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The transport properties of an ensemble of charged test particles diffusing from infinity through a
second charged species that fills the positive half-space are studied. It is assumed that there are no in-
coming particles at the toundary between the medium in the positive half-space and the vacuum that
fills the negative half-space. This problem has been referred to as the Milne problem and has previously
been considered for neutral species [M. J. Lindenfold and B. Shizgal, Phys. Rev. A 27, 1657 (1983)]. The
present paper examines the rarefied-gas dynamical effects for the Coulomb interaction between the two
species. The distribution function of the background gas is taken to be a Maxwellian and the test-
particle distribution is determined from a solution of the Boltzmann equation with its expansion in Bur-
nett functions, products of Laguerre polynomials, and spherical harmonics. The extrapolation length is
calculated together with the density and temperature profiles and compared with the Chapman-Enskog
results valid far from the boundary. A comparison with the previous results for the hard-sphere cross
section describing collisicns between two neutral species is also presented.

PACS number(s): 51.10. 4y, 05.20.Dd, 05.60.+w

1. INTRODUCTION

The Milne problem refers to the diffusion of a minor
constituent of test particles through a background species
considered to be at equilibrium. The background species
occupies the half-space » >0 whereas a vacuum exists in
the half-space r <0. Figure 1 shows the physical problem
that we are considering. A current density of magnitude
J directed in the negative-r direction exists in the medium
and it is assumed that there are no other sinks or sources
of particles within the medium, but the plane at » =0 is
an absorbing boundary. The problem consists of deter-
mining the steady velocity distribution of the minor
species within the half-space of interest and at the bound-
ary.

This model was first considered by Milne [1] for the
transport of photons and the study of the steady intensity
of radiation in the interior of a star and the emergent an-
gular distribution. The test particles can also be neutrons
diffusing through a reactor in which case the steady neu-
tron velocity distribution function is the desired quantity.
The relationship between the neutron transport and the
radiative transport problems has been presented in detail
by Kourganoff [2]. The Milne problem has a very long
history and has been described in standard texts [3]. A
detailed theoretical analysis of the Milne problem for
neutral minor and major constituents interacting via a
hard-sphere cross section was presented several years ago
by Lindenfeld and Shizgal [4], referred to as paper I. The
departure from an equilibrivum Maxwellian distribution
function arises from the imposition of a constant flux at
infinity directed towards the negative-r direction and the
condition that there are no particles incident from the
left. The velocity distribution function of the minor
diffusing species is assumed to be given by the Boltzmann
equation subject to these boundary conditions. The basic
objective of this work was the study of the rarefied-gas
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dynamical effect that occurs near the boundary with the
vacuum and the range of validity of hydrodynamics in
the vicinity of the boundary. The main emphasis of this
earlier paper was the study of the range of validity of
Fick’s law of diffusion, that is,

J=—Ddn(r)/dr , (1

where 7i(r) is the number density of the minor species
and D is the diffusion coefficient. The overbar is used to
denote dimensional quantities and is omitted for dimen-
sionless variables defined later. Far from the boundary,
the density profile can be determined from Fick’s law and
varies linearly with distance, whereas close to the bound-
ary (within a mean free path) the density profile is curved.
The extrapolation of the asymptotic linear density profile
in the negative-r direction intercepts the r axis on the
negative side by some amount g referred to as the extra-
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FIG. 1. Geometry of the Milne problem.
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polation length [3]. The method of solution of the
Boltzmann equation is based on the expansion of the dis-
tribution function in Burnett functions which are prod-
ucts of Laguerre polynomials in the particle energy and
spherical harmonic functions for the orientation of the
particle velocity as employed by Frankowski, Alterman,
and Pekeris [5] in their study of heat conduction.

Recently, Loyalka, Hamoodi, and Tompson [6] con-
sidered a similar model to describe the isothermal con-
densation of a vapor diffusing through a background gas.
They considered planar geometry and a hard-sphere in-
teraction and with the Sy method of solution of the
transport equation [7] obtained agreement with Linden-
feld and Shizgal [4] for the extrapolation length or jump
distance. Similar models but with Fokker-Planck-type
collision operators were considered by Razi Naqvi, Wal-
denstrom, and Mork [8], Waldenstrom, Mork, and Razi
Naqvi [9], and by Sahni [10]. Sahni employed the
method of solution introduced by Lindenfeld and Shizgal
but considered spherical geometry in place of the planar
geometry of Fig. 1. Only a small number of terms in the
Burnett function expansion was used. A half-range ex-
pansion was considered by Razi Naqvi, Waldenstrom,
and Mork [8] and Waldenstrom, Mork, and Razi Naqvi
[9], and a summary of the half-range versus the full-range
treatments was presented recently by Razi Naqvi, Mork,
and Waldenstrom [11]. There is some overlap of the mo-
ment methods used by these authors and the present pa-
per, with moment methods employed by Johnson [12] in
connection with sound waves in disparate-mass-gas mix-
tures. Also, there has been considerable work by Titulaer
and co-workers [13] on the related Klein-Kramers equa-
tion and on the linear Bhatnagar-Gross-Krook equation.

