections, respectively. The first
collision operators on the right-hand side of Egs. (4) and (5) are the self-collision
terms for A-A and C-C elastic collisions. The second collision operators take account
of A-C elastic collisions and couple the two equations. The reactive terms with the
reactive cross section represent the loss of both species. The other quantities have their
usual definitions [6-8]. The notation employed in Egs. (4) and (5) is standard [24],
where the unlabeled distribution and velocity variable refer to the other particle in a
binary collision. For all applications in this paper, we set o] = 02 = 02 = o and
vary the ratio og/cg. The method of solution of these coupled Boltzmann equations
is as described in a previous paper [7]. The distribution functions are expanded about
local Maxwellians, f{ = n,(t)[m,/27kT(1)13/>exp{ —m,c?/2kT(t)], characterized
by time-dependent number densities, ny(¢), and the single temperature, T(?).

The Boltzmann equations are solved with the expansion about the Maxwellian, that
is,

fr=FOU + g1, (6)

where ¢, is the perturbation from Maxwellian. We review the methodology of the
previous paper [7] for completeness, and to permit a clear comparison with the other
models discussed in Sections 2.2 and 2.3, as well as with the time-dependent approach
in Section 3.

The CE approach involves the assumption that (to lowest order) the time dependence
of the distribution function is given by
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é& _ af_}(/o) (dn7>(0)+ af§l0) (dT>(0)

- dr oT \ dt

7
dat on, )

where the time variation of the densities is determined from the Boltzmann equations,
and given by

dn (0)_ dny\ (0) £(0) _x
(_E_) == _—///fl 13 o*gddeyde;. (8)

For this reaction, there is a loss of energy owing to reactive collisions and the variation
of the temperature (to lowest order) is given by

dar\% or c c
(E) =§;///f](°)f§°) [3—%‘(—; - %ﬂ o*gdde de;. (9)

With the substitution of Eq. (6) into the Boltzmann equations, Eqs. (4) and (5) and
use of Egs. (7)-(9), we find that the CE equations for the perturbations ¢, are given
by

//fl(O)f(O)['/’l, + ¢ — ¢ —ylongdde

+ / / FOFO1y) — yn)oragdde; + / / FOFO [yt — g aiagdde

= f9¢(ey), (10)
//fé‘”f“”[://ﬁ +y' —yp — YlongdOde

+ / / FO O [y — gy loragd e, + / / FOFO 14— gy Voripgddey

= £37Ca(ca), (11)
where the inhomogeneous terms are defined by
1 (dn 'Y 1., L, (at\'”
Cy(cy) = {—;1; (7) —?(5*«\77) I +R7 (cy) ], (12)
where x2 = m,c2/2kT and
R (cy) = // g gdde,. (13)

The solution of these coupled linear integral equations is obtained with the expansion of
the unknown functions ¢, in Sonine (Laguerre) polynomials, S{(x2) defined in the
previous papers [6-8]. With the expansions

N
(1) =D a” S0 (),

i=1
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$2}

we get the set of algebraic equations for the coefficients a;”" given by
N . . . : .. .
Z [(n%[S{'),S{”] + nlnz{Sf'),Sfj)}) i’ + n;nz{Sf'),Sé“}a;z)] =mma!’,
-
' (14)
and
N . . o . N .
Z [(n%[S(‘),Séj)] + nlnz{Sé'),Séﬂ}) ajz) + nlnz{Sé’),Sf”}a;l)] =mma?,
=
’ (15)
where
2 n (€2 )
mmal? = —8u,ALY —51,7’2/;3 + A, (16)
Y

The bracket matrix elements [S(”,S5(7], the brace matrix elements {S{",S{"} are
defined explicitly elsewhere (see Eqs. (31) and (32) of Ref. [7]), and evaluated for a
hard sphere elastic cross section. The integrals A;Y), defined by Eq. (38) of Ref. [7],
are the Sonine moments of the reactive collision frequencies and evaluated for the line-
of-centers reactive cross section. The concentration dependence in the middle term of
Eq. (16) is particularly important. It is this term, arising from (d7/dt)® # 0 (see Eq.
(12)), that gives rise to large effects when the two reactants are dissimilar, that is for
unequal mass ratios or densities.
The density is defined in terms of f{?, that is,

ny, = /fg")dc,, (17)
so that [ f{P4ydc, =0 and hence ay” = 0. The temperature is defined by

InkT = /f,(m Imiclde + / £32 imyc3des, (18)
where n = n; + n, and we have that

/ FOmictyde + / £ mycdpnder =0, (19)
and hence

mal" + ma® = 0. (20)

Consistent with this definition of the temperature is that the two equations in Eqgs. (14)
and (15) with i = 1 are the negative of one another; their sum being equal to zero
is a reflection of conservation of energy when both species are taken into account.
Consequently, the set of equations that is solved, is the set with Eq. (20) replacing
either of the two equations with i = 1 in Eqgs. (14) and (15).
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The solution of Eqs. (14) and (15) together with Eq. (20) as discussed above yields
the expansion coefficients and the fractional decrease in the equilibrium rate of reaction
as given by

N N
n=—|> alPAP /AL +3 " alP AP /AP | (21)
i=1

i=1

For the hard sphere cross section models, since % is directly proportional to og/cg,
this ratio can be set equal to 1 and the n calculated is then multiplied by og/0&.
The calculation of the mean energy of each species yields the definition of species
temperatures, 7,, which is

T, =T[1-a"], (22)

where T is the temperature in the Maxwellians. Cukrowski et al. [15,16] refer to these
species temperatures as the Shizgal-Karplus temperatures.

Cukrowski et al. [15] suggested that the nonequilibrium rate coefficient can be ap-
proximated with the use of the species temperatures as given by Eq. (22) with the
agy) determined to lowest order, that is, from the solution of Eqs. (14) and (15) with
only one term. An estimate of the nonequilibrium rate coefficient is determined with
Maxwellians characterized with the species temperatures, that is,

. _ KO — k(1. D)

0 (23)

Clearly, this result can only be useful if the two species are distinct and the species
temperatures differ from the temperature 7. It is anticipated that their procedure will be
invalid when the two species are similar by virtue of their masses and number densities.
Cukrowski et al. have employed this approach in several studies of nonequilibrium
effects [45] and references therein. The relationship between 7 and 7 can be understood
by recognizing that the expansion of the local Maxwellians, F (°>(Ty), at the species
temperatures about the temperature 7 leads to an expansion in Sonine polynomials of
the form

oo i
FOUT,) = FONT) 1+Z (%) SO (me*/kT) | (24)
i=1
where AT, =T — T,. Eq. (24) illustrates the use of the ratio F(V(T,)/f©(T) as the
generating function for the Sonine polynomials. This was used in a previous paper [7]
to determined the brace bracket integrals. In this way, the approximation by Cukrowski
et al. [15], consists of an expansion of the distribution function in Sonine polynomials
with the expansion coefficients as powers of a§7)‘ It is correct only to lowest order when
only one term is retained in the expansion. In this way, the use of the Shizgal-Karplus

temperature as employed by Cukrowski et al. yields a nonequilibrium correction of the
form
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Fig. 1. Variation of 7 ( ) and % (— — —) versus € for A + C — products. The mass ratio m /mz

and density ratio n| /n; are equal to (A) 2 and 8, (B) 10and 1, (C) 2 and 1, (D) 10 and 1/8 respectively;
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25>

=1

N i

AT oy, 00 L = (AT ) 4@
(_T_) A [Ag +Zn: T A7 /Ay

(25)

It is expected that this approximation may be useful when the terms in a}” dominate
the solution in Eq. (21).