A Monte Carlo study of the Milne problem in planar
geometry was recently presented by Barakat and Lemaire
[14]. They considered a solution of the Milne problem
for both hard spheres and the Maxwell molecule interac-
tion, for which they assumed isotropic scattering and did
not employ the rigorous differential elastic cross section.
The calculation of the extrapolation length is somewhat
awkward with the Monte Carlo method, as the asymptot-
ic linear portion of the density profile in the continuum
region is not unambiguously identified. Barakat and
Lemaire also considered the analogous problem of the es-
cape of a light atmospheric constituent from a planetary
atmosphere and compared with results obtained by Shiz-
gal and Blackmore [15]. The relationship of the Milne
problem and the escape of atmospheres has been dis-
cussed by Fahr and Shizgal [16]. In this situation, the
diffusing particles leave the medium, that is the atmo-
sphere, only if their speed exceeds the escape speed for
the planet.

The purpose of the present paper is to apply the for-
malism of paper I to a binary system of charged species
interacting via the Coulomb cross section. We are in-
terested in the rarefied-plasma dynamical effects that
occur within a mean-free path of the boundary between
the medium and the vacuum. A comparison with the re-
sults in I for the hard-sphere cross section is of interest.
There are many ionized systems for which the
Chapman-Enskog method for the determination of trans-

port coefficients [17]—-[19] and the usual linear transport
equations are no longer valid. These include the super-
sonic expansion of the solar atmosphere referred to as the
solar wind [20], transport processes in the high altitude
ionosphere [21], heat conduction in the interstellar gas,
and in laser plasma fusion [22,23]. The diffusion of
charged particles in collisional plasmas in connection
with space-charge effects in gas discharges has recently
been reviewed by Phelps [24].

In all these situations the length scale of the inhomo-
geneities in the system is of the same order as the mean-
free path. A reduction in the heat flux in the solar wind
has been recognized long ago and remains an important
unsolved theoretical problem {25]. Moreover, there has
been considerable interest in the study of the breakdown
of Fourier’s law of heat transport

Q=—AdT(r)/dr , (2)

where A is the heat conductivity and T(r) is the tempera-
ture. The heat conductivity is generally determined with
the Chapman-Enskog [19] method of solution of the
Boltzmann or Fokker-Planck equations. This approach
assumes that the plasma is collision dominated or that
the Knudsen number Kn =//L (the ratio of the mean-
free path to a length scale characteristic of the system in-
homgeneity), is very much less than unity. Anomalous
transport has been considered by Luciani, Mora, and Pel-
lat [26] with a model Fokker-Planck equation. Belyi,
Demoulin, and Paiva-Veretennicoff [27] considered a
solution of the Fokker-Planck equation with a
modification of Grad’s 13-moment method [28]. _

The physical situation considered in this work, Fig. 1,
with the background gas in large excess and taken to be
at equilibrium does not allow for a heat flux as given by
Eq. (2) as the temperature of the mixture reduces to the
temperature of the bath which is constant. It is common
for many nonequilibrium situations [21], [29] and [30] to
relate the heat transported by each component in a mix-
ture to the temperature gradients of each species which
are not necessarily equal. We will show that for this sys-
tem the heat flux of the test-particle species Q, is not pro-
portional to dT, /dr in the region far from the boundary.
Rather we find that the heat flux is proportional to the
density gradient and the transport coefficient is a
modified thermal-diffusion coefficient [32,33].

The present paper follows the methodology introduced
in paper I. The distribution function is written as a sum
of a spatial transient and asymptotic parts. The spatial
transient portion of the solution plays an important role
near the boundary whereas the asymptotic solution dom-
inates in the region far from the boundary. An expansion
in Burnett functions is employed to determine the distri-
bution function in velocity and spatial coordinates. The
solution provides the density and temperature profiles
and the linear phenomenological transport equations are
tested. The present work is also an outgrowth of the in-
terest of one of the authors in the thermal escape of
charged particles from high latitudes of the terrestrial at-
mosphere. The escape of protons and He™ ions from the
topside ionosphere (approximately 1500 km) is referred to
as the polar wind in analogy with the supersonic solar
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wind expansion [16]. This problem (for a plane-parallel
atmosphere) is similar to the present Milne problem, al-
though the external gravitational and (self-consistent) po-
larization potential must be included. A discussion of the
method of solution of the Boltzmann equation for a
plane-parallel atmosphere based on the half-range expan-
sion as suggested by Razi Naqvi, Mork, and Walden-
strom [11] was published earlier by Shizgal, Weinert, and
Lemaire [34]. It is anticipated that the methods of solu-
tion of the Fokker-Planck equation used here and in pa-
per I will prove useful in the atmospheric escape prob-
lem.

Section II of the paper contains a brief discussion of
the Fokker-Planck equation for the Coulomb Milne prob-
lem and the division of the solution into spatial transient
and asymptotic portions. The results of the numerical
calculations and their discussion are presented in Sec. III.
]
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where @=27Z2Z? InA with Z and Z, the charges of the
test particle and heat-bath particle, respectively, InA the
Coulomb logarithm, u=v—v’ and | is the unit tensor.
Eguation (4) is the Landau form of the collision operator
which only takes into account large-impact-parameter
collisions [19]. The range of validity of this form of the
collision operator has been discussed by Shoub [35].
With the definition of an effective hard-sphere cross sec-
tion, o.4=C/(2kT)?>, and the transformation to
dimensionless  variables, x =0 [7,(r)dr . J=T/
(oegvo)y f=Fflvo/,(r)og)°, the Fokker-Planck equa-
tion can be written in the form,

pyé%cM=J(f(x,p,p)) . 5)

We seek solutions of this equation subject to the bound-
ary condition that no particles in the negative x region
return to the medium, that is,

fO,p,u)=0, O<u<l. (6)

The method of solution of the Boltzmann equation for
the hard-sphere cross section was described in detail in I.
Therefore, we provide here a very brief outline of the for-
malism and the changes that arise from the use of the
Coulomb cross section in this paper. The general solu-
tion is writien as the sum of the spatial transient part
S and an asymptotic part £*Y™P, that is,

f=ftran +fasymp . (7)

The transient solution dominates near the x =0 boundary
and decays out in a distance of the order of a few mean
free paths. The asympotic solution dominates at large
distances where hydrodynamics is expected to be valid.

It was shown in I that the transient solution is of the
form,

ftran(x’p’#)= 2 akeg"ka(p,,u) » @)
k=0

)af?{(v')
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II. SOLUTION OF THE FOKKER-PLANCK
EQUATION

For steady-state conditions the Fokker-Planck equa-
tion for the velocity distribution function of test ions
Fflro,pu)is,

M) i (NT(Flr0,0) ®
where u=cos(0) and 6 is the angle between v and the
positive r axis as shown in Fig. 1. In Eq. (3), #i;(r) is the
number density of the background medium, which is as-

vp

- sumed to be characterized by a Maxwellian distribution

function, f¥=(m /2wkT)"? exp(—p?) where p=v/v,
and v3=2kT/m. With these definitions, the linear
Fokker-Planck collision operator for Coulomb collisions
is given by [19]

: 4
3v av’, 4)

where g; and R, (p,u) are the spatial eigenvalues and
eigenfunctions, respectively, given by,

J[R]=(prIgi Ry - ©)
The eigenfunctions and eigenvalues are determined with
the expansion of R, in Burnett functions v,,;(p,u)

exp( — 2) w0 o0 - .
=== 3 3 bibulew) -

n=01=0

Ry (p,u) (10)

The Burnett functions are products of spherical harmon-
ics and Laguerre polynomials and are defined by Egs.
(2.12)-(2.15) of 1. The eigenvalue problem is then con-
verted to the finite set of linear equations,

N L
S S (Apypr—8kBuwr)bfr =0, (11)

n'=01'=0

where A, , are the matrix elements of the Fokker-
Planck collision operator calculated as described by
Wong [36] in a recent paper. The B, . quantities are
the matrix elements of pu as discussed in I and given ex-
plicitly by Eq. (2.20) of that paper. Numerical diagonali-
zation of the matrix in Eq. (11) gives approximate eigen-
values and eigenfunctions to order K =(N + 1)L +1).
As discussed in I and in the work by Frankowski, Alter-
man, and Pekeris [5], the eigenvalues g,, which include
the zero eigenvalue, occur in positive and negative pairs
so that the sum over k in Eq. (8) includes only nonzero
negative g;. The transient solution is then written as

1/2K—1

ftran(x,p"u): z akegkak(p,/J) , (12)
k=1 -
and the asymptotic solution is written in the form
FoY(x,p,u)=—(j /D) Mp)lg +x —pU(p)], (13)

where the dimensionless flux and diffusion coefficient are
given by j=7/vy[f (r)oz]® and D=D /[vy/F(r)o gl
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respectively. The function U(p) satisfies the Chapman-
Enskog equation for diffusion [17], that is,

I{(puU(p))=—pu, (14)
and is solved with the expansion

pUp)= d, ¥, (p,u) . (15)

n'=
Consequently, the solution of Eq. {14) is given by
S Appdy=—8,0/V2, (16)

n'=0
and the diffusion coefficient is given by

D=dy/V2 . T an

The general solution is written with the substitution of
Eq. (10) into Eq. (8) and combined with (13) giving Eq.
(2.32) of I. The b, coefficients are determined by the ei-
genvalue problem, Eq. (11) whereas the @, coefficients
and the extrapolation length q are calculated from the
boundary conditions. This aspect of the calculation has
been discussed at great length in I and is not repeated
here. It is sufficient to note that there are several
different choices for the imposition of the boundary con-
ditions. As done in the previous paper we here consider
the Marshak and variational boundary conditions. In
this way, the distribution function and the extrapolation
length are determined.

II1. RESULTS AND DISCUSSION

The distribution function is calculated by setting up
the matrices A and B, solving the eigenvalue problem,
Eq. (11), the set of linear equations, Eq. (16), and applying
the Marshak and variational boundary conditions, Eq.
(3.1) and (3.7) which lead to Eqgs. (3.6) and (3.8) of I. The
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important quantities in this study are the spatial eigenval-
ues, g, that determine the rate of the decay of the tran-
sient solution with increasing x, the extrapolation length,
g, and, in particular, the density and temperature profiles
of the diffusing species. These quantities depend on the
mass ratio of minor and major constituents, y=m,/m,
and the number of basis functions used in the solution of
the Boltzmann equation. It is not known whether the ei-
genvalue spectrum of the spatial eigenvalues is discrete or
continuous. Nevertheless we show the rate of conver-
gence of the four lower-order eigenvalues versus the in-
dices L and N for several values of the mass ratio y in
Tables I-IV. As can be seen, when ¢ is very small
(Tables I and II) the convergence is rapid versus N and L.