The variation of the correction 7 versus the system variables was reported at length
in the previous paper [7]. Here we are interested in the comparison with 7, Eq. (25).
Fig. 1 shows the variation of 5 (solid curve) obtained from Eq. (21) with retention of
a sufficient number of terms to provide convergence to four significant figures, in com-
parison with the Cukrowski et al. [15] approximation, Eq. (25) (dashed curve). The
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agreement between the converged solution, 7, and the approximation, Eq. (25), varies
considerably according to the ratios of the masses and densities of the reactants A and
C. With Eq. (16) and the definition of A"’ defined by Eq. (38) of Ref. [7], it can be
shown that af” and af” are proportional to mn; /myn; — 1. The ratio m;n; /man, is 16,
10, 2 and 5/4 in Figs. 1A to 1D, respectively. As the quantity min; /myn; — 1 the agree-
ment between n and 7 becomes poorer. This is due to the fact that as myn; /mon; — 1,
a” — 0 resulting in ATy, — 0 and % — 0. This result holds for all orders of ap-
proximation. Consequently, 7 is a reasonable approximation to 7 in Fig. 1A for which
min) /many = 16. The agreement worsens as myn; /myn, tends to unity in Figs. 1B, 1C
and 1D. For Fig. 1D where the temperature perturbation is extremely small, the ag”
contribution becomes insignificant, AT, =~ 0 and the approximation 77 by Cukrowski et
al. is not valid.

The dependence of 7 on the density is one of the important objectives of the present
work, in particular with respect to the density of the products for the reactions considered
in Sections 2.2 and 2.3. If only two terms in the expansion of the distribution functions
are retained, approximate expressions can be obtained which show explicitly the concen-
tration dependence. We consider equal mass ratios, set og = og, define 4 = n;/n; and
eliminate common collision frequency factors on both sides of the equation. With only
two terms retained in the expansions, we find that Eqs. (14) and (15) are approximated
by the set of 3x3 equations

1— 4.
1 1 (1) -
—2(1+ 4) 3 -1 a 1+AA1/2
la+a -a+3 L a | = Ay /4
-1+ 1 —(2/4+3) al? Ay /4
(26)
The solution of this set of equations is
1—4 . .
(n
=——— _[A,+314,/2],
4 =g g a2t 3A/2
1 . .
Ve _[(4+ 11 A, +2(1 — DA
a, 60(1—+—A)2[( + 114) Az +2( YA,
a%z) = —Aa{”,
a‘2)=———A—[(11+4A)A2—2(1—A)AIJ. (27)
2 60(1 + 4)2
The fractional decrease in the rate of reaction 2 is then given by
1 . . . .
=———— [(1 - A)2(2A, + 314,/2) A, + (24* + 114+ 2)A3/2] .
n 12001 + 4)%A (( ) (24, 1/2)A1 +( )A3/2] o)

For the line-of-centers reactive cross section, we have explicitly that

Ao=2exp(—¢),
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Ay =—2(e+1/2) exp(—e),
Ay=(e* — e —1/4) exp(—e),

(29)

where € = E*/kT. The two term result given by Eq. (28) is a very good approximation

to the converged result.

Figs. 2 and 3 show the variation of a%” = AT, /T versus density and mass ratios,
respectively. The energy conservation relation agl) = —Aa%z) imposes the constraint that
temperature perturbations AT, for A and C must be opposite in sign. This property
is common to all curves in Figs. 2 and 3. All the curves also show that there is no
temperature perturbation, AT, = 0, when (m;/m;)A = 1, as discussed in connection
with the results in Fig. 1. Fig. 2 shows that as 4 — 0, the temperature of the major
species, T, — T. However, the distribution of the minor species is strongly perturbed
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Fig. 3. Variation of AT, /T versus M1, mass fraction of A, for the system A + C — products. The density
ratio n; /ny equals (A) 1/8, (B) 1/2, (C) 1 and (D) 2; e=4 and 0g/or = 1.

and AT, is large. The point 4 = 1 in Fig. 2C (m; = m;) corresponds to the system A
+ A — products. In this case, the species A and C become indistinguishable and are
characterized by a single temperature, 71 =T, =T.

The variation of temperature perturbation AT, /T versus mass fraction of A, My =
my/(m; + my), is shown in Fig. 3. A striking feature of Fig. 3 is that for a reaction
involving reactants with dissimilar masses (i.e. M| — 0 or M; — 1) there are large
temperature perturbations. As the density ratio 4 increases in Figs. 3A-D, the mass
fraction for which AT, = 0 shifts towards M; = 0 in accordance with the dependence
mi4/my = 1. Fig. 3A has the smallest 4 and as a consequence, AT, =0 at M, = 8/9.
With increasing 4, the mass fractions for which AT, = 0 are 2/3, 1/2 and 1/3 for
Figs. 3B-D, respectively. Figs. 3B (n;/n, = 1/2) and 3D (ni/n; = 2) show the
symmetry resulting from the interchange of species A and C. Fig. 3C corresponds to
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the system A + A — products for which n; = ny, and AT, =0 at m; = ms.

In a subsequent paper, Cukrowski et al. [16] discussed further the role of the species
temperatures in the determination of 7. They concluded that the results of previous
workers [2,3,6] for the one-component reactive system

A + A — products,

is in error owing to the neglect of the effect given by Eq. (22). However, as we have
shown, this temperature effect disappears when the reactants are identical and plays no
role in the nonequilibrium effects. We show in the appendix that the system studied by
Cukrowski et al. differs from the one-component system above. Their work corresponds
to this reaction occurring in a large excess of a second (nonreactive) component (with
the mass of A) that acts as an infinite heat bath so that the temperature of the system
does not change. This was considered at length by Shizgal and Karplus [8]. For A +
A — products for which n; = n,, the two term solution for 77 becomes

A3
lim 5 = . 30
= 304, (30)

This is twice the result obtained from Eq. (28) because in this limit the two-component
system has twice the number of elastic collisions as the one-component system [7].
Moreover since af” = a§2) =0 and AT =0, there is no perturbation of the temperature

due to the reaction and no effect on the reaction rate.
2.2. The reaction A + A —- B + B

In this section, we are interested in the nonequilibrium effects in a model reactive
system introduced by Cukrowski et al. [15,16]. The species A and B can be taken to
be different internal states of some species and the reaction can be considered as an
inelastic collision involving no mass transfer. Nonequilibrium effects for such processes
have been considered previously [41,42]. The main objective here is to determine the
influence of the products on the nonequilibrium effects in comparison with the results of
Section 2.1. We also address the methodology of Cukrowski et al. and their conclusions.
The effect of products has been previously discussed by Pyun and Ross [5] and by
Fitzpatrick and Desloge [14].