- For y=0.01 in Table I, the four eigenvalues shown have

converged to three significant figures to the order of the
solutions shown. In Table II, for ¥ =0.03, only the first
two eigenvalues have converged. With increasing y, al-
though the number of Legendre polynomials decreases,
there is no convergence for any eigenvalue to the max-
imum order N shown in tables, as can be seen from the
result for y =10 in Table IV. This is not unexpected
since the discrete spectrum of the Fokker-Planck col-
lision operator for the relaxation of an isotropic distribu-
tion function is empty [37], although there are several
pseudodiscrete eigenvalues as reported by Shizgal [38]. If
the eigenfunctions belong to the continuous spectrum,
then their calculation with an expansion in a finite basis
set is not expected to be convergent.

The nonconvergence of the eigenvalues does not de-
tract from the present method of solution since the im-
portant physical quantities, that are averages of the dis-
tribution function, converge as we show. A detailed ex-
planation for the convergence of the averaged quantities
despite the nonconvergence of the eigenvalues is provided
in [38]. For example, the convergence of the extrapola-
tion length is shown for four different values of ¥ in

____TABLE 1. Convergence of spatial eigenvalues; y=0.01.

8 A 10 L 12

First eigenvalue

6 0.2064 0.2059 0.2059
8 0.2064 0.2059 0.2059
Second eigenvalue
6 0.2855 0.2830 0.2824 0.2824
8 0.2851 0.2826 0.2820 0.2820
10 0.2851 0.2826 0.2820 0.2820
Third eigenvalue
6> 0.3099 0.2920 0.2903 0.2902
8 0.3097 0.2920 0.2902 0.2902
10 0.3097 0.2920 0.2902 0.2902
Fourth eigenvalue
6 0.3586 0.3484 0.3442 0.3420
8 0.3441 0.3370 0.3353 0.3350
10 0.3428 0.3359 0.3343 0.3340
12 ~ , 0.3427 03358 . 0.3343 0.3339
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TABLE II. Convergence of spatial eigenvalues; ¥y =0.03.

12

N 6 8 10
First eigenvalue
6 0.3331 0.3323 0.3323
8 0.3331 0.3323 0.3323
Second eigenvalue
6 0.4320 0.4261 0.4248 0.4248
8 0.4256 0.4199 0.4187 0.4186
10 0.4243 0.4185 0.4173 0.4172
12 0.4240 0.4181 0.4168 0.4166
14 0.4238 0.4178 0.4163 0.4160
16 0.4236 0.4166 0.4119 0.4082
Third eigenvalue
6 0.4990 0.4668 0.4616 0.4609
8 0.4852 0.4665 0.4610 0.4600
10 0.4660 0.4560 0.4519 0.4502
i2 0.4545 0.4439 0.4395 0.4376
14 0.4446 0.4329 0.4277 0.4250
16 0.4327 0.4207 0.4176 0.4170
Fourth eigenvalue
6 0.5417 0.5151 1 0.5010 0.4952
8 0.5026 0.4754 0.4703 0.4634
10 0.4998 0.4665 0.4610 0.4602
12 0.4922 0.4665 0.4610 0.4601
14 0.4739 0.4617 0.4546 0.4478
16 0.4598 0.4477 0.4406 - 0.4328
TABLE III. Convergence of spatial eigenvalues; y=1.0.
N 6 8 10 12
First eigenvalue
6 0.08961 0.08939 0.08939
8 0.05969 0.05954 0.05953
10 0.04411 0.04397 0.04397
12 0.03470 0.03458 0.03457
16 0.02406 0.02395 0.02394
Second eigenvalue
6 0.1302 0.1205 0.1193 0.1192
8 0.08488 0.07931 0.07861 0.07857
10 0.06126 0.05770 0.05720 0.05718
12 0.04701 0.04467 0.04430 0.04428
i6 0.03113 0.03007 0.02983 0.02982
Third eigenvalue
6 0.1900 - 0.1680 0.1530 0.1495
8 0.1074 0.1018 0.09814 0.09712
10 0.07296 0.06944 0.06833 0.06810
12 0.05467 0.05165 0.05104 0.05095
16 0.03600 0.03339 0.03299 0.03295
Fourth eigenvalue
6 0.2320 0.1936 0.1873 0.1812
8 0.1364 0.1164 0.10890 0.1072
10 0.09167 0.08189 0.07630 0.07490
12 0.06681 0.06172 0.05816 0.05711
16 0.04125 0.03949 0.03834 0.03777
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TABLE IV. Convergence of spatial eigenvalues; y =10.

M L 6 8 10 12

First eigenvalue

6 0.01686 0.01686

8 0.01025 0.01025
10 0.00713 0.00713
12 0.00537 0.00537
16 0.00350 0.00350

Second eigenvalue

6 0.03657 0.03656

8 0.01814 0.01814
10 0.01135 0.01135
12 0.00797 0.00797
16 0.00476 0.00476

Third eigenvalue

6 0.05306 0.05257 0.05257

8 0.02881 0.02868 =~ 0.02868
10 0.01747 0.01745 0.01745
12 0.01156 0.01156
16 0.00634 0.00634

Fourth eigenvalue

6 0.09985 0.08847 0.08644 0.08635

8 0.03621 0.03600 0.03599
10 0.02079 0.02064 0.02064
12 0.01435 0.01425 0.01425
16 0.00815 0.00812 0.00812

Tables V-VIII. Although the calculations have to be
carried out to fairly high order (V,L)= 12, the extrapola-
tion length has converged to three significant figures.
The rate of convergence appears to be almost indepen-
dent of the mass ratio.

In Fig. 2, we show the extrapolation length as function
of ¥ in comparison with the behavior for the hard-sphere

_TABLE V. Convergence of tllegct_rppolati?n length; y=0.1.
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FIG. 2. Extrapolation length ¢ vs ¥ for the Coulomb cross
section (solid line) and for the hard-sphere cross section (dashed
line).

cross section (dashed curve). The behavior appears to be
very similar up to y=1, but the two curves deviate
significantly for larger mass ratios. In particular, the ex-
trapolation length for the Coulomb case has a minimum
at ¥ =0.6 and increases for increasing y. Evidently, the
details of the cross section is more sensitive in the
Lorentz limit {y — o) than in the Rayleigh limit (y —0).
The different behavior of the extrapolation length for
the two cross sections is also shown in terms of the actual
density profiles of the diffusing particles and calculated

" with the solution of the Boltzmann equation as given by

Eq. (4.6) of I,
n(x)= [ f(x.p,u)dp
1/2K—1

= 3 e pk+D g+x). (18)
k=1

In Fig. 3, the density profile in the case of the Coulomb

cross section is shown for three different values of y

(compare with Fig. 6 of I, where the density profiles are

N\ L,V, 2 4

6 8 10 12

Marshak boundary conditions

2 2.108 2.270 2.279 2.279

4 2.123 2.290 2.300 2.302

6 2.125 2.293 2.305 2.307 2.308

8 2.294 2.307 2.309 2.310 2,310
10 2.310 2.311 2.311
12 2.311 2.312 2.312

Variational boundary condition

2 1.553 2.091 2.124 2.128

4 1.585 2.159 2.205 2.212 2.213

6 1.591 2.177 2.230 2.241 2.244

8 1.593 2.184 2.242 2,256 2.260
i0 2.187 2.248 2.264 2.269
12 . 2.252 2.270 2.276 2278
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TABLE V1. Convergence of the extrapolation length; ¥y =0.2.

N L 2 4

6 8 10 12

Marshak boundary conditions

2 1.591 1.718 1.724 1.725

4 1.605 1.734 1.741 1.743

6 1.607 1.736 1.745 1.747

8 1.746 1.748
10 1.747 1.749 1.750 1.750
12 1.750 1.750 1.750

Variational boundary condition

2 1.178 1.585 1.607 1.609

4 1.202 1.636 1.669 1.673

6 1.207 1.650 1.689 1.697 1.698

8 1.208 1.655 1.698 1.708 1.711
10 1.703 1.715 1.719
12 1.706 1.719 1.723 1.725

shown for the hard-sphere cross section). The dashed
lines represent the asymptotic linear dependence in the
hydrodynamic regime far from the wall given by Eq.
(2.25) of I,

nasymp(x)=~——DL(q +x) . (19)

The extrapolation lengths for curve a (y =0.2) and curve
¢ (y=15) inferred from these results are nearly equal and
larger than the one for curve b (y = 1), consistent with the
results in Fig. 2. This behavior is further demonstrated
in Figs. 4(a) (Coulomb) and 4(b) (hard sphere) for y =50,
and similarly in Figs. 4(c) (Coulomb) and 4(d) (hard
sphere) for y=0.01. The dashed line is the asymptotic
density profile and is shown here extrapolated to the neg-
ative x axis so as to show the different values of the extra-
polation length. The behavior in the upper pair of graphs
for the large mass ratio is different whereas it is very simi-

lar in the lower pair of figures with the smallest mass ra-
tio.

One of the main interests in the present paper is the
study of the rate of decay of the transient solution near
the boundary. The particle flux expressed as D dn /dx is
shown in Figs. 5(a) and 5(b) for the Coulomb cross sec-
tion and the hard-sphere cross section, respectively. In
the hydrodynamic region (x — ), Ddnr/dx—1, con-
sistent with the chosen normalization. Whereas the rate
of decay of the spatial transients for the hard-sphere
cross section [Fig. 5(b)] decreases monotonically with
mass ratio, the behavior for the Coulomb cross section
[Fig. 5(a)] is consistent with the minimum obtained for
the extrapolation length in Fig. 2. The result for y =0.1
(curve a) lies between the results for the other two mass
ratios.

Near the boundary at x =0 the temperature of the test
particles can be different from the temperature of the
bath in contrast to the usual Chapman-Enskog treatment

TABLE VII. Convergence of the extrapolation length; y =1.