For this reaction, the Boltzmann equations are similar to those in Section 2.1, except
that the reactive term for the products is a gain term evaluated with the reactive cross
section for the forward reaction. The coupled Boltzmann equations for this system are

(%=//[fff"flflo‘ngdﬂdH//[f{fé—flfz]augdndcz
_//flfa*gdﬂdc, (31)

%{Tz=//[f5f'—fzflffzzgdﬂd0+/[[f{fé—flfz]alzgdndcl
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+//fff’0*gdﬂdc’1. (32)

In Eq. (32), the reactive collision integral represents the production of product B species
and the integration is over the velocity space of one of the two reactant A species. The
primes on the distribution function refer to the A species that enter into a collision.
All primed quantities in both Eq. (31) and (32) correspond to gain terms while all
unprimed ones correspond to loss terms. The primes on the last term of the right-hand
side of Eq. (32) are consistent with this convention. An important aspect of this model
is that with the complete neglect of the reverse reaction, microscopic reversibility [37]
for the reactive collisions cannot be employed. This reactive collision production rate is
determined analogous to the calculations by Whipple [38], Riley and Matzen [39] and
Shizgal and Lindenfeld [40].

The CE method of solution parallels the discussion in Section 2.1. The only modifi-
cation is the nature of the reactive collision term for the product B in Eq. (32), which
differs from the loss term of the reactant A in Eq. (31). We apply the CE method as in
Section 2.1, and require the lowest order reactive collision frequencies evaluated with
the Maxwellians and given by

féO)R;(O)dCZ = //fl(O)lf(O)lo-*gldﬂdclldcl, (33)

where the prime is used to distinguish this product collision frequency with the loss terms
in Eq. (13). The reactive collision probability is determined by changing the integration
to one over the velocity of one of the product B species. With energy conservation, we
have that

2
f§°)R2(0’dcz=e“’(%;—) / / FO 05 d0dg dG, (34)

where G is the centre of mass velocity and is conserved in a reactive collision. This
integral can be converted to an integration over the relative velocity of the products with
energy conservation in differential form (g'dg’ = gdg) and with the reduced masses of
the reactants and products equal, we get that

2 7]
’ _ n .
AR der= () 40 [ 1007, agaG (35)
We now specialize this to the line-of-centers cross section so that
2
£OR O dey = mdye™* (gl) £ / f©gdgdG, (36)
2
and
0) (0 m\’
LOR, )=m1§e—f(;l;) A9 / f@gdc, (37)

where the integral is the hard sphere collision frequency [24] for unit total cross section.
It is this form of the reactive production collision term (for the line-of-centers reactive



B.D. Shizgal, D.G. Napier/Physica A 223 (1996) 50-86 63

cross section) that determines the form of the CE equation for this model reaction.
The work by Cukrowski et al. [15,16] considered this reactive collision frequency for
product B equal to the loss term for reactant A.

We apply the CE method of solution based on the assumption Eq. (7). The time
variation of the densities is determined from the Boltzmann equations, and given by

dan \” _ (dny\© (0) £(0) 4
(E—) === _—///fl fPo*gddede. (38)

For this reaction, there is no energy conservation in reactive collisions and the time rate
of change of the temperature is non-zero and evaluated to lowest order with the use of
the explicit form of the reactive collision frequency in Eq. (37). By evaluating the rate
of change of the energy of each species from the Boltzmann equations and adding the
results, we get that

dar\'® or .
<Z> =3—n[A1—A1(O)e IR (39)

where the species designation on the A; integrals is dropped since the masses are the
same for both reactant and product. The quantities denoted by A;(0) refer to the A;
integrals for zero threshold energy and arise from moments of the reactive collision
frequency for species B, Eq. (37), that is,

AP = / FORO S de,
=e~¢A,(0). (40)

Cukrowski et al. [15] assumed that translational energy is conserved in reactive colli-
sions; the energy lost by the reactant is gained by the product and that d7/dt = 0. Their
result is in contradiction to Eq. (39).

With the substitution of Eq. (6) into the Boltzmann equations, Eqs. (31) and (32)
and use of Eqgs. (7), (38) and (39), we find the CE equations for the perturbations i,
are given by

//ff‘”f“’)wf{ +y' — ¢ —¢loygdQde

+ / / FO £ [yl — gy o1ngdde; + / / FO L1 — ] orpgdde;
= 196G (1), (41)

f / B2FO1 + o' — g — YlongdQde

4 / / FO O 14— gologdde + / / FO L0 1yt — g lorpgd e,
= fi9Gy(e2), (42)
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where the inhomogeneous terms are defined by

1 Q) 0)

Gi(e) = {“E (%) ~2G -5 (%) +R§°><c1)J, (43)
1 (dm\© 1 ar\©

Ga(cr) = [—n—z (ﬁ) -7G- x2) (E) ~ RV . (44)

The CE equations, Egs. (41) and (42) are analogous to Eqgs. (10) and (11) in Section
2. The only distinction is the form of the reactive collision frequencies and the inhomo-
geneous terms Eqs. (43) and (44) in comparison with Eq. (12). The perturbations of
the distribution function are expanded in Sonine polynomials S{” (x3) as in Section 2.1
and result in the set of algebraic equations similar to Egs. (14) and (15) given by

N
S [(m1s.501 + mn{s?,50}) a” + mm{s, 5 Yaf?| = ntB",
Jj=1

(45)

and

XN: [(n%[s(’",sgf)] +n1n2{S§”,S§j’}) a;Z) +nln2{5“),s,(”}a]@”] = —n2g?,

= (46)
where

MBLD = oo — 810 [ A1 — Ar(0)e ™ + A, (47)
and

MBY = 8o + 8172 [ 41 ~ A1(0)e ] + Ai(0)e ™ (48)

The fractional decrease in the forward reaction rate only involves the distribution function
of species A and is given by

n=-2% alA;/A. (49)
i=]

As was done in Section 2.1, it is useful to consider the approximate result with only
two terms in the expansion of the distribution functions in Sonine polynomials. We set
Ok = Og, define 8 = ny/n;, and eliminate common collision frequency factors from both
sides of Egs. (45) and (46). The result is the set of 3x3 equations

~2(1+8) 38 ~18 alV

H1+8) -2+ 35 55 a§!

~3(1+8) Ls —(28*+38) ) \ ai?
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nx 10

Fig. 4. Variation of 5 versus € for A + A — B + B compared with A + A — products. A + A — products
is shown by curve (a). For A + A — B + B, the density ratio ny/n; equals (b) 1.0, (¢) 0.5, (d) 0.1 and
(e) 0.01; og/og = 1. The value of n for A + A — B + B in the limit § — 0 is shown by — —o0 — —.

m[A1(0)€_€+5A|]

A2/4 . (50)
—A2(0)e~¢/4

The solution of this set of equations is

1 n ~ n ~
(@) 31 —€ —€
=[x (A 0A Ard + A (0 s
a; 60(5—0—1)2[2( 1(0)e ™ + A1) + (A6 + A(0)e™ )]
0 2

as = [(A1(0)e™ €+ 6A)) — (26 + 15/4) Ay + 1A,(0)e™ ],

C60(8+ 1)2
a? = ~a(V /s

(2) _

2 ~ —e a 2 —€ N
al _—m[(mm)e +8A)) + 2+ B8)A(0)e ¢ - 8421, (51)

With Eq. (51), we obtain an expression for 7 comparable to Eq. (28) which we do not
report. It is important to note that the correction,  (Eq. (49)), depends only on the
expansion coefficients, a''’ of species A. The two term solution is accurate to within 5
percent of the converged values for the conditions discussed here. This two term analytic
solution provides for a useful interpretation of the density dependence.

The variation of 7 versus € for several density ratios is shown in Fig. 4. The curve
(a) of Fig. 4 shows the variation of n for the reaction A + A — products. The curves
(b)-(e) are for decreasing density ratio, 8 = ny/ny, of product to reactant. The n values
calculated for A + A — B + B are larger than those for A + A — products, due
to the contribution of the a%” terms, and the nonequilibrium effects generally increase
with a decrease in 8. Note that 7 attains a limiting value as & — O (dashed curve and



66 B.D. Shizgal, D.G. Napier/Physica A 223 (1996) 50-86

-4

2
ATY/Tx 10

-6

-8

-10

log &

Fig. 5. Variation ATy /T versus the log of density ratio  =ny/n; for A+ A — B+ B;e=3and og/ogr=1.

open circles). The peak near € = 1 for the system A + A — B + B is caused by the
relatively large temperature difference, AT} = a%”, between the two components A and
B. This temperature difference does not occur for the system A + A — products and
results in small values of 5 for € < 2. There is good agreement in the values of » for
the systems A + A — products and A + A — B + B as 6 — 0 and € becomes large.

Fig. 5 shows the variation of AT, /T versus the log & for the reaction A + A — B
+ B with € = 3. We are primarily interested in the behaviour in the limit of vanishing
reactant or product. In the limit of vanishing reactant, n; — 0, 6 — oo, the product
is in large excess and acts as a heat bath at temperature T, so that AT, — 0 as 1/ 82
as shown in Fig. 5. The distribution function of the reactant is not a Maxwellian and
ATy — 0 as 1/8. This limit corresponds to the isothermal reactive systems of Ref. [7].
In the limit of vanishing product, n; — 0, 8 — 0 and the perturbation of the distribution
function of the product is large; the expansion coefficients afz) vary as 1/8 (see Eq.
(51)). Similarly, AT, — oo as 1/8 so that AT>/T shown in Fig. 5 is large and negative.
By contrast, as § — 0, ATy /T remains finite. Since the correction n shown in Fig. 4
depends only on a,w , it remains finite. A comparison of these results with the results
for the reaction A + A — products is presented in Section 2.4.

2.3. The reaction A + A =B + B

In this section we consider the reaction of Section 2.2 but allow for the reverse reac-
tion. This changes the nature of the Boltzmann equations since microscopic reversibility
is valid and forward and reverse reactive collision terms are related. The formalism
for the kinetic analysis for this system was treated in detail in an earlier paper [7].
Microscopic reversibility relates the cross sections for the forward and reverse reactive
cross sections [37] as given by
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2 % 2 2 % 2

HO18F = Mo, gy, (52)
where u is the reduced mass of the pair entering a reactive collision, and the subscripts
f and r refer to the forward and reverse reactions, respectively. For the line-of-centers
reactive collision cross section model for both forward and reverse reactions, this implies
that dus = d2u,. Since for the present model the reduced mass of the reactants and
products are equal, the corresponding reactive hard sphere diameters have to be equal,
ds = d,. If the forward and reverse threshold energies are unequal, the “heat of reaction”,

AE = E% — ET has an important effect on the extent of the nonequilibrium.
The coupled Boltzmann equations for this system are of the form

oL / f LFLF — fiflongdde + / UFLf — Fifalongd e,

- / LAf — Fif10%gsdode, (53)

3f2 //[fzf f2f]0'22gd0d6‘+//[f1f2 fif2longdde,
- / Lff — fof 107 grdde. (54)

The gain and loss terms in the reactive collision integral terms have been combined by
using microscopic reversibility, Eq. (52). The equality of the reduced masses has been
used. The reactive collision terms have the same formal appearance as the unlike elastic
collision terms. It is important to mention that the integration over ¢ in the reactive
collision term is over the velocity of species A in Eq. (53) and over the velocity of
species B in Eq. (54).

The application of the CE method of solution of the Boltzmann equations follows the
discussion in Sections 2.1 and 2.2, and the earlier paper [7]. The important differences
are that

dnl © dn 0),2 ) 2

(E) - (22 Y ko — KOn?) (55)
and

dat\'Y  2AE

23 = Op2 _ (02 56

(dt) 3kn[k k il (56)

are the equilibrium estimates of the density and temperature time derivatives employed
in Eq. (7). The resulting CE equations are similar in form to Egs. (10) and (11), with
the inhomogeneous terms F{* replaced with H{ defined by

0
(O (O - 57 (50, 28E 1oy pa) 57
i n, [0 T3t TR 1)

where the reactive collision frequencies include both forward and reverse rates, given
by
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AVRO = / / AV 50" = 17 7O 07 dnde (58)

and
RS = / / AV £ = 19 7] o7 g, dende (59)

The 557] are the moments of these reactive collision frequencies with Sonine polyno-
mials. These can be related to the A,m quantities for the forward reaction of Section
2.1. We have that

2
ntAM = (1 - (%) exp(AE/kT)J AV (ep) (60)
1
and
_ L\
nA® = [1- (n—‘> exp(—AE/kT)J AP (e,), (61)
2

where €5 = EY/kT and €, = E} /KT, E} and E; are the forward and reverse activation
energies respectively. The CE equations for this model system are very similar to those
in Sections 2.1 and 2.2 and given by

N
) [(n% [Sl“),Sl”’] + nym {S](i)’sfj)}) a" + nymy {Sf”,Sé”}a}”] =n2a",

=
’ (62)
and
N
> [(3[80.59] 4 mm {S0.59}) a® 4 s {590, 50 ] = rd®.
=
’ (63)
where
~(1 (1 n AE 5 - (1
n%aei )= —50,11%14(() ) + 51,‘7 ﬁfn%A(() ) + n%A,( ) (64)
and
242 2702 n AE , - 72
n2a§ ) = —501"214(() ) 51,‘; mﬂ%A{(} ) +R%Al( ). (65)

The A{” integrals which involve both forward and reverse reactions can be written in
terms of the Afy) integrals for either the forward or reverse reaction as a consequence
of microscopic reversibility.

The approximate solution with only two terms in the expansions leads to the 3x3
equation of the form
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—2(1+ 6) 16 —16 af
$(1+8) —-@2+3%d Ls ash
—3(1+ ) Ls —(28° + 3L5) as?