N L 2 4

6 8 10 12

Marshak boundary conditions

2 1.233 1.382 1.370 1.371

4 1.333 1.460 1.467 1.468 1.468

6 1.336 1.463 1.469 1.470 1.471

8 1.470 1.471 1.472

10 1.472 1.472 1.473
12 1.472 1.473 1.473

Variational boundary condition

2 0.950 1.285 1.300 1.299 1.298

4 1.039 1.399 1.422 1.425 1.425

6 1.042 1.407 1.434 1.440 1.442

8 1.410 1.440 1.447 1.450

10 1.451 1.454 1.455
12 1.453 1.457 1.458
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FIG. 3. n(x) (solid lines) and n ,yr,(x) (dashed lines) vs x for 25
(curve @) y=0.2, (curve b) y=1, and (curve ¢) y=5 for the ' ' ' ' '
Coulomb cross section. (b)
20t
15}
of a gas mixture [17]. The spatial decay of the tempera- %
ture of the test particle, T'(x)/T, is shown in Fig. 6 with 10}
the Coulomb cross section in the upper graph and the
hard-sphere cross section in the lower graph. For the 5k
hard-sphere case, the temperature of the test particles is
everywhere less than the temperature of the background o )
gas. This might have been interpreted as a cooling of the -6 -4
test particles near the boundary owing to their loss from
the system. However, for the Coulomb cross section 5
(upper graph) we find that for the large mass ratios there
is a heating of the test particles in a small region near the (c)
boundary followed by a slow approach to the bath tem- 4T
perature.
The heat flux carried by the test particles is a manifes- 3t
tation of thermal diffusion rather than Fourier’s law [Eq. x
2)] referred to the test-particle species. The heat flux is ol
given by
Q( f y4 [.Lf X, Py b T
V5 d Al
l vl | I 1
=== | S ae®™ (V/5b; D—VEE—- | 20 R 3 B
k X
and the asymptotic heat flux is 5 — —
Qusymp= | P10 *™(x,p,1u)dp
d d
Ny 2 Ny

The ratio of the heat flux relative to the asymptotic value
is shown in Fig. 7 for both cross sections for several mass
ratios. For the hard-sphere cross section shown in the
lower graph [7(b)] this ratio appears to decrease mono-
tonically with increasing mass ratio from curve g to curve
c. At mass ratio y =5 the derivative d(Q/Q gy, )/dx at
the origin changes sign. By contrast, Q/Q,m, for the
Coulomb cross section, shown in the upper graph [7(a)],
decreases with x for all mass ratios. It is useful to note
that for mass ratio ¥ =10 (curve ¢) Q(x)/Q 4, appears
to be nonmonotonic. In Fig. 8, we show the ratios
Q/(dn /dx) and Q /(dT /dx) and it is clear that whereas

FIG. 4. n(x) (solid lines) and n,.,,,(x) (dashed lines) vs x for
(a) the Coulomb cross section and y=50; (b) the hard-sphere
cross section and ¥ =50; (c) the Coulomb cross section and
¥ =0.01; (d) the hard-sphere cross section and y=0.01.
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TABLE VIII. Convergence of the extrapolation length; y =10.

N L 2 4 6 ' 8 10 12
Marshak boundary conditions
2 2.935 3.246 3.266 3.271 3.273
4 3.860 4,167 4.185 4.190 4,191
6 3.885 4.183 4201 4.206 4.208
8 3.389 4.186 4.203 4.208 4.210 4.211
10 4209 -~ 4.211 4.212
12 4.210 4211 4212
Variational boundary condition
2 2.324 3.143 3.198 3.207 3.206 3.204
4 3.134 4.055 4.127 4.150 4.158 . 4.161
6 3.150 4,070 4.146 4.171 4.181 4.185
8 3.153 4,073 4.149 4.175 4.186 4.191
10 3.154 4.074 4,151 4.177 4.188 4.194
12 4.075 4.152 4.178 4.190 4.195
the first ratio tends to a constant as x — ¢, the second an ysymp
ratio continues to vary with x. This shows that the Qasymp__—_K—;ix— ) ' (22)

asymptotic heat flux is proportional to the density gra-
dient of the test-particle species rather than to the tem-
perature gradient and is therefore due entirely to thermal

diffusion. We write in this case

{a}

FIG. 5. Ddn/dx vs x for (a) the Cculomb cross section and
(b) the hard-sphere cross section and (curve @), ¥ =0.1; (curve

b), y=1; and (curve ¢), y =10.

2.0

where k is the thermal diffusion ratio. Far from the
boundary, where hydrodynamics holds, the heat flux is

(b)

o1 Tz T3 4
x
FIG. 6. Temperature profiles T(x)/T, vs x for (a) the
Coulomb cross section and (curve a), y =0.1; (curve b}, y =0.5;
(curve ¢), y=1; (curve d), y =2; (curve e), y=3; (curve f), vy =4;
and (curve g), ¥y =4.5 and (b) the hard-sphere cross section and
(curve a), ¥ =0.1; (curve b), y =0.5; and (curve ¢), y =4.5.



3696 J. BARRETT, L. DEMEIO, AND B. SHIZGAL 45

expected to agree with the one predicted by the
Chapman-Enskog (CE) theory for binary gas mixtures.
As mentioned earlier, Eq. (14) of the present work is the
CE equation for diffusion. This integral equation is
solved by expanding the distribution function in Burnett
functions as done in the CE approach. If this expansion
is carried to first order, analytic results for the distribu-
tion and the transport coefficients are obtained. The for-
malism in Sec. II permits a solution of the integral equa-
tion to higher order.