1 AE

A(D ()
AT T s
= A : (66)
SAY

The system is solved to give

1 AE - ~
m__ A 7 (D _ AD gy s
4" = 5T {31[ (1+8) + Af (ZkT>]+4(A2 D) }

2 AE
(o M (q 0
% 60(6+1)2{ [A (1+0) + 4, <2kT>}

— AV (884 15) — 7A§2>32} ,

ol =—af" /5
2 AE
(2) _ A (1)
SE— AV AT R
K 60(5+1)25{ [ (1+0) + (2kT)]
— AP (88 +15)8 — 75/§§”} : (67)

Using the solutions Eq. (67), two term approximations of 7y and 7, (the fractional
decrease for forward and reverse reactions, respectively) can be obtained with Egs. (66)
and (67). The converged corrections to the reactive rate coefficient are given by

N
=—Y aVAl" /A, (68)
and

N
=-Y aPAP /AP (69)

The two term solutions give very good approximations to the converged values of 7.
This reversible reactive system differs from the systems studied in Sections 2.1 and
2.2 in that the reaction can attain chemical equilibrium whenever the forward and reverse
rates are equal, that is when k(o) ? = k{®n3 and the equilibrium density ratio is given by
82 = exp(—AE/KT). At chenncal equ1hbr1um the distribution functions are Maxwellian
and 5 = 9, = 0 [4,7]. For other density ratios, n; and %, are finite and can be
either positive or negative, the sign depending on the factors (1 — 8% exp(AE/kT)) and



70 B.D. Shizgal, D.G. Napier/Physica A 223 (1996) 50-86
3,0 T I T ] T T I T 2-0 — T | T I L I
(@) (@ %
25 (b A - 15 B
o\ © ]
20 - 1.0
- \\
had L_ \ o
e 15 \ - £ 05
f ) b
1o\ \\ (@ - 0.0
\
05 ©) — -0.5
. N\
©o- s -o- o 0 - r \
0.0 1 T 1 =¥ oo 4o o -1.0 PR | | PR R B!
0 2 4 6 8 10 0 2 4 6 3 10
€ £

| I
6

Fig. 6. Variation of 7 for A + A = B + B versus €. The reverse activation energy, €, equals (A) 10,
(B) 5, (C) 3 and (D) 0; og/og = 1. The density ratio na/n; equals (a) 0, (b) 0.01, (c) 0.1, (d) 0.5 and
(e) 1. The variation of % for the system A + A — B + B in the limit § — 0 is shown by — — o — —.

(1 - 1/8%exp(—AE/kT)) in Eqs. (60) and (61). These features are demonstrated in
Fig. 6 where the variation of ny versus €, is shown for several values of €, (Figs.
6A-D) and various density ratios (curves (a)-(e)). The correction 7y equals zero
for values of €y where chemical equilibrium exists, that is, 8 = exp(—AE/kT). For
0 =1, curve (e), ny = 0 for €; = ¢, as seen in Fig. 6. For €5 > €,, ny < 0 and
for €; < €., 9y > 0 as discussed above. For the other density ratios, curves (a)-(d),
ns > 0 for values of 8> > exp(—AE/kT). The maxima in 7, in Fig. 6 near €5 = 1
are due to temperature effects resulting from the separation of the temperatures of the
two species. The dashed curves and open circles correspond to the limit of vanishing
product, np — 0. This limiting behaviour is discussed in Section 2.4 in comparison with
the results in Sections 2.1 and 2.2.
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Fig. 7. Variation of ATy /T versus the log of density ratio 8 = na/n; for A + A = B + B. Forward and
reverse activation energies are (A) €; =3 and e, =3 and (B) ¢y =3 and €, = 0; op/or = 1.

The variation in the temperature perturbation AT, /T versus the density ratio & = ny /n;
is shown in Fig. 7 for two pairs of values of € and ¢,. Fig. 7 shows that as one species
disappears (log 6 — oo or log § — —o0), the temperature perturbation for that species
becomes extremely large, while the temperature perturbation of the more abundant
species approaches a finite limiting value. This behaviour is due to aY/) and AT; varying
as 6 and AT, varying as 1/8 as given by Egs. (67). The coefficients af” and AT,
vanish at chemical equilibrium, that is for > = exp(—AE/kT). The sign of AT, follows
the sign of 7 as discussed above. Fig. 7A, for which € = ¢,, shows a symmetry for
AT, versus log & whereas Fig. 7B, for which € # €,, is asymmetric. Note that A and
B are interchangeable by interchanging the labels 1 and 2 and €7 with e,.

The dependence of the perturbation to the reaction rate, 7y, on the system parameters
is more complicated than for the two irreversible systems. The parameters that drive the
equilibrium towards A or B are now not merely the forward activation energy but also
the reverse activation energy as well as the ratio of densities of the components A and B.
The irreversible system A + A — B + B in the limit of vanishing products, § — 0, is
shown as a dashed curve and open circles in Figs. 6A-D. The reversible and irreversible
systems do not coincide in the limit of vanishing product, with the notable exception of
the case of vanishing product in Fig. 6D. One obtains identical  and AT, values for
A + A = B + B and its irreversible equivalent in the limit of 6 — 0 and AE = ¢;
(i.e. €, =0). These conditions represent a reversible process with no reverse activation
threshold for a vanishing back reaction B + B — A + A. This yields a special set of
circumstances where €, =0, €; = AE and afz) =0 in Eq. (66), giving rise to identical
forms for the matrix equations (50) and (66). This yields identical results for af” to
all orders of approximation. A detailed discussion of the effect of products is presented
in the next section.
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2.4. The limit of vanishing product

It is important to note that each of the three systems described here involve specific
assumptions in the formalisms that lead to the form of the Boltzmann equations and
the application of the CE method. The different solutions derived in Sections 2.1-2.3
are dictated by the explicit expressions for (d7/dt)? in the implementation of the CE
method. The elastic collision operators for the three systems are formally similar. The
time rate of change of the temperature is given by Egs. (9), (39) and (56) for the
reactions A + A — products, A+ A — B + B and A + A = B + B, respectively. In
the limit of vanishing product, Eq. (56) does not coincide with Eq. (39), and similarly
Eq. (39) does not coincide with Eq. (9) (for m; = my). The different results for
(dT/dt)©® lead to the different inhomogeneous terms in the CE equations, Egs. (16),
(47) and (48), and (64) and (65) for the three different reactions. These are similar
except for the terms in §); that arise from (d7/dt)?. These factors do not coincide
in the limit of vanishing products. Hence, the results for the corrections, n, do not
correspond in the limit of vanishing products.

The dependence of 5 versus € for increasingly small density of product for A + A
— B + B was shown in Fig. 4. The limit of vanishing product shown by the open
circles and dashed curve does not coincide with the curve (a) for A + A — products.
An approximation to the dashed curve is obtained with the two-term results, Eqs. (51),
and for 6 — 0 we get

1 . . .
limn=———o —€ 124 A
lim 60A0[(31A1(0)e +2A2(0)e ) A, /2

+2(A1(0)e™ — 15/4A; + 1A:(0)e ™) Ay/4], (70)

which differs from the result, Eq. (30), for the system A + A — products. The terms
in A;(0) in Eq. (70) are the terms relating to the production of product B. This is a
manifestation of the nonvanishing effect of vanishing products discussed by Fitzpatrick
and Desloge [14]. The nonvanishing temperature effect of vanishing product B for A
+ A — B + B is caused by the fact that af” (Eq. (51)) is not zero for ny — 0.
For A + A — B + B, in the limits § — 0 and € large,
lim oV =~ Ay/8

8—0,e—00

and

A2
~ 2

b M A

In the large € limit, the terms in A;(0) are neglected relative to the terms in A; which
vary as €‘exp(—e). In Fig. 8, the ratio of the corrections for these two reactions versus
€ in the & — O limit is shown. Although there is no agreement for small €, the ratio
is very close to unity for € 2 8, consistent with the analysis leading to Eq. (70). The
dashed curve is the two term result. The results for these two cases discussed above are
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nA+A —products /nA+A —B+B

Fig. 8. Variation versus € of the ratio of  for A + A — products to n for A + A — B + B, in the limit
8 — 0. 0gfog =1, ( ) is the ratio of converged values of n; (— — —) is the ratio of two-term
solutions.

identical in the limit of large €. This result holds to all orders of approximation. Hence,
we observe a region for which the system A + A — B + B corresponds to the system
A + A — products.

Similarly, the limit of vanishingly small reverse reaction for the system A + A
= B + B does not coincide with the irreversible reaction A + A — B + B. The
irreversible case o, — O violates the principle of microscopic reversibility (Eq. (52))
and cannot be applied in this case. As with A + A — B + B, the limit of § — 0
results in the coefficients a,-(z) becoming infinite. The matrix equations Eqs. (50) and
(66) corresponding to the two term solutions of the reversible and irreversible systems
differ only in the inhomogeneous component arising from the form of (d7/dt)‘®, Eq.
(56). There appears to be no limiting procedure whereby the results for the system A
+ A =B+ B goover to A+ A — B + B. Fig. 6 shows that the perturbations
become significantly large if § departs far enough from the equilibrium value. We
have demonstrated that the choice for (dT/dt)® in the CE method of solution of the
Boltzmann equation for the reactive system leads to somewhat different results. The
CE method in each case is carried out consistent with the basic assumptions of the
method [3-8,24]. It provides the asymptotic solutions of the Boltzmann equations on
the reactive time scale. The transient time variation on an elastic time scale is assumed
to be extremely short so as not to affect the long time dependence. A verification of the
CE results requires an explicit time-dependent solution of the Boltzmann equation for
different values of the reactive to elastic relaxation time scales. When the time scales are
well separated we expect the time-dependent calculation will give results in agreement
with the CE results.
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3. Time-dependent solutions of the Boltzmann equation
The reaction A+ A — B + B

The CE method provides a very special solution of the Boltzmann equation which
gives the long time behaviour on the reactive time scale. The time dependence is implicit
through the variation of the density and the temperature. In this section, we are concerned
with the explicit time-dependent solution of the Boltzmann equation and the comparison
of the time-dependent solutions with the CE results for different values of € and og/0k.
We are interested in a comparison of the results for the reaction A + A — products
and A + A — B + B, especially in the limit of vanishing B. Similar studies for model
reactive systems with neglect of the products have been reported previously [9,10].

The distribution functions are expanded about local Maxwellians, Fy(o), characterized
by time-dependent number densities, n,(¢), and temperatures, T, (¢). We have that

Fy=FP[1+ ¢y (x,0], (71)

where ¢, (x,t) is the time-dependent perturbation from Maxwellian. The present ap-
proach parallels a study of temperature relaxation in binary gases [36] and the applica-
tion to hot atom reactions [44].

With Eq. (71) in Egs. (31) and (32), we have that

dFO[1+ ¢,

= = / / (F{OF ~ FOFEO g0, d e,

+//Fy(0)Fy(,°) [‘/’; + t//;, — ¥y — Yy 180y dQdey,

+// [Fy(O)/Féoy[% +(117,’] _ F;O)Féo)[% _ %,]] g0 ymd ey

+R,(cy), (yv,m)=1,2, (72)
where
Ri(c1) = —RO(cr) -2 / / FOFOy go*d0de (73)
and
Ra(c2) = RO (c2) +2 / / FO POyt e dade. (74)

The reactive collision frequency R;(cy) for the product is a function of ¢, and its
evaluation requires the transformation to product velocities as discussed in Section 2.2
and elsewhere [4,38].

With the expansion in Sonine polynomials, we have that

N

Uy (xy,1) = BV (18D (4D, (75)

i=2
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where the expansion coefficients are time dependent. It is important to note that bY’) =0
owing to the definition of the species temperature, T,. The coupled set of Boltzmann
equations is reduced to the set of equations of the form

1 db
(y) [B()') 2] (m) p(m) i=2,3,...,N, 76
N t =47+ j§_2 b; (: b ] i=2,3 (76)

where

AD = (52, 5) — A,
A = (5P, 50 + DO s,

N b iy 2
B =ny[8), 8] + ny(SP, 8P) — —Rfj‘f)a71

1 dT, 1.dn
Hyji +38;) - =% — ——L 8
( i1 + u) T dt n, dt
e 2
Oy = (S}, S + R 3. an

The angle integrals, (S{”,8(’) in Eq. (77) are the two-temperature matrix elements
of the collision operators as defined in Ref. [43], and evaluated for the hard sphere
cross section. The integrals Afl) are the moments of the equilibrium reactive collision
frequencies, R%O), evaluated as in Ref. [7]. The corresponding integrals for product
species B are given by

D = / / / FO (1) FO(T) S5 (Ty) o* gddedes,

and can be evaluated as in [7] for the special case m; = m, and we have that

2 T\ 1T\ 7/ 1\*
Dz( ) =4n%Q” (F]) Z(l - 57—,2) (5) SikKk(O)e_e
k=0

Note that K; (0) represents the zero threshold energy integral, K in Eq. (41) in Ref. [7],
and € is exp(—E*/kTy). The two-temperature D(z) reduces to A;(0)e € for T} =T5. The
quantities R(y) are the matrix elements of the reactive collision operator in Eq. (73),
(74). These have been found to be of second order and can be neglected. The quantities
H,j are the integrals of products of Sonine polynomials that arise from dFy(O) /dt, and
dS\) /dt. These details of the calculation have been discussed in a previous paper [43].
All the coefficients in Eq. (76) are time dependent since the temperatures characterizing
these matrix elements as well as the densities are time dependent. Hence Eq. (76) is
coupled to the equations for the densities

N
dny/dt = —dnmyfdt = —n} |ASD +23" b ALY | (78)
—

and the temperatures
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The perturbation of the distribution function and the fractional change in the rate of
reaction, 17(t), are determined from the numerical time integration of Eq. (76), and
the equations for the densities and temperatures, Eqs. (78)-(80). The calculations by
Cukrowski et al. [16] did not include the departure from the local Maxwellians, that
is, the perturbation of the distribution functions was assumed to be zero. Hence their
analysis is based solely on the hydrodynamic equations, Eqgs. (78)-(80) with bl-(”) (t) =
0, and in a sense cannot be considered as a solution to the Boltzmann equation. These
authors use the time dependent species temperatures (referred to as the Shizgal-Karplus
temperatures) to determine a time-dependent correction to the rate of reaction as given
by Eq. (23).

For the numerical integration of Egs. (79)-(80), a dimensionless time variable,
tg, is defined given by tdfnfo)(O)/[Z'zrle(O)/m]]/2. The initial conditions assume
Maxwellian distribution of reactants and products and therefore all coefficients b,m =0
at t = 0. The set of Eqs. (76)-(80) are integrated with a fourth-order Runge-Kutta
integration procedure. Fig. 9 shows the time variation of %(¢)/ncg versus the dimen-
sionless elastic collision time. The value of n¢g varies with time implicitly through n(t)
and 7'(t), Egs. (78)-(80). The different curves are for different choices of the activa-
tion energy and the ratio of elastic and reactive collision hard sphere diameters, that is,
for different values of the elastic and reactive time scales. When these time scales are
well separated, we expect that the long time or asymptotic value of the time-dependent
result, that is lim;_.o, 7(#) — 744y, coincides with the CE result. For the topmost curve
(a) in Fig. 9, with € = 13 and og/og = 200, this separation of relaxation times is
satisfied and the time-dependent result coincides with the CE result. The subsequent
curves, from top to bottom, are for decreasing reduced activation energy. In each case,
except for the bottom curve, a steady value of 7 is obtained but does not coincide
with n¢cg, even for arbitrarily large ratios for og/og. In Table 1, we have listed the
values of og/op, €, the ratio of relaxation times and the ratio %(#) /ncg. For example,
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Fig. 9. Ratio of the time-dependent () and corresponding CE ncg for the system A + A — B + B. The
reduced activation energy € equals (a) 13, (b) 9, (¢) 6 and (d) 4. The elastic collision cross sections for
each curve are listed on Table 1.