Thermal diffusion has received considerable attention
in the literature [32,33,39]. The thermal-diffusion ratio
(or the thermal-diffusion coefficient) depends upon the
densities of the two components n; and n,, the tempera-

Q(x)/(dn/dx)

ture of the mixture 7, and the cross sections for collisions ——
of the two species with themselves (1-1 and 2-2 collisions) 3500 - /]
and with each other (1-2 collisions). Here, we take /!
species 2 as the test particles and species 1 as the modera- I A
tor. If the two components have different temperatures %\2500 - ,," .
T, and T, (as we observe in the present problem) deter- > /
mined from the mean energies then the definition of the gwoo R ol i
temperature of the mixture is = e
o o s 1
T:ﬂT_l__::_n_zT_Z: . - . [ . (23) 500 /_,—// 1
ryTtRy e (b}
The physical system considered here pertains to a binary =500 —i—4——— Lt — =

1.5 . : . r . . I
{a)
1.4 4
<
R°
g 1.3 - ~
[
o Z
<
Sz b i =
~—r
]
11 F 4
M @
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FIG. 7. Ratio of the actual heat flux Q(x) to the asymptotic FIG. 8. Ratio of the actual heat flux Q (x) to the density gra-

(Chapman-Enskog) heat flux Q,y., for (a) the Coulomb cross dient and the temperature gradient for the Coulomb cross sec-
section and (b) the hard-sphere cross section and (curve a),  tion [(a) and (b)] and the hard-sphere cross section [(c) and (d)]
¥=0.1; (curve b), y=1; and (curve ¢), y =10. for ¥ =0.01 (solid lines) and ¥ =50 (dashed lines).
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fovied)

mixture for which species 1 is present in large excess and
acts as a thermal bath at equilibrium. This is equivalent
to considering the limit in which #,/n;—0 and the dis-
tribution function of species 1 is the Maxwell-Boltzmann
distribution with a constant temperature T';. Note that,
in the limit n,/n;—0, the temperature of the mixture
coincides with the temperature of the bath and is there-
fore constant. This is consistent with our result that the
(asymptotic) heat flux is entirely due to thermal diffusion
and not to heat conduction. In this limit we only consid-
er the kinetic equation for the distribution function of
]
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species 2 with the 1-2 collision operator and no 1-1 col-
lisions, namely Eq. (14) (see Eq. 8.31.5.b of Ref. [17]).

The formalism for the calculation of thermal-diffusion
coefficients in binary mixtures has been presented by
Chapman and Cowling [17] and by Mason and co-
workers [33,39]. The results of the first or higher
Chapman-Enskog (CE) approximations are given in these
references for arbitrary mass and density ratios. In the
limit n,/n;—0, the thermal-diffusion coefficient for the
hard-sphere cross section in the first approximation is
given by these authors as (see Eq. 9.83.1 of Ref. [17])

172

3/2 __ 2 —
_15Vz oA L. es ) i CILIVALE 237/)]

20V2K(y)

where

K(y)=8y +ip+3, (25)
d =(d,+d,)/2, with d| and d, the diameters of the par-
ticles of species 1 and species 2, respectively. This ex-
pression shows that, even in the limit n,/n; —0, Ky,

depends on the collision cross section of the bath parti-
cles with themselves, that is 1-1 collisions. This is due to
the fact that in the CE approach both species are as-
sumed to be perturbed from thermodynamic equilibrium
and the perturbation induced in the bath distribution
does not vanish in the limit n, /7, —0. Formally, this is
equivalent to solving both Eqs. 8.31.5a and 8.31.5.b of
Ref. [17], retaining only the 1-1 collision operator in the
former and the 1-2 collision operator in the latter. This
procedure is inappropriate here since we have assumed at
the outset that the bath is not perturbed from a Maxwel-
lian. We have also chosen the normalization such that
the particle flux j{x)=const=-1, so that the heat flux
given by the present formalism corresponds to the
thermal-diffusion ratio K=k, /D, where D is the
diffusion coefficient. With these additional constraints,
the first-order solution of Eq. 8.31.5.b of Ref. [17] gives a
thermal-diffusion coefficient of the form

45
Kasymp= 35 K (¥, C) (26)
for the hard-sphere cross section and similarly
5
Knsynp= 22V TK (7, ) @7
for the Coulomb cross section. Here,
K,(y,C)= 1_‘_1/yK(y)—(C—l)7/(l+y)/2 ’ 28)
K,(y,C)
where
Ki(y,O)=K(y)—3(C —1)%? (29)

and C is expressed in terms of inteégrals over the cross
section (see Egs. 9.8.7, 9.33.2, and 9.33.3 of Ref. [17]).
For the hard-sphere cross section C=¢$, and for the

Coulomb cross section C =2 (in the limit of InA >>1). It

1+
v

s (24)

is useful to add the results of the first-order CE calcula-
tion of the diffusion coefficient, D. For the hard-sphere
cross section we have that,

9 - K(y)
D=2 .SV S
TR 1+1/YK1(7/,C) ) (30)
whereas for the Coulomb cross section we get that,
D 3 7TV1+1/7/———LK1(%C) . (31)

’Cusymp/ D

Kasymp/ D

(b) A
1.5 to 4 a1 prrrel L1 1 ra1sef 12 1 it113t

0.01 0.1 1 10 100

FIG. 9. Thermal-diffusion ratio «,sym,/D as a function of y
for (a) the Coulomb cross section and (b) the hard-sphere cross
section. Solid lines, first-order (Chapman-Enskog) approxima-
tion; dashed lines, converged numerical results with ¥ =L =12,
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FIG. 10. Magnitude of the (curve a), first and (curve b),
fourth nonzero eigenvalue as function of y for the Coulomb
cross section; N =16,L =10. On the dashed portion of the
curves the eigenvalues have not converged.

As expected, we find exact agreement between the CE
thermal-diffusion ratio and the numerical results when
the expansion in Burnett functions for the numerical
solution is truncated at L =2 and N =2. In Figs. 9(a)
and 9(b), we show the CE first approximation to the
thermal-diffusion ratio k,g,,/D (solid line) and the con-
verged numerical result (with L =12 and N =12; dashed
line) as functions of ¥ for the Coulomb and the hard-
spheres cross sections, respectively. It is clear that the
convergence is much faster at small ¥, where the CE first
approximation coincides with the exact results. Note
that the CE approximation retains the qualitative behav-
ior of the curve in both cases. The different functional
behavior of the thermal-diffusion ratio for the two
different cross sections studied can be seen analytically by
differentiating « with respect to y. In either case we ob-
tain

d—K=—(C—1) (1+2y)K —y(1+y)K’
dy K?

(32)

The factor in large parentheses is the same for the hard-
sphere and the Coulomb cross sections, so the sign of the
derivative is given by the factor C —1, which takes on op-
posite sign in the two cases.

The different qualitative behavior of the extrapolation
length and the spatial variation of the density, tempera-
ture, and heat flux as functions of the mass ratio can be
explained by comparing the first few eigenvalues for the
Coulomb and the hard-sphere cross sections. In Fig. 10
we show the spatial eigenvalues, g; and g,, as functions
of M =m,/(m;+m,)=1/(1+y) for the Coulomb cross
section to be compared with the corresponding results for
the hard-sphere cross section in Fig. 2 of 1. The solid
portions of the curves in Fig. 10 correspond to eigenval-
ues that appear to have converged numerically whereas
the dashed portions refer to unconverged values. For
both cross sections, the eigenvalues rise steeply as y in-
creases from zero (i.e., the Rayleigh limit, M < 1), reach a
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maximum and then decay to zero as y— o (i.e., the
Lorentz limit, M —0). However, the maximum occurs at
M =0.5 for the hard-sphere cross section and at
M =0.97 for the Coulomb cross section. Also, for
M —0, the eigenvalues for the Coulomb cross section are
very much smaller than the corresponding eigenvalues
for the hard-sphere cross section. The explicit form of
the differential Fokker-Planck collision operator as a sum
of an isotropic and an anisotropic term was given by Hin-
ton and others {19]. The ratio of the isotropic to the an-
isotropic contribution is of order (m,/m,)? so that in
the Rayleigh limit (y —0,M — 1) the scattering operator
becomes isotropic. Hence, the density profiles shown in
Figs. 4(c) and 4(d) in the Rayleigh limit for the two cross
sections are very similar. In the Lorentz limit, since the
spatial eigenvalues are smaller for the Coulomb cross sec-
tion than for the hard-sphere cross section, the density
profile shown in Fig. 4(a) for the Coulomb cross section
approaches the asymptotic limit much more slowly than
for the hard-sphere cross section [Fig. 4(b)]. Consequent-
ly, the extrapolation length is much larger for the
Coulomb cross section than for the hard-sphere cross sec-
tion in this mass range. The spatial variation of
T(x)/T;, shown in Figs. 6(a) and 6(b), given by Eq. (4.8)
of 1, is not as easily interpreted as we have done for the
density profile. The overshoot of this ratio for the
Coulomb cross section [curves d —g, Fig. 6(a)] is an in-
teresting effect that does not occur for the hard-sphere
cross section.

IV. SUMMARY

We have presented a numerical solution of the
Boltzmann equation for the Milne problem with
Coulomb scattering and compared the results with the
ones obtained previously for the case of the hard-sphere
cross section. The method of solution is the same as in I
and consists in splitting the distribution function into
transient and asymptotic portions. The transient part is
important near the boundary, while far from the bound-
ary the asymptotic or hydrodynamic solution which cor-
responds to the Chapman-Enskog solution of the
Boltzmann equation becomes valid. The Boltzmann
equation for both portions of the distribution function is
solved with the expansion in Burnett functions and appli-
cation of the Marshak (and variational) boundary condi-
tions. We have studied the behavior of the extrapolation
length, the diffusion coefficient and the temperature, den-
sity, and heat-flux profiles versus the mass ratio for both
cross sections. The results obtained for the two cross sec-
tions appear to be very similar in the Rayleigh limit
{y —0), where the collision operator is isotropic and of
similar form for the two cross sections. By contrast, the
results for the other mass ratios can be significantly
different. For example, the extrapolation length for the
Coulomb case exhibits a minimum at y =1, while in the
hard-sphere case it decreases monotonically with .
Also, the temperature profile near the boundary for y > 1
for the Coulomb cross section exhibits an overshoot rela-
tive to the bath temperature not observed in the hard-
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sphere case. We have also discussed at length that the
heat flux in this physical situation is due to thermal
diffusion rather than to conduction. Finally, a qualitative
explanation of the different results for the two cross sec-
tions has been provided in terms of the mass dependence
of the spatial eigenvalues.
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