Table 1

Comparison of 7 values calculated from CE, %cg, and asymptotic values from the time-dependent two-
temperature approach 745y for the system A + A — B + B. The ratio of initial product to reactant density
n1(0)/n2(0) is 1. See Fig. 9

Curve € oE/oR TR/TE Tasy 7ICE Tasy /TICE
2 1 7.3(0) 8.15(—4) 2.18(-2) 0.049
(d) 4 1 5.5(1) 1.53(-2) 224(-2) 0514
(d) 4 20 1.1(3) 120(-3) 2.19(-3) 0.546
(d) 4 200 1.1(4) 1.78(—4) 3.20(—4) 0.554
(¢) 6 20 8.1(3) 1.50(—=3) 1.86(-3) 0.803
(c) 6 200 8.1(4) 1.52(—4) 1.86(—4) 0.817
(b) 9 20 1.6(5) 4.96(—4) 5.21(-4) 0.953
(b) 9 200 1.6(6) 5.00(~5) 5.21(-95) 0.960
(a) 13 200 8.8(7) 8.27(-6) 8.29(—6) 0.997

for the curve (d) in Fig. 9, € = 4 and the ratio n(t) /nce =~ 0.55 even for arbitrarily
large og/og. This result is unexpected and was not observed in the previous study
for a one-component system [9,10]. The phenomenon arises from the separation in
temperatures, AT, (), which is shown in Fig. 10 for different values of € and og/ok.
These attain steady values which agree remarkably well with the corresponding CE
values when the required separation of relaxation times is obtained. The ratio 7g/7g
decreases in Figs. 10A-D. As a consequence of this steady temperature separation, the
quantity (S{7,S{9)aAT, (see [43]) differs from zero. This two-temperature matrix
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B. The ratio of elastic to reactive hard sphere collision cross sections, og/og, and reduced activation energy,
€, are equal to (A) 1,9; (B) 10,9; (C) 1, 13 and (D) 200, 13.

element occurs in A" = ny (S, 80) — A /n, in Eq. (76), which becomes indepen-
dent of og/o for large op/og. It is the finite values of (S, () which leads to the
1(t) /mce values in Fig. 9 and Table 1 which are less than unity. For larger values of e,
(840, 8V vanishes more rapidly than A, and has a reduced effect so that for € > 13
shown in Fig. 9 and Table 1, (¢) /9ce = 1. The physical explanation for this result is
that 74, includes the effect of the reaction and temperature relaxation [35,36]. There
is a perturbation of the distribution function that arises from both processes. The CE
result, ncg, does not include this two-temperature effect.

The use of local Maxwellians characterized by the species temperature, T,, in the
present time-dependent calculations can also be employed in a CE-type solution of the
Boltzmann equation. A similar procedure was used by Pascal and Brun [46] for the
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calculation of transport coefficients in molecular systems. The different temperatures for
translational and vibrational degrees of freedom in their paper correspond to the different
species temperatures in this paper. They referred to their approach as strong nonequilib-
rium (SNE). The CE procedure in Sections 2.1-2.3 that involves an expansion about
Maxwellians at the common system temperature is called weak nonequilibrium (WNE)
[46]. A detailed analysis of these different methods of solution of the Boltzmann equa-
tions for reactive systems will be presented elsewhere [47].

In Fig. 11, we show the time variation of AT, with decreasing product density. The
dashed curves are the corresponding CE results with the time variation implicit through
n,(t) and T(t). The reduced activation energy € is equal to 2 and og/0og is unity so that
the elastic and reactive time scales are similar. The agreement between the CE results
for all but the shortest times in Fig. 11 is somewhat unexpected since 7¢ /Tr = 1, unlike
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Table 2
Comparison of asymptotic values, [AT] (1) Jasy, calculated from integration of the Boltzmann equation and
corresponding CE values [AT; ()] cg, for the reaction A + A— B + B

€ ge/oR m2(0) /m(0) [AT: lasy/[AT1 Ice * (AT Jasy/| AT ] cE P
2 1 0.5 1.000 0.992
2 1 0.1 1.000 1.000
2 1 0.01 1.000 1.000
4 l 1.0 0.998 0.870
4 20 1.0 1.000 0.990
4 200 1.0 1.000 0.999

* First order approximation.
b Converged solution.

the conditions of Fig. 10. Although there is no steady state, the ratio [AT) ], /[AT11cE
becomes time-independent on the 7z time scale. It is useful to notice the increasingly
large perturbation of T» as ny — 0. This can be inferred from Eq. (80), where dT,/dt
varies as 1/6 and becomes infinite as § — 0 for nonzero values of n;.

In Table 2, we show for several values of €, og/og =1 and the initial density ratio,
n1(0)/n2(0) the steady state [AT)],y/[AT1]ce ratios which are very close to unity.
It is clear that there is very good agreement irrespective of the value 75/7g, unlike the
behaviour shown in Table 1. The explanation for this behaviour is that the equation for
Ty, Eq. (79), to lowest order (bj(-” =0) evolves only on the reactive time scale. In Ta-
ble 2, the first entry corresponds to the first order approximation to [AT\]4sy/[AT1]cE,
whereas the second entry corresponds to a higher order approximation with sufficient
number of terms to give agreement to four decimal places. To first order, the time-
dependent and CE results coincide. The departures from unity in the last column of
Table 2 arise from the perturbations from the local Maxwellians.

We conclude this discussion and show in Fig. 12 the time variation of the ratios for
7n(t) for A+ A —» B + B (in the limit of vanishing products) in comparison with
nce for A + A — products (with complete neglect of products). The time-dependent
results in Fig. 12 are for 8 = ny/ny = 107> for various € and og/og values. The
time-dependent equations cannot be integrated for the initial condition with no product
since the temperature T, is undefined. This is in sharp contrast to the previous works by
Cukrowski et al. [15,16] which show that 7,(0) =T(7/6 + €/3) for n, — 0, obtained
with the assumption (dT/dt)(® = 0. Since this isothermal constraint does not apply,
T>(0) is indeterminate for n, — 0. The ratio of the CE results for these reactions is
shown in Fig. 8. The lack of agreement at small € is the nonvanishing effect of vanishing
products. The time-dependent results in Fig. 12 are completely consistent with the CE
result. There is agreement for  for the two reactive models in the limit of vanishing
product for large €. For small €, the time-dependent results demonstrate, as does the CE
approach, the nonvanishing effect of vanishing product. This effect is not a consequence
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of the assumptions of the CE method, but arises from the different nature of the two
reactive systems.

4. Summary of results

In the present paper, we have considered the calculation of the perturbation of the
distribution function from the Maxwellian from the Boltzmann equation using a CE
method of solution. The model reactive systems A + A — product, A + A — B +
B and A + A = B + B were studied. A hard sphere elastic cross section was chosen
for all elastic collisions and a line-of-centers reactive section with a reduced activation
energy € = E*/kT was used. The corrections to the rate coefficients from the equilibrium
values were calculated and the role of the departure of the species temperatures from
the system temperature was studied in detail. We showed that for small € the results
for the reaction A + A — B + B do not coincide with A + A — product which has
been termed the nonvanishing effect of vanishing products [5,14]. For large values of
€, the results for these two reactions do agree. We also showed that the results for the
reversible reaction A + A = B + B do not coincide with those for A + A — B +
B when the reverse reaction is made negligible. The reason for this is that microscopic
reverseability holds for the reversible reaction and not for the irreversible reaction.

A two-temperature time-dependent solution of the Boltzmann equation for the reac-
tions A + A — B + B was carried out to study the validity of the CE method. We
have shown that when the ratio of the elastic to reactive time scales is sufficiently small,
the time-dependent calculations show a steady state. The steady state coincides with
the CE result for sufficiently large € and og/og. However, for moderate values of e,
the steady state value does not agree with the CE result owing to the departure of the
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species temperature, Ty, from the system temperature, 7. A similar study was carried out
for the limit of vanishing B and the results compared with that for A + A — product.
We found agreement at large € but not at small e, consistent with our findings in the
comparison of the CE results for the two systems.

The formalism of the present paper can be applied to reactive systems with realistic
elastic and reactive cross sections. The collision matrix elements that are required in the
solution of the Boltzmann equation can be evaluated for arbitrary collision cross section
sets. This was done previously by Shizgal and Karplus [6] for the microscopic reac-
tions Hy(vy) + Ha(vy), where v; and v; are the vibrational states. The nonequilibrium
kinetics of translational hot O(?P) formed from photodissociation of O, and O3 in the
Earth’s atmosphere was carried out several years ago by Lindenfeld and Shizgal [48]
with a realistic cross section set. The quantitative results for some particular reactive
system will differ from the results for the model systems presented here but one should
find a very similar dependence on the system variables. The behavior of model systems
permits a better understanding of the results for physically interesting systems with a
fixed set of parameters. In particular, the results obtained in this paper in terms of the
effects of the products on the nonequilibrium corrections, the role of the species tem-
peratures and the usefulness of the CE approach will be qualitatively similar in other
systems. The magnitudes of the corrections will be different but the trends discussed
here will be similar. For realistic systems where the nonequilibrium effects might be
large, the time-dependent approach would be preferred over the CE method which is
restricted to very small departures from equilibrium. There are important applications to
disequilibrium of the vibrational states for molecular systems for which the formalism
of this paper will have practical applications [46].

These nonequilibrium effects have had a very long history beginning with the classic
papers by Kramers [1] and Prigogine [2], and only recently have there been experi-
mental developments that may permit the direct verification of these effects in realistic
systems. The direct measurements of velocity distribution functions in reacting systems
have been reported recently by several groups [49]. These generally involve the deter-
mination of the details of the velocity distribution function of a product of a reaction
(often hydrogen) from the Doppler profile of an emission line. Similar methods have
been used to characterize the distribution of atomic hydrogen about the Earth at altitudes
above 500 km [50]. The methods discussed in this paper have been used by Lindenfeld
and Shizgal [51] to study the escape of atomic hydrogen from Earth; a process with
an activation energy analogous to the model reactive systems of this paper. In particu-
lar, the cooling of the escaping hydrogen over the background major species which is
atomic oxygen has been estimated and measured from the Doppler profiles of Lyman-8
emission [52]. There is an excellent example of the departure of the temperatures of
different species from the system temperature; see Eq. (21). We cautiously speculate
that it may be possible to experimentally observe similar effects in reactive systems
modeled in this paper.



B.D. Shizgal, D.G. Napier/Physica A 223 (1996) 50-86 83

Acknowledgements

This research is supported by a grant from the Natural Sciences and Engineering
Research Council of Canada.

Appendix A

Cukrowski et al. [16] suggested in a recent paper that the neglect of the different
species temperatures in the treatment of the one-component reactive system

A + A — products (A.1)

is in error. Cukrowski et al. [16] argued that even for this one-component system, there
must be a contribution from the a; expansion coefficient owing to a difference in the
temperature of species A and the temperature in the Maxwellian (Eq. (22)). In order
to introduce this effect they replaced reaction (A.1) with the reaction

A+ A —B+B. (A2)

For this system, they set dT/dt = 0 so that this term is no longer included in the
inhomogeneous function (compare with Eqs. (12) and (13) in the CE equation). This
assumption is not correct as discussed in Section 2.2.

The elastic A-A collision operator that was used in their work is given by Eq. (20)
of the earlier paper [15], and to first order is of the form

1 [fV] = / / [r0' 0" = fO 10 o1ngdde. (A3)

This is not the same linearized operator used in the other works [2,5,6] (see also Egs.
(10), (11), (41) and (42)) since one of the distribution functions of the same species
has been set equal to the Maxwellian. With the substitution, f‘ = f(O¢, the elastic
A-A collision operator is

1141 = / / FOFO1Y — plongdde (A4)

and is not the correct linearized one-component collision operator. The correct operator
is the one given by the first term on the left-hand side of Eq. (10). The operator in
Eq. (10) conserves both the number density and the energy whereas the operator given
by Eq. (A.4) conserves only the number density. With the neglect of d7/dt and the
way in which the operator was linearized, the system studied by Cukrowski et al. [15]
corresponds to the reaction Eq. (A.1) occurring in a large excess of a second species
(with the same mass as A) that acts as a heat bath. This is the isothermal system studied
in the paper by Shizgal and Karplus [8]. The CE equation considered by Cukrowski et
al. [15] is of the form
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The Boltzmann equation for the product is not included so that there is no density
dependence considered.

It is important to notice that in this equation the cross section that appears in the
collision operator on the LHS is for A-A elastic collisions, and not A-B collisions if
B were in large excess and acted as a constant temperature heat bath. For the system
studied by Cukrowski et al. [15] (and in [7]), the temperature of the one-component
reactive species is different from the bath temperature as given by Eq. (22). The leading
term in the expansion is indeed a; and a first approximation to the correction to the
equilibrium rate of reaction is given by

. (A5)

1 = A{/4Ao, (A6)
which, with Eq. (29), is given explicitly by
n=1le+ 11 exp(~e), (A7)

which is given by Eq. (3.2) of Cukrowski et al. [16].
The CE equation for the one-component system, Eq. (A.l), is given by

//fl(o)f(o)[‘/ff +¢' — ¢y —plongdde

0 0
_go [_ L (T 13 T\
! n, \ dt T2 "7 \dt
+ / / f,go)a*gd.()dc,,}. (A8)

The important distinction between this equation and Eq. (A.5) is that the energy is not
a summational invariant of the first equation whereas it is for the second equation. The
coefficient a; is nonzero for the solution of Eq. (A.5) but it is zero for Eq. (A.8).
The lowest order estimate of the fractional decrease of the rate coefficient from the
equilibrium value is obtained with a; and is given by

_1 (. 3, .2 1
n=35 (6 2¢’ +€°/24+€/2+ 16) exp(—e), (A9)

which appears as Eq. (3.3) in Cukrowski et al. [16]. This result is twice the result
given by Eq. (30) as explained in Section 2.1. The results Eqs. (A.7) and (A.9) are
for different systems and cannot be compared directly.
